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PREFACE 

The  Bell  telephone  receiver  is  a  marvelous  ~  instrument.  It 
has  undergone  remarkably  little  change  in  structure  since  the 
first  manufacturing  model  was  produced  by  the  inventor.  It  is 
reported  that  there  were  over  12,500,000  telephone  receivers  in 
public  service  at  the  end  of  1920  in  connection  with  the  Bell 
system  of  the  United  States  alone,  or  about  one  to  every  nine 
individuals  in  the  then  existing  population.  Nevertheless,  there 
has  been  singularly  little  available  information  concerning  the 
nature  and  properties  of  the  telephone  receiver  as  a  machine. 
In  order  to  understand  quantitatively  the  delivery  of  speech  by 
a  receiver,  its  behavior  as  a  machine  must  first  be  clearly 
understood. 

It  is  the  object  of  this  book  to  present,  from  an  electrical  en- 
gineering standpoint,  the  characteristics  of  telephone  receivers 
(and  of  other  vibrational  instruments)  as  reciprocating  electric 
motors,  based  on  researches  which  have  been  carried  on  in  the 
electrical  engineering  laboratories  at  the  Massachusetts  Institute 
of  Technology  and  at  Harvard  University  during  the  past  fourteen 
years. 

The  central  idea  in  the  preparation  of  the  material  for  this 
book  has  been  the  wonderful  and  fascinating  analogy  between 
the  laws  of  mechanics  for  a  simple  vibrational  system,  and  the 
laws  of  electromagnetics  for  a  simple  alternating-current  or  os- 
cillating-current  system.  An  insight  into  one  of  these  two  sys- 
tems provides  a  vision  of  the  other.  If  electrical  engineers  re- 
ceived their  fundamental  training  in  the  dynamics  of  mechanical 
vibrating  systems,  their  conceptions  of  alternating-current  cir- 
cuits would  doubtless  be  speedily  grafted  thereon.  Actually, 
they  almost  always  receive  their  fundamental  training  on  these 
matters  in  the  study  of  the  electromagnetics  of  alternating- 
current  circuits,  so  that  their  views  of  vibrating  mechanical 
systems  are  most  readily  received  through  electric  analogies.  It 
is  believed  that  the  study  of  vibrating  systems  is  not  only  made 
easy  to  electrical  engineering  students  in  this  manner,  but  that 
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this  study  in  turn  aids  and  clarifies  their  knowledge  of  alternating- 
current  systems. 

Another  basic  idea  in  the  presentation  of  the  subject  matter  is 
that  every  electrical  vibration  instrument  necessarily  possesses  a 
readily  determinable  motional-impedance  diagram,  which  in  its 
fundamental  form  is  a  simple  circle,  and  which  is  capable  of  dis- 
closing many  electromechanical  characteristics  of  the  instrument. 

It  has  been  the  aim  of  the  work  to  offer  a  textbook  to  students 
of  telephone  engineering,  as  well  as  a  reference  book  to  telephone 
engineers  on  the  subject  of  the  receiver.  Moreover,  the  same 
principles  have  been  extended  to  cover  the  behavior  and  tests  of 
oscillographs  and  vibration  galvanometers,  for  the  benefit  of 
workers  in  electrical  engineering  laboratories  generally. 

An  effort  has  been  made  to  keep  the  main  text  of  the  book  on  a 
nearly  uniform  level  of  mathematical  simplicity.  Propositions 
of  relative  complexity,  such  as  may  be  of  interest  for  further  in- 
vestigation, have  been  collected  into  appendices. 

The  author  has  cooperated  in  some  manner  with  a  number  of 
research  workers  in  successive  portions  of  this  quest.  While 
expressing  his  indebtedness  to  all,  he  desires  to  mention  his  par- 
ticular indebtedness  to  the  following  collaborators:  Professor 
W.  L.  Upson  in  1908,  Professor  G.  W.  Pierce  in  1912;  Mr.  H.  A. 
Affel  in  1914-15;  Dr.  H.  O.  Taylor  in  1915-16;  Messrs.  R.  N. 
Hunter  and  A.  A.  Prior  in  1918-19;  Professor  H.  Nukiyama  in 
1918;  Professor  H.  Mori  in  1919  and  Professor  K.  Kurokawa  in 
1920.  A  large  part  of  the  experimental  work  described  in  the 
book  has  been  performed  by  these  cooperators,  and  it  has  been 
the  welcome  task  of  the  author  to  collate  and  combine  their 
contributions.  Whatever  credit  there  may  be  in  the  accomplish- 
ment of  the  task,  he  desires  placed  to  their  account.  For  such 
errors  and  defects  as  may  exist  in  the  work,  he  desires  to  accept 
personal  responsibility.  It  has  not  been  practicable  to  consult 
them  in  the  preparation  of  the  book.  Sections  of  the  work  have 
been  published  already,  however,  in  joint  papers  before  technical 
societies  since  1908. 

The  author  is  also  under  indebtedness  to  various  members  of 
the  engineering  staffs  of  the  American  Telephone  and  Telegraph 
Co.  and  the  Western  Electric  Co.  for  special  parts,  for  telephone 
receivers,  for  illustrative  material,  and  for  valuable  suggestions. 
A  considerable  part  of  the  laboratory  research  work  was  carried 
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out  under  appropriations  to  the  Massachusetts  Institute  of 
Technology  from  the  American  Telephone  and  Telegraph  Com- 
pany, for  the  encouragement  of  research;  but  the  conduct  of  the 
work  was  left  entirely  to  the  officers  of  the  Electrical  Engineering 
Department  of  the  Institute,  and  the  MSS.  of  the  book  has  not 
been  submitted  to  the  company  for  consideration  before  printing. 
In  one  sense  this  is  a  drawback,  for  the  experience  and  knowledge 
of  telephone  apparatus  acquired  during  manj^  }rears  by  the  ex- 
cellent research  engineers  of  that  company  has  placed  them  in  a 
position  of  unequalled  technical  advantages. 

The  author  is  also  indebted  to  Professor  V.  Karapetoff  for 
experimental  material  relating  to  the  modes  of  vibration  of  steel 
diaphragms,  to  Mr.  L.  W.  Chubb  for  data  on  circular  zero  os- 
cillograms, and  to  Professor  F.  S.  Dellenbaugh  for  transient 
oscillograms. 

The  MSS.  of  the  book  was  completed  in  March,  1921 ;  but  its 
printing  has  been  delayed  by  a  variety  of  circumstances,  including 
a  year  of  exchange  service  in  France,  until  the  present  time.  The 
author  desires  to  express  his  indebtedness  to  his  colleagues,  the 
editors,  Professors  D.  C.  Jackson  and  E.  R.  Hedrick,  for  their 
valuable  suggestions  and  aid  in  preparing  the  MSS.  and  proofs  for 
the  press. 

Cambridge,  Mass. 
May,  1923 
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CHAPTER  I 
TELEPHONE   RECEIVERS 

Introduction.  —  The  electromagnetic  telephone  receiver  of  Bell 
is  an  electric  motor  of  the  reciprocating  type.  It  receives  alter- 
nating electric  power  from  the  telephone  circuit  with  which  it  is 
connected,  and  transforms  this  into  magnetic  power  in  a  magnetic 
circuit  in  the  instrument.  This  alternating  magnetic  power  is 
again  transformed  into  alternating  mechanical  power,  for  the 
production  of  useful  and  recognizable  acoustic  vibrations.  When 
supplied  with  electric  power  of  a  single  frequency  and  suitable 
steady  amplitude,  the  efficiency  of  a  telephone  receiver,  con- 
sidered as  a  motor,  is  the  ratio  of  the  acoustic  power  delivered  into 
the  adjacent  air  in  sound,  to  the  electric  power  received  at  its 
terminals.  This  efficiency  differs  greatly  at  different  impressed 
frequencies. 

When  the  receiver  is  employed  as  a  detector  of  feeble  alter- 
nating currents  of  a  single  frequency,  a  relatively  high  efficiency 
at  that  particular  frequency  is  desirable  —  to  the  exclusion,  per- 
haps, of  high  efficiency  at  other  frequencies.  When  it  is  employed, 
however,  as  an  instrument  for  reproducing  speech,  over  a  range 
of  frequency  from  say  100  ~  to  2500  ~,  a  sharply  tuned,  or 
highly  selective  response  of  high  efficiency  at  a  single  frequency 
is  undesirable.  In  order  to  produce  the  best  speech  reproduction, 
moderately  good  efficiency,  as  a  reciprocating  motor,  over  a  rela- 
tively wide  range  of  frequency  is  to  be  preferred.  This  behavior 
is  likely  to  be  at  variance  with  the  production  of  the  highest 
efficiency  over  a  relatively  small  frequency  range.  The  best 
telephonic  alternating-current  detector  is  therefore  unlikely  to 
be  the  best  telephonic  reproducer  of  speech. 

Electromagnetic  telephone  receivers  made  at  the  present  time 
may  be  divided  into  two  classes: 

(1)  Receivers  in  which  an  alternating  electromagnet  operates 
directly  upon  an  acoustic  vibratory  diaphragm  armature  of  steel. 
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(2)  Receivers  in  which  an  alternating  electromagnet  operates 
upon  a  vibratory  steel  armature,  mechanically  connected  to  a 
separate  acoustic  vibratory  diaphragm. 

To  class  (1)  belong  the  ordinary  Bell  telephone  receivers,  which 
constitute  the  vast  majority  of  receivers  in  service.  To  class  (2) 
belong  Baldwin  receivers. 

Bell  Receivers.  — -  Bell  receivers  are  subdivided  into  two  classes: 
namely,  (a)  monopolar  receivers  and  (b)  bipolar  receivers. 


o 

23* 


Fig.  1.     Unipolar  Bell  telephone  receiver  of  the  year  1877. 


(a)  The  monopolar  receiver  was  the  form 
receiver   was  first  manufactured  for   general 
although   both   mono- 
polar  and   bipolar  re-     [ 
ceivers  were  made  by 
Bell.     The  monopolar 
receiver  has  now  been 
superseded  almost  en- 
tirely  by   the  bipolar 
type.      A     monopolar 
receiver   is    illustrated 
in  Fig.  1. 

(6)  The  bipolar  re- 
ceiver is  made  in  a 
variety  of  forms  which 
differ,  as  a  rule,  only  in 
relatively  small  me- 
chanical details.  They 
are  divided  into  two 
subclasses:  namely  (61) 
hand  receivers,  such  as 
are  provided  with  desk- 


in  which  the  Bell 
industrial  service, 


Fig.  2.  Parts  of  a  standard  type  of  Western 
Electric  Company's  Bell  telephone  receiver, 
separated  and  assembled. 
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sets  for  being  held  in  the  hand  against  the  ear,  and  (62),  head 
receivers  or  watch-case  receivers,  commonly  supported  in  pairs  by 
a  light  metallic  band,  so  as  to  be  held  one  against  each  ear. 


Fig.  2A.    Standard  Bell  telephone  receiver  for  subscriber's  sets.    Longitudinal 
section. 

A  hand  bipolar  Western  Electric  receiver  is  illustrated 
in  Figs.  2  and  2A.  The  bipolar  permanent  magnet  MM  carries  a 
pair  of  thinner  polar  extensions  PP,  on  which  the  exciting  coils 
are  supported.  The  electromagnetic  system  is  firmly  maintained 
at  a  short  distance  from  the  japanned  steel  diaphragm  D. 


Fig.  3.     Western  Electric  watch-case  receiver,  assembled  and  with 
cover  removed. 


Figure  3  illustrates  a  standard  type  of  Western  Electric  watch- 
case  receiver,  both  as  assembled  and  with  the  cover  removed. 
The  relations  between  the  parts  is  shown  in  Fig.  3A. 
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Baldwin  Receivers.  —  A  particular  form  of  Baldwin  receiver 
construction  is  indicated  in  Fig.  4.  Here  a  single  coil  C  receiving 
the  telephone  current,  magnetizes  an  iron  plate  A  A,  which  is 
supported  within  the  coil  and  is  free  to  oscillate  about  an  axis 
through  0.  This  plate  is  held  between  permanent  magnet  pole- 
pieces  N  S  N'S'}  by  the  elastic  forces  of  a  spring  B  at  one  end, 
and  a  light  rod  RR  at  the  other,  which  rod  is  fastened  to  the 


Fig.  3A.     A  standard  Bell  watch-case  receiver.     Plan  and  section  along  axis. 

center  of  a  mica  diaphragm  DD.  The  plate  AA  remains  in  equi- 
librium, under  combined  magnetic  and  elastic  forces,  until  alter- 
nating currents  in  the  coil  set  up  alternating  magnetization  in  the 
plate  and  cause  the  end  R  of  the  latter  to  be  alternately  raised 
and  lowered,  in  synchronism  with  the  alternating-current  impulses, 
thus  communicating  vibration  to  the  diaphragm  DD. 

Conclusion.  —  In  what  follows,  we  shall  confine  ourselves 
mainly  to  a  consideration  of  the  type  of  instrument  in  class  1; 
and,  in  particular,  to  bipolar  instruments  of  the  types  represented 
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in  Figs.  2  and  3.  However,  instruments  of  class  2  come  within 
the  principles,  analyses,  and  tests  to  be  described,  so  that  although 
only  class  1  receivers  are  referred  to,  yet  receivers  of  class  2  will 
be  included  by  inference.     It  is  proposed  to  analyze  the  behavior 


Fig.  4.     Mica  diaphragm  telephone  receiver.     Air  gap  (including  armature) 
=  0.11  cm.     Thickness  of  armature  =  0.03  cm. 


of  the  telephone  receiver  as  an  electromagnetic  motor  —  at  least 
to  a  first  approximation  —  and  to  describe  a  technique  by  which 
the  characteristic  constants  of  a  receiver  can  be  measured  in  the 
laboratory. 
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THE  PERMANENT   MAGNET   OF   THE   RECEIVER 
AND    ITS    FUNCTIONS 

Introduction.  —  The  part  played  by  the  permanent  magnet  in 
a  telephone  receiver  is  very  important,  and  has  been  recognized 
by  various  writers*  since  the  early  days  of  the  Bell  invention. 
We  shall  see  that  it  not  only  synchronizes  the  attractive  vibromo- 
tive  force  (vmf .)  on  the  armature,  with  the  vmf .  of  the  alternative 
current,  but  it  also  greatly  enhances  the  magnitude  of  the  vmf. 

In  Fig.  5,  DDf  represents  a  steel  diaphragm  clamped  around  its 
edge.  In  its  initial  position,  this  diaphragm  lies  in  the  plane  of 
the  clamping  edge,  as  indicated  by  the 
dotted  line.  When  the  permanent  bipolar 
magnet  is  presented  symmetrically  to  the 
lower  surface  of  the  diaphragm,  however,  a 
pair  of  parallel  magnetic  attracting  forces 
are  brought  to  act  upon  the  latter,  perpen- 
dicularly to  its  plane,  along  the  dotted  lines 
/1/2,  Fig.  5.  Their  effect  is  substantially 
the  same  as  would  be  produced  by  F,  their 
sum,  acting  downwards  at  the  center  of 
the  diaphragm.  This  force  flexes  the  dia- 
phragm convexly  towards  the  poles, 
although  the  actual  deflection  is  usually 
only  of  the  order  of  a  tenth  of  a  milli- 
meter at  the  center.     Consequently,    for 


D     '• 


irfc 


<\\J 

4|i|i|ip 


Fig.  5.  Diagram  of  mag- 
netic circuit  in  a  bipolar 
telephone  receiver. 

practical  purposes,  we  may  disregard  the  curvature  of  the  dia- 
phragm in  the  presence  of  the  poles,  and  consider  that  the 
diaphragm  in  the  normal  position  has  its     n  ,  |         p' 

lower  surface  parallel  to  the  upper  surface  * ~^~  ' 

of  each  pole,  as  in  Fig.  6,  at  a  normal  £ _ 

distance   of    A'    cm.    from    that    surface.    Fig.  6.    Diagram  of  polar 
This  air-gap  length,  or  entrefer   X,  lies        air  gap  of  receiver. 
*  Heav'side,  Bibliography  7.     Meyer  and  Whitehead,  Bibliography  39. 
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ordinarily  between  0.1  mm.  and  0.4  mm.  It  is  commonly  about 
0.3  mm. 

If  the  active  surface  area  of  each  pole  is  S  sq.  cm.,  the  air-gap 
reluctance  at  each  gap,  if  we  neglect  magnetic  fringing  around  the 
polar  edge,  is  X/S  oersteds;  so  that  the  total  reluctance  in  the  two 
air  gaps  of  the  permanent  magnetic  circuit  will  be 

2  X 

(1)  S?o  —  —^-  oersteds. 

This  is  the  principal  reluctance  in  the  circuit,  because  the  rest  of 
the  magnetic  circuit  is  metallic,  even  though  it  is  of  low  permea- 
bility. 

With  the  instrument  in  proper  mechanical  adjustment,  there  is 
a  certain  active  permanent  or  structural  magnetomotive  force 
(mmf.),  J*n  gilberts,  resident  in  the  molecular  structure  of  the 
permanent  magnet,  as  though  produced  by  an  exciting  winding  J*o 
(Fig.  5)  on  a  soft  iron  magnet.  Neglecting  magnetic  leakage  be- 
tween the  limbs,  and  also  the  magnetic  reluctance  in  the  diaphragm 
and  other  ferric  parts  of  the  circuit,  we  see  that  this  mmf.  produces 
a  permanent  magnetic  flux  through  each  air  gap  of 

(2)  0o  =  7^  maxwells, 

and  a  corresponding  permanent  magnetic  flux  density  in  each 
gap  of 

(3)  &0  =  £°  =  ^g  gausses. 

Demagnetizing  Force.  —  The  counter-magnetomotive  force 
(cmf.)  in  the  permanent  magnetic  circuit,  due  to  the  0^?  drop  of 
potential  in  the  two  air  gaps,  will  be,  to  a  first  approximation, 

(4)  &t  =  <j>o&0  =  2  ^,.Y  gilberts, 

and  the  average  counter-magnetic  force,  or  demagnetizing  force, 
in  the  magnetic  circuit,  will  be 

(5)  *.=£-*•?£       BO**, 

L  L  cm 

where  L  is  the  mean  length  of  flux  path  in  the  permanent  magnet 
in  cm.  If  &m  is  the  maximum  cyclic  mmf.  produced  by  the  alter- 
nating current  in  the  coils  CC  (Fig.  5),  then  the  maximum  cyclic 
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total  demagnetizing  force  averaged  over  the  whole  length  of  the 
permanent  magnet  is 

(6)      *.'-«  +  &=(*  + *L)?£  g-^s- 

This  demagnetizing  force  must  be  materially  less  than  the  coercive 
force  of  the  steel  in  the  permanent  magnet  at  the  flux  density  in 
the  main  cross-section  of  that  magnet,  as  taken  from  the  3fc-ft 
Ewing  diagram,  if  demagnetization  is  to  be  safely  resisted.*  This 
reasoning  does  not  take  into  account  the  increased  demagnetizing 
force  that  is  produced  when  the  diaphragm  is  lifted  from  the 
poles.  This  force  is  also  much  more  difficult  to  assign  numeri- 
cally, owing  to  the  lack  of  available  experimental  data.  If  the 
linear  cmf.  </>0.£?/L  of  the  flux  <f>0  through  the  reluctance  ^?,  with 
diaphragm  removed,  exceeds  the  value  of  Jfc  with  which,  in  the  dia- 
gram, the  &  in  the  steel  is  associated,  further  demagnetization 
must  instantly  occur. 

J*o  in  an  ordinary  type  of  hand  receiver  appears  to  be  commonly 
in  the  neighborhood  of  200  gilberts;  that  of  f?0  about  0.6  oersted, 
and  therefore  <£o  is  about  330  maxwells.  With  S  =  0.25  sq.  cm., 
this  corresponds  to  &0  =  1320  gausses. 

The  law  of  specific  magnetic  tractive  force,  as  enunciated  by 
Maxwell,!  is 

8  7r  sq.  cm. 

which  is  directed  along  the  flux  paths.  If  S  is  the  active  surface 
of  each  pole  in  the  entrefer  over  which  the  flux  density  .J9b  exists 
uniformly,  the  total  pull  in  a  bipolar  system  is 

(8)  Fo  =  2S/  =  2|^  =  S^  dyne^. 

v  '  J  8  tv  4  7T  sq.  cm. 

With  &  =  &o  =  1300  gausses  say,  and  2  S  =  0.5  sq.  cm.,  the 
specific  force  /  would  be  67250  dynes  per  sq.  cm.,  or  68.5  gm. 
weight  per  sq.  cm.,  and  the  total  magnetic  pull  would  be  33,625 
dynes,  or  34.3  gm.  weight. 

If  now  an  alternating  current  of  Im  maximum  cyclic  abamperes 
be  sent  through  the  winding  of  the  receiver,  and  N  is  the  number 

*  Ewing,  Bibliography  6;  also  Bibliography  16. 
t  Bibliography  4. 
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of  turns  in  this  winding,  including  both  coils,  then  the  maximum 
cyclic  mmf.  produced  by  the  excitation  will  be 

(9)  &im  =  4  tN  Im  max.  cy.  gilberts. 

This  mmf.  will  not  develop  exactly  the  same  magnetic  flux  in 
the  air  gaps  as  the  same  number  of  structural  gilberts  in  the 
permanent  magnet,  or  as  the  same  number  of  gilberts  produced 
by  an  equivalent  continuous  current  excitation  J*o  (Fig.  5),  because 
of  leakage  in  the  magnetic  circuit.  To  a  first  approximation, 
however,  we  may  ignore  this  leakage  disturbance,  and  assume 
that  the  reluctance  ^?0  of  the  magnetic  circuit,  which  resides 
mainly  in  the  air  gaps,  is  the  same  to  both  mmfs.  The  maximum 
cyclic  flux  produced  by  the  alternating  excitation  will  then  be 

(10)  <t>im  =  — ,-    m  max.  cy.  maxwells, 

and  the  corresponding  flux  density  in  the  air  gaps  will  be 

(11)  &m  =     ss?  m  max.  cy.  gausses. 

With  a  current  of  1  maximum  cyclic  milliampere  in  a  winding 
of  say  1300  turns  (650  on  each  spool), 

4  ir  N  Im  =  1.63  max.  cy.  gilberts. 

With  5?0  =  0.6  oersted,  the  flux  4>im  produced  would  be  2.7  max. 
cy.  maxwells.  The  flux  density  &m  in  the  air  gaps,  with  S  =  0.25, 
would  be  10.8  max.  cy.  gausses.  This  alternating  flux  density 
would  be  superposed  upon  the  permanent  magnetic  flux  density 
S&o,  which  we  have  assumed  as  1300  gausses.  The  resultant  flux 
density  in  the  air  gaps,  with  the  alternating  current  applied,  would 
thus  vary  between  1289.2  and  1310.8  gausses,  once  in  each  current 
cycle. 

Applying  equation  (8)  we  have  for  the  total  pull  on  the  dia- 
phragm 

(12)  F  =  -f(&0  +  &my 

4  IT 

=  ■£-  {&<?  +  2  &o&im+  &m2)  max.  alt.  dynes. 

Referring  to  the  terms  within  the  bracket,  &im2  may  be  neglected 
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in  comparison  with  either  J2"02  or  2  &0&im.  Consequently,  we  may 
write  (12)  in  the  form 

(13)  f= ^^+y^&o&m 

4  7T  4  IT 

=  F0  +  |^JBWBL-  F0  +  p-  &im 

4  7T  I  IT 

=  F0  +  ^^  =  F0  +  2  ^o  ^  max.  eye.  dynes. 

This  means  that  the  pull  on  the  diaphragm  changes  from 
Fq  —  &0<l>im/2ir  to  F0  +  ^0<f>im/2w  dynes  and  back,  in  each  cur- 
rent cycle.  In  the  case  considered,  the  value  of  =*=  <f>o&im/2ir, 
the  maximum  alternating  pull  delivered  by  the  current  would  be 
=±=  557  dynes,  superposed  on  F0  =  33625;  or  the  total  pull  would 
vary  between  33068  and  34182,  a  difference  of  1114  dynes,  once  in 
each  cycle. 

If  there  were  no  permanent  magnetic  flux,  and  the  alternating 
mmf.  acted  alone,  it  would  produce,  unaided,  a  pull  of 

2  S 
(14)  Fim  =  ^—  S2im2  max.  cy.  dynes, 

which,  in  the  case  considered,  with  1  milliampere,  and  &in  =  10.8 
gausses,  would  amount  to  only  2.32  dynes,  twice  in  each  current 
cycle.  The  maximum  cyclic  change  in  pull  due  to  the  current 
is  thus  increased,  by  the  presence  of  the  permanent  magnet,  in 
the  ratio 
ri«  2(F-F0)  _4^o 

UW  —pi  -  -7a-' 

r  im  -/Jim 

which  in  this  case  is  481.  The  permanent  magnet  not  only 
magnifies  the  magnetic  pull  481  times,  but  it  keeps  the  pitch  of 
the  diaphragm  vibration  in  unison  with  the  pitch  of  the  alternat- 
ing current.  If  the  permanent  magnetic  flux  were  removed,  the 
pitch  of  the  diaphragm  would  be  one  octave  above  the  pitch  of 
the  current.  A  receiver  with  a  large  permanent  magnetic  flux 
density  in  the  air  gaps  is,  therefore,  other  things  being  equal,  a 
receiver  of  large  magnetic  amplifying  power  on  the  pull  produced 
by  the  alternating  current. 

Vibromotive  Force.  —  The  alternating  mechanical  force  pro- 
duced on  the  diaphragm  of  a  receiver  is  described  as  the  vibro- 
motive force  (abbreviated  vmf.).  In  the  instance  considered,  the 
vmf.  has  a  maximum  cyclic  value  of  557  dynes,  and  an  effective 
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(root-mean-square*)  value  of  557/ V2  =  394  dynes.  It  is  a  simple 
harmonic  quantity,  if  the  impressed  alternating  current  is  simply 
harmonic  (sinusoidal),  and  if  the  ratio  3}0/&im  remains  large.  If 
the  permanent  flux  density  ^5b  is  unduly  weakened,  or  if  &im  is 
unduly  increased,  an  examination  of  equation  (12)  will  show  that 
the  last  term  &im  in  the  bracket  can  no  longer  be  neglected.  The 
result  is  that  the  vibromotive  force  F  —  F0  is  no  longer  simply 
harmonic,  when  &lm  is  sinusoidal;  but  is  asymmetric  with  respect 
to  its  zero  line,  or  contains  even  harmonics.  Such  harmonics 
appear  in  some  oscillograms  which  were  produced  by  the  vibra- 
tory motion  of  a  receiver  diaphragm  actuated  by  relatively  strong 
alternating  currents.! 

The  theory  of  magnetic  amplification  outlined  above,  although 
qualitatively  acceptable,  and  in  line  with  the  literature  of  the 
subject,  does  not  seem  to  have  been  quantitatively  checked  by 
experiment.  It  would  be  useful  to  obtain  a  check  on  formula  (15) 
by  experimental  investigation. 

*  That  is,  the  square  root  of  the  average  square,  an  expression  well  known 
in  the  theory  of  alternating  electric  currents.  Hereafter  we  shall  denote  this 
by  the  abbreviation  rms. 

f  Meyer  and  Whitehead,  Bibliography  39. 


CHAPTER  III 
MODE   OF  VIBRATION   OF   A  TELEPHONE  DIAPHRAGM 

Introduction.  —  A  symmetric  monopolar  telephone  receiver 
produces,  under  the  influence  of  an  impressed  alternating  current, 
a  vibromotive  force  at  the  center  of  the  diaphragm,  and  per- 
pendicular to  its  plane.  A  symmetric  bipolar  telephone  receiver 
produces  a  parallel  pair  of  equal  forces,  one  on  each  side  of  the 
diaphragm  center,  which  may  be  regarded  for  present  purposes 
as  equivalent  to  a  single  force  equal  to  their  sum  acting  at  the 
center.  The  question  then  arises  as  to  what  kind  of  vibratory 
motion  will  be  produced  in  the  diaphragm  by  the  action  of  this 
single  equivalent  central  vmf . 

Classification  of  Diaphragms.  —  In  the  theory  of  elastic  vibra- 
tions, there  are  two  kinds  of  diaphragms ;  namely,  membranes  and 
plates.  A  membrane  is  assumed  to  admit  of  being  both  bent  and 
stretched  by  the  action  of  small  distorting  forces,  acting  per- 
pendicularly to  its  plane.  It  tends  to  return  to  its  normal  un- 
disturbed position  under  the  action  of  both  antiflexural  restoring 
forces  across  its  plane,  and  of  antistretching  restoring  forces  in 
its  plane.  A  plate  is  assumed  to  admit  of  being  bent,  but  not 
stretched,  by  the  action  of  small  distorting  forces.  It  tends  to 
return  to  its  normal  undisturbed  position  solely  under  the  action 
of  antiflexural  restoring  forces  across  its  plane.  In  practice,  a 
diaphragm  may  behave  mainly  as  a  plate,  but  also  partly  as  a 
membrane,  the  degree  of  mixture  depending  on  its  specific  elasti- 
cities, its  dimensions,  and  on  the  nature  of  the  clamping.  A  plate 
powerfully  stretched  by  radial  forces  at  its  boundary,  tends  to 
develop  membranous  behavior.  The  laws  of  vibration  of  mem- 
branes and  plates  are  distinct,  although  they  have  resemblances.* 
In  the  case  of  the  steel  diaphragm  of  a  telephone  receiver,  clamped 
at  the  edge  in  the  ordinary  way,  without  stretch,  the  diaphragm 
may  be  considered  as  a  simple  plate,  and  only  plate  vibrations 
need  here  be  discussed. 

*Rayleigh,  Bibliography  12. 
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Modes  of  Vibration.  —  When  a  circular  plate  is  clamped  at  the 
edge  and  is  subjected  to  a  blow  perpendicular  to  its  plane,  it  is 
shown  in  textbooks  on  acoustics*  that  it  is  able  to  vibrate  freely 
in  three  modes,  and  either  singly  or  in  any  combination  of  these 
modes: 

(1)  As  a  whole,  and  without  nodal  diameters  or  nodal  circles. 

(2)  In  circular  sectors  with  nodal  diameters. 

(3)  In  circular  segments  with  nodal  circles. 

The  first  mode  is  not  only  the  simplest  but  it  is  also  the  mode 
of  lowest  natural  or  free  pitch.     That  is,  it  is  the  gravest  mode. 

In  the  second  mode,  the  plate  breaks  up  into  vibrating  sectors 
separated  by  nodal  diameters,  or  diameters  which  remain  at  rest. 
Theoretically,  there  may  be  any  number  of  such  pairs  of  ventral 
sectors  and  intermediate  nodal  diameters.  The  simplest  case  of 
the  second  mode  is  that  of  one  diameter, f  dividing  the  flat  plate 
into  two  semicircular  ventral  sectors  A  and  B.  When  A  is  moving 
up,  B  is  moving  down  at  the  same  velocity  reversed,  and  to  the 
same  extent  or  displacement.  The  next  simplest  case  has  two 
mutually  perpendicular  nodal  diameters,  dividing  the  plate  into 
four  quadrantal  ventral  sectors  A,  B,  C,  and  D.  When  A  and 
C  are  moving  up,  B  and  D  are  moving  down,  to  like  displacements, 
and  with  like  velocities.  The  pitch  of  the  vibration  increases  with 
the  number  of  nodal  diameters;  but  not  in  simple  proportion. 
In  other  words,  the  overtones  of  the  plate  produced  by  nodal 
sectoring  are  not  in  harmonic  numerical  ratios.  Their  numerical 
ratios  are  more  complex  and  involve  Bessel  overtones. 

In  the  third  mode,  the  plate  breaks  up  into  concentric  vibrat- 
ing circular  segments  separated  by  nodal  concentric  circles,  or 
circles  which  remain  at  rest.  Theoretically,  there  may  be  any 
number  of  such  ventral  segments  and  intermediate  nodal  circles. 
The  simplest  case  of  the  third  mode  is  that  in  which  there  is  one 
nodal  circle,  dividing  the  plate  into  an  interior  circle  A  and  an 
external  circular  ring  B.  When  A  is  moving  up,  B  is  moving 
down  symmetrically,  and  vice  versa. 

The  next  simplest  case  of  the  third  mode  has  two  nodal  circles, 
dividing  the  plate  into  three  concentric  circular  areas  A,  B,  and 
C.  When  B  moves  up  A  and  C  move  down  symmetrically,  and 
so  on. 

*  Rayleigh,  Bibliography  12;  Barton,  Bibliography  28. 
t  Lamb,  Bibliography  35. 
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The  pitch  of  vibration  increases  with  the  number  of  nodal 
circles;  but  not  in  simple  proportion.  The  overtones  or  "par- 
tials"  of  the  third  mode  again  are  not  harmonic  to  the  fundamental, 
or  to  one  another.* 

The  subject  of  free  vibration  in  the  first  mode  is  discussed 
further  in  Appendices  I  and  II. 

A  uniform  circular  plate,  clamped  at  the  edge,  is  thus  able  to 
vibrate  freely  in  three  modes,  i.e.,  in  any  one  singly,  or  all  together, 
and  with  an  indefinitely  large  number  of  ascending  pitches  in 
either  of  the  last  two  modes.  Any  free  vibration  must  occur  in 
one  of  these  modes.  The  number  of  free  pitches  within  a  given 
musical  compass  of  say  3  octaves  is  limited.  It  will  have  a  funda- 
mental pitch  in  the  first  mode,  then  a  certain  number  within  the 
three  octaves  in  the  second  mode,  and  also  a  certain  number  in 
the  third  mode.  When  the  plate  is  set  into  free  vibration,  any 
or  all  of  these  free  pitches  may  be  present  in  the  resultant  tone, 
the  prominence  of  the  individual  overtones  depending  upon  the 
nature  and  geometric  distribution  of  the  initial  disturbance,  as 
well  as  upon  the  geometric  constraints  imposed  on  the  plate. 
Thus,  touching  the  plate  at  a  point  tends  to  favor  the  mode  or 
modes  of  vibration  that  form  a  nodal  line  through  that  point. 

If,  instead  of  disturbing  the  plate  and  allowing  it  to  vibrate 
freely  towards  its  normal  position  of  rest,  we  impress  forced  vibra- 
tions upon  the  plate,  by  a  simple  harmonic  vmf.,  how  will  the 
plate  respond?  It  will  vibrate;  but  will  it  vibrate  in  the  first, 
second,  or  third  mode,  or  in  all  three?  It  is  evident  that  it  is 
possible  to  set  up  vibrations  in  any  of  three  modes,  and  in  any 
of  the  overtones  of  the  two  last  modes.  Theoretically,  it  can 
always  respond  in  the  first  mode,  the  whole  plate  bulging  alter- 
nately up  and  down  with  the  maximum  displacement  at  the 
center.  On  the  other  hand,  there  is  no  bar  to  the  setting  up  of  a 
vibration  of  a  certain  amplitude  in  the  second  or  third  mode,  or 
in  a  particular  overtone  of  either. 

It  is  easy  to  realize  that  if  the  impressed  vmf.  happens  to  have 
the  precise  pitch  of  one  of  the  overtones  of  the  second  or  third 
modes,  there  will  be  an  inducement  for  the  plate  to  assume  that 
mode  and  overtone;  but  it  might  also,  while  so  doing,  retain  part 
of  its  energy  of  motion  in  the  first  mode. 

It  is  also  easy  to  realize  that  small  mechanical  or  geometric 
*  Lamb,  Bibliography  35. 
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asymmetries  or  nonuniformities  in  the  plate  system  may  appre- 
ciably influence  the  partition  of  vibrational  energy  into  modes  of 
motion.  Moreover,  the  amplitude  and  the  distribution  of  the 
vmf.  over  the  plate  enter  into  the  action.  Very  feeble  and  sym- 
metrically distributed  vmfs.  favor  the  first  or  fundamental  mode. 
Vigorous  and  asymmetrically  distributed  vmfs.  favor  departures 
towards  overtones  generally,  or  particular  individual  overtones. 
See  also  Appendix  XIV. 


TOP    VIEW  OF  EXPLORE* 


■if  End  ef    f*J>/e*C 


Fig.  7.     Side  view  of  explorer.  Fig.  8.     Top  view  of  explorer. 

Measurements  of  Diaphragm  Vibration-Amplitude  Distribution. 
—  In  order  to  obtain  information  concerning  the  mode  of  motion  of 
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receiver  diaphragms  under  forced  vibrations,  an  instrument  for 
measuring  the  amplitude  of  displacement  down  to  a  tenth  of  a 
micron  (10~4  mm.)  was  designed  and  built  in  1914-15.  It  has  been 
described  as  an  explorer  in  relation  to  vibration  amplitudes.  The 
measurements,  which  occupied  several  months,*  were  made  by 
Dr.  H.  O.  Taylor. 

The  explorer  consists  of  a  minute  triangular  mirror,  elastically 
applied  to  the  surface  of  a  diaphragm,  in  such  a  manner  that  a 
beam  of  light  reflected  therefrom  may  be  expanded  into  a  lumi- 
nous band  of  measurable  length  when  that  point  on  the  diaphragm 
vibrates. 

The  explorer  is  illustrated  to  scale  in  Figs.  7,  8,  and  9.  A  fairly 
massive  rectangular  brass  frame  ABCD  holds  a  brass  plate 
EFGH,  which  slides  spring  tight  in  grooves.     The  crank  K  con- 


Mirror  for  measuring 
Angle  turned  by  Adjusting 
Screw  in  Calibration. 
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Fig.  9.     Apparatus  for  exploring  the  vibration  of  diaphragms. 

trols  the  sliding  movement,  with  the  aid  of  the  set  screw  for 
arresting  the  motion.  The  extent  of  the  plate's  displacement  in 
the  slide  can  be  read  off  on  the  scales  ss.  In  the  center  of  the 
plate  EFGH  is  a  circular  frame  NN,  into  which  is  clamped  the 
diaphragm  to  be  tested.  The  circular  frame  can  be  rotated  in 
its  own  plane,  by  means  of  the  crank  shown. 

A  stout  brass  bridge  QQ  is  fastened  across  the  main  frame 
ABCD.     At  the  middle  of  this  bridge  is  the  mirror  holder  R, 


Kennelly  and  Taylor,  Bibliography  56. 
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shown  in  detail  in  Fig.  10.  The  mirror  holder  slides  in  a  groove 
provided  in  the  bridge,  and  can  be  clamped  therein  by  the  screw  S. 
A  fine-motion  screw  M  is  also  provided,  for  adjusting  the  position 
of  the  mirror.  One  turn  of  M  advances  the  mirror  0.8  mm.  By 
means  of  an  auxiliary  mirror,  fastened  beneath  the  top  of  the 
screw  M ,  the  angle  through  which  the  screw  is  advanced  may  be 
measured,  for  calibrating  the  indications  of  the  instrument. 
Adjustment  can  be  made  to  a  single  degree  of  rotation  of  M; 
i.e.,  to  0.8  /360  mm.  =  2.2  microns  or  2.2  /*,  assuming  that  backlash 
is  guarded  against. 

The  construction  is  such  that  the  tiny  mirror  is  held  at  all  times 
at  the  center  of  the  main  frame  ABCD;  while  by  means  of  the 
two  crank  adjustments,  the  diaphragm  to  be  explored  can  be 
moved  so  as  to  bring  any  part  of  its  surface  beneath  this  mirror. 
With  the  aid  of  the  scales  of  distance  ss,  and  of  angle  aa,  the 
position  of  the  mirror  with  respect  to  the  center  of  the  diaphragm 
can  be  adjusted  and  read  off  in  polar  coordinates  p  and  /3.  The 
motion  in  p  can  be  adjusted  to  0.1  mm.  and  the  motion  in  (J  to 
1°  or  less.  The  slide  EFGH  is  held  in  position  by  stout  flat 
springs  on  the  main  frame,  so  as  to  keep  the  motion  of  the  slide 
confined  to  its  own  plane.  A  similar  construction  is  used  with 
the  circular  frame.  It  is  important  that  the  plane  of  the  dia- 
phragm shall  not  be  disturbed  when  either  crank  is  operated. 
The  weight  of  the  explorer  is  4.6  kg. 

4 


T& 


f  Di'apftrmfm 


Top  y/ew  of  Bridge 
and   Mirror  Holder 


Enlarged  View 
of  Stirrup  and 
r~1irror. 


Fig.  10. 


Top  view  of  bridge  and  mirror  holder. 
Enlarged  view  of  stirrup  and  mirror. 


Figure  10  gives  a  magnified  view  of  the  exploring  mirror  m 
and  its  supports.     The  mirror  is  of  silvered  glass,  0.1  mm.  thick, 
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and  is  equilaterally  triangular  in  form,  about  1  mm.  in  length 
of  edge.  One  vertex  of  the  mirror  is  applied  to  the  surface  of 
the  diaphragm.  The  mirror  is  fastened  with  sealing  wax  across 
a  thin  phosphor  bronze  strip.  This  strip  is  approximately  3  mm. 
long  between  abutments,  0.02  mm.  wide,  and  0.013  mm.  thick. 
The  weight  of  the  mirror,  without  varnish  or  sealing  wax,  is 
about  1  milligram.  The  tension  of  the  strip  in  the  stirrup  is 
such  as  to  make  the  natural  frequency  of  the  mirror's  vibration 
about  2500  ~.  It  is  important  that  the  natural  vibration  fre- 
quency of  the  mirror  should  always  exceed  that  of  the  diaphragm 
to  which  it  is  applied.  These  little  mirrors  are  apt  to  break  in 
service,  so  that  they  have  to  be  renewed  and  recalibrated  oc- 
casionally. The  pressure  exerted  by  the  mirror  point  on  the 
diaphragm  was  found  to  be  approximately  200  dynes  (0.2  gm. 
weight).  A  pressure  of  this  order  seems  to  be  desirable,  in  order 
to  secure  a  natural  vibration  frequency  of  2500  ~.  If,  however, 
explorations  are  confined  to  lower  diaphragm  frequencies,  the 
natural  frequency  of  the  mirror,  and  its  pressure  on  the  dia- 
phragm, may  be  reduced  accordingly. 


Fig.  11.     Vibration  explorer  in  position  for  observations. 

The  diaphragm  to  be  explored  was  5.4  cm.  in  diameter,  in  order 
to  suit  telephone  receiver  sizes,  and  was  clamped  tightly  in  the 
circular  frame  NN  with  a  ring  clamp,  which  has  a  clamping 
radius  of  2.62  cm.,  when  no  auxiliary  clamping  rings  are  resorted 
to. 

Explorer  Supports.  —  The  explorer  is  supported  on  wires  WW, 
Fig.  11,  from  the  ceiling  of  the  testing  room,  in  order  to  suppress 
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casual  building  vibrations  of  high  frequency.  A  special  testing- 
room  was  used  for  the  purpose,  consisting  of  a  wooden  sound- 
reducing  booth,  internally  274  cm.  X  183  cm.  X  214  cm.  high, 
lined  on  the  inside  with  hair  felt  2.5  cm.  thick,  and  surfaced  with 
thin  cotton  cloth. 

The  mirror  holder  is  advanced  towards  the  diaphragm  and 
clamped  by  the  screw  s.  The  mirror  m  is  then  carefully  brought 
into  contact  with  the  diaphragm  at  the  proper  point,  by  means 
of  the  fine  adjusting  screw  M. 

Figure  11  is  a  photograph  of  the  explorer  and  some  of  its 
adjacent  optical  accessories.  The  condensing  and  focusing  lens 
of  the  stereopticon  throws  a  narrow  arc-light  beam  upon  the 
exploring  mirror,  which  reflects  it  on  to  the  graduated  trans- 
lucent screen  F.  With  the  diaphragm  at  rest,  the  spot  on  this 
screen  is  a  narrow,  sharp,  vertical  luminous  strip.  When  the 
diaphragm  is  set  in  vibration  by  sound  waves  from  the  organ 
pipe  P,  the  mirror  in  contact  with  it  vibrates  synchronously, 
and  the  spot  spreads  into  a  luminous  band,  the  limits  of  which 
are  easily  read  on  the  graduated  translucent  scale.  If  the  mo- 
tions of  the  diaphragm  and  mirror  are  simple  harmonic  motions, 
the  luminous  band  shows  no  discontinuities  of  intensity.  If, 
however,  there  is  a  complex  harmonic  motion,  the  luminous  band 
will  show  light  and  dark  patches,  either  quiescent,  or  with  beats. 
By  means  of  the  optical  magnification  of  amplitude  that  can  be 
effected  with  the  apparatus,  diaphragm  vibrations  of  amplitude 
0.1  /x  (10-5  cm.),  or  less,  can  be  observed;  although  the  precision 
of  measurement  falls  off  considerably  for  amplitudes  below  0.5  n 
(half  a  micron). 


Bo  I  opt  icon 


>A-A 


Screen  with  ,  Screen  with 

Pin  Hole  N  J  Slit 


v 

B  ■ 


H  E   v 

Mirror  X-Diap  Hragm 


///,"       Wi brat  ion 
6   //*  I  E*Plorer 


Spot  of  Light 

on  a  Scale    ' 


Fig.  12.     Diagram  of  optical  system  used  with  vibration  explorer. 
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Explorer  Optical  System.  —  In  order  to  secure  good  measure- 
ments with  the  explorer,  a  good  optical  system  is  necessary  for 
it.  A  satisfactory  system  is  shown  in  Fig.  12.  The  stereop- 
ticon  arc  lamp  A  throws  a  powerful  condensed  beam  of  light 
on  the  pinhole  B  in  a  vertical  brass  screen.  A  set  of  small  power- 
ful collimating  lenses  C  throws  the  nearly  paralleled  beam  through 
the  screen  and  slit  D,  as  well  as  the  focusing  lens  H,  on  the  explor- 
ing mirror  at  E,  whence  it  is  reflected  to  the  translucent  screen  F, 


Beam  of  Light 
from  Arc. 


e  =  <LlLcoS<p 


Diaphragm 


Dotted  lines  refer  to 
deflected  position  of 
diaphragm 
Fig.  13.     Diagram  showing  action  between  minor  and  diaphragm  in  explorer. 

at  a  convenient  distance,  in  this  case  25  cm.  An  image  of  the 
slit  in  the  screen  D  is  then  sharply  focused  at  F.  It  is  indicated 
geometrically  in  Fig.  13,  that  the  double  amplitude  e  of  the 
diaphragm's  displacement,  is  equal  to  the  continued  product  of 
the  observed  double  amplitude  d  of  the  luminous  band,  the  ratio 
of  I  (the  mirror's  radius  arm)  to  2  L  (the  doubled  mirror-screen 
distance),  and  the  cosine  of  the  angle  <t>  between  the  radius  arm 
of  the  mirror  and  the  plane  of  the  diaphragm.  In  order  to  avoid 
frequent  changes  in  <j>,  it  is  desirable  to  keep  the  zero  of  the  spot 
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of  light  as  closely  as  possible  constant  at  the  center  of  the  gradu- 
ated scale  F,  and  with  it,  the  contacting  angle  plane  of  the  mirror. 
The  numerical  expression 

(16)  M  =  r^- 

t  cos  4> 

may  be  called  the  magnification  factor  of  the  explorer.  As  ordi- 
narily employed,  2  L  =  50  cm.,  I  =  0.05  cm,  (/>  =  45°,  approxi- 
mately, or  cos  <f)  =  0.7;  so  that  M  =  1400  approximately,  vary- 
ing in  different  sets  of  measurements  between  800  and  1500. 
In  measurements  with  other  modifications  of  the  explorer,  the 
magnification  factor  has  been  carried  with  advantage  to  5000, 
but  by  increasing  the  distance  L.  There  is  a  limit,  however,  to 
the  advantage  which  may  be  secured  in  this  way,  owing  to  the 
reduction  in  the  sharpness  and  intensity  of  the  luminous  band 
as  L  is  increased.  At  L  =  25  cm.  with  the  optical  system  de- 
scribed, the  double  amplitude  could  be  read  at  each  end  to  0.1 
mm.  on  the  translucent  scale  F.  A  fine  cross  hair  placed  dia- 
metrically across  the  pinhole  has  also  been  found  useful  in  read- 
ing off  the  double  amplitude  on  the  scale. 

In  determining  the  magnification  factor  for  any  series  of 
measurements,  it  is  not  necessary  to  know  I  and  4>  in  equation 
(16).  It  is  sufficient  to  advance  the  exploring  mirror  stirrup 
through  a  known  small  distance  towards  the  quiescent  diaphragm, 
by  means  of  the  fine-motion  screw  M,  and  observe  the  movement 
of  the  spot  of  light  thereby  produced  on  scale  F.  It  is  clearly 
a  matter  of  indifference,  so  far  as  the  movement  of  mirror  m  is 
concerned,  whether  the  diaphragm  moves  up  against  a  stationary 
stirrup,  or  the  stirrup  is  moved  down  to  the  same  extent  against 
the  stationary  diaphragm.  The  displacement  of  the  luminous 
spot  will  be  the  same.  In  this  way,  knowing  the  advance  given 
by  the  screw  M,  the  explorer  becomes  directly  calibrated  in 
position,  for  the  particular  values  of  d  and  4>  in  use.  In  order  to 
determine  the  advance  of  the  screw  M  in  such  calibration  tests, 
a  little  mirror  is  mounted  on  M.  In  other  forms  of  explorer,  this 
mirror  is  dispensed  with,  but  a  long  indicator  arm,  radially 
attached  to  the  fine-motion  screw,  moves  over  a  graduated  arc 
and  enables  the  advance  of  the  screw  to  be  determined. 

*  No  unit  is  designated  in  equation  (16),  or  in  similar  equations  throughout 
the  text,  where  the  quantity  expressed  in  the  equation  is  dimensionless,  i.e., 
a  mere  numerical  ratio  or  a  number;   whether  real  or  complex. 
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Sources  of  Diaphragm  Vibromotive  Force.  —  Two  sources  of 
diaphragm  vmf.  were  employed  in  the  tests:  (1)  acoustic,  (2) 
electromagnetic. 

(1)  The  acoustic  vmfs.  were  produced  from  one  of  a  series  of 
small  organ  pipes,  giving  fairly  simple  musical  tones,  between 
Ci  =  128  ~  and  C&  =  2048  ~.  The  organ  pipe  selected  was 
mounted  in  a  block  on  the  table,  at  the  back  of  the  explorer,  and 
supplied  with  air  at  constant  pressure  (about  18  cm.  of  water) 
from  a  pneumatic  tank.  The  observer,  after  turning  on  the  air 
to  the  organ  pipe,  observed  the  amplitude  of  the  luminous  band 
on  the  translucent  screen  F,  Figs.  11  and  13,  as  the  point  of  the 
exploring  mirror  was  applied  at  successive  positions  on  the  dia- 
phragm. 

(2)  The  clamping  ring  of  the  diaphragm  in  the  explorer  was 
chosen  of  such  dimensions  that  a  standard  telephone  receiver 
could  be  substituted  for  it.  In  this  case,  a  steel  diaphragm  had 
to  be  employed.  The  telephone  was  then  operated  by  a  feeble 
measured  alternating  current  (2.0  milliamperes)  obtained  from 
a  Vreeland  mercury-arc  oscillator,  having  its  frequency  steadily 
adjustable  between  the  limits  of  425  ~-  and  2500  ~. 


Fig.  14.  Contour  lines  of  vibration 
over  diaphragm  No.  1,  at  608  ~>. 
Vibration  amplitudes  in  microns. 


Fig.  15.  Contour  lines  of  vibration 
over  diaphragm  No.  2,  at  2100  ~. 
Vibration  amplitudes  in  microns. 


Exploration  over  Diaphragm  No.  i.  —  Diaphragm  No.  1  was  a 
telephone  receiver  diaphragm  of  steel,  japanned  on  one  side. 
Its  dimensions  are  given  in  Table  IV.  The  diaphragm  was 
clamped,  around  the  boundary,  between  opposing  circular  knife- 
edges. 
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An  organ  pipe  of  D#4  =  608  ~,  was  set  up  with  its  lip  5  cm. 
from  the  back  of  the  diaphragm.  An  exploration  was  then 
made  over  the  surface,  at  points  differing  by  40°  in  azimuth  /3, 
and  at  successive  increments  in  radius  r  of  about  3.5  mm.  (7  steps 
in  r,  and  9  steps  in  /3,  or  63  observations  in  all).  Table  I  sets 
forth  these  observations  reduced  to  microns  of  amplitude,  with 
a  calibrated  magnification  factor  of  M  —  1180. 

TABLE  I 
Vibration  Amplitudes  over  Diaphragm    No.   1,   at  Frequency  608  ~, 

for  Nine   Different   Azimuths  /3,   and   Seven   Different  Radial 
Distances  r.   (Taylor) 


Vibration  Amplitude  Observed  with  Explorer  (Microns)  at  Different 

Radial 

Azimuths  /3. 

Distance, 

r. 
Cm. 

0° 

40° 

80° 

120° 

160° 

200° 

240° 

280° 

320° 

M 

A» 

M 

M 

^ 

" 

M 

M 

» 

-0.08 

13.8 

12.1 

11.7 

14.0 

13.4 

10.4 

10.8 

13.3 

12.0 

+  0.31 

12.7 

10.9 

11.3 

12.3 

12.7 

9.7 

10.6 

12.6 

11.6 

+  0.69 

9.7 

8.0 

8.9 

10.4 

10.4 

8.1 

8.8 

11.5 

9.5 

+  1.06 

6.6 

5.9 

6.4 

6.8 

7.0 

6.2 

6.4 

7.1 

6.8 

+  1.44 

4.2 

3.6 

4.2 

4.7 

4.5 

4.1 

4.2 

4.9 

4.3 

+  1.82 

2.5 

2.2 

2.1 

2.5 

2.5 

2.3 

2.4 

2.5 

2.4 

+  2.20 

0.9 

0.8 

0.9 

0.9 

0.9 

0.7 

0.7 

0.9 

0.8 

+  2.54 

0 

0 

0 

0 

0 

0 

0 

0 

0 

It  will  be  seen  from  this  table  that  at  any  particular  radius  r, 
measured  from  the  center  of  the  diaphragm,  the  amplitudes  of 
vibration  displacement  x,  at  varying  azimuths  /3,  are  substantially 
equal.  The  irregularities,  although  small,  seem  however  to  be 
greater  than  can  be  accounted  for  by  errors  in  observation,  and 
are  perhaps  due  to  irregularities  in  the  diaphragm.  Figure  14 
shows  the  contour  lines  of  displacement  amplitude  in  microns, 
the  maximum  amplitude  being  at  or  near  the  center,  and  amount- 
ing to  14  ix.  Such  amplitudes  are  larger  than  ordinarily  obtain, 
and  were  specially  reinforced  in  this  case,  in  order  to  secure 
relatively  large  and  easily  measurable  deflections.  Figure  14 
shows  that  the  diaphragm  vibrated  in  its  fundamental  or  first 
mode,  i.e.,  simple  to-and-fro  motion  as  a  whole,  without  either 
nodal  diameters  or  nodal  circles.  If  other  modes  of  motion  are 
present,  they  are  not  noticeable  on  the  scale  of  the  diagram. 

A  similar  exploration  was  made  over  the  diaphragm,  with 
acoustic  vmf.  from  an  organ  pipe  giving  Ce  =  2050  ~.  Here 
the  points  of  observation  were  in  steps  of  about  3.5  mm.  in  r,  and 
in  steps  of  40°  in  0,  as  before,  with  M  =  1265  (see  Table  II). 
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TABLE   II 

Vibration  Amplitudes  over  Diaphragm  No.  1,  at  Frequency  2,100  - 

for  Nine   Different  Azimuths  j3,   and   Seven   Different  Radial 

Distances  r.,  Five  Only  Giving  Readable  Deflections  (Taylor) 


Radial 
Distance, 

Vibration  Amplitude  Observed, 

with  Explorer, 

at  Different  Azimuths  /3 

r. 

0° 

40° 

80° 

120° 

100° 

200° 

240° 

280° 

320° 

/* 

M 

M 

M 

M 

m 

" 

M 

m 

-0.08 

0.70 

0.95 

0.95 

0.95 

0.87 

1.02 

0.95 

0.87 

0.95 

+  0.31 

0.70 

0.87 

0.87 

0.78 

0.78 

1.02 

0.87 

0.78 

0.87 

+  0.69 

0.62 

0.78 

0.78 

0.62 

0.62 

0.78 

0.62 

0.62 

0.78 

+  1.06 

0.31 

0.39 

0.39 

0.39 

0.39 

0.39 

0.39 

0.39 

0.62 

+  1.44 

0.16 

0.16 

0.16 

0.08 

0.08 

0.08 

0.08 

0.08 

0.23 

+  1.82 



+  2.20 





+  2.54 

0 

0 

0 

0 

0 

0 

0 

0 

0 

The  vibration  displacement  contours  for  this  case  are  given  in 
Fig.  15.  Here  again,  it  is  seen  that,  allowing  for  possible  irregu- 
larities in  the  diaphragm,  and  for  errors  of  observation,  which 
are  the  more  noticeable  with  the  smaller  amplitudes  at  the  higher 
pitch,  the  mode  of  vibration  is  essentially  fundamental,  since 
there  are  no  perceptible  nodal  circles  or  nodal  diameters. 

A  series  of  explorations  were  then  made  at  a  number  of  acoustic 
pitches  between  400  ~  and  1800  ~.  The  results  are  contained 
in  Table  III.  They  indicate  the  first  or  fundamental  mode  of 
vibration,  throughout,  within  the  limits  of  experimental  error. 

TABLE  III 
Showing  Fundamental  Mode  of  Vibration  Maintained  for  a  Range 

of  Frequencies  from  400  ~  to  1,800  ~.    (Taylor) 

Amplitudes  of  Vibration   in   Microns  (n)  along  Radius  of  Diaphragm  No.  1, 

Flat-Clamped.    /„  =  704  ~. 


Radial 
Distance, 

Frequency  of  Vibration 

Cm 

400  ~ 

500  ~ 

750  ~ 

1,000  - 

1,250  - 

1,500  ~ 

1,800  ~ 

V- 

M 

/* 

M 

M 

H 

M 

.04 

.8 

1.6 

7.8 

1.3 

1.3 

.9 

.3 

.29 

.8 

1.6 

7.7 

1.3 

1.2 

.9 

.3 

.54 

.7 

1.5 

7.2 

1.1 

1.1 

.8 

.3 

.79 

.6 

1.4 

6.3 

.9 

.9 

.6 

.2 

1.04 

.5 

1.3 

5.3 

.8 

.8 

.5 

.2 

1.29 

.4 

1.0 

3.8 

.5 

.6 

.3 

.1 

1.55 

.2 

.7 

3.0 

.3 

.4 

2 

+ 

1.79 

.1 

.4 

1.9 

.2 

.2 

.1 

+ 

2.04 

+ 

.3 

1.2 

.1 

.1 

+ 

— 

2.30 

— 

.1 

.8 

— 

+ 

— 

— 

2.65 

0 

0 

0 

0 

0 

0 

0 

TELEPHONE    DIAPHRAGM   VIBRATION 


25 


Observations  were  also  made  at  organ-pipe  frequencies  down 
to  128  ~.  Explorations  are  difficult  to  make  at  such  low  fre- 
quencies on  diaphragms  of  these  properties  and  dimensions, 
because  of  the  small  amplitudes  obtainable;  so  that  the  results 
lack  precision,  but  so  far  as  could  be  detected,  the  fundamental 
mode  of  vibration  continued  throughout. 

In  the  case  of  this  steel  diaphragm,  therefore,  excited  by 
acoustic  vmfs.,  to  frequencies  as  high  as  2050  ~,  the  funda- 
mental mode  of  vibration  was  the  only  one  observed.  This 
does  not  mean  that  the  other  modes  of  motion  could  not  or  did 
not  exist;  but  merely  that  if  they  did  exist,  they  were  over- 
shadowed by  the  preponderating  first  mode.  Moreover,  the 
uniformity  of  acoustic  vmf.  over  the  surface  of  the  diaphragm 
may  have  favored  the  first  mode  of  forced  vibration.  The 
effects  of  relatively  very  powerful  vmfs.  were  not  investigated. 

The  resonant  frequency  of  this  diaphragm,  with  flat  clamping, 
was  observed  to  be  /0  =  824  ~,  corresponding  to  co0  =  5160. 
According  to  theory,  the  next  overtone  in  the  third  mode  would 
be  at  2.09 /o  or  1720  ~. 
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Fig.  16. 
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Resonance  curve  of  diaphragm  No.  2. 


The  vibration-amplitude  of  the  diaphragm  was  found  to  vary 
widely  with  the  pitch  of  the  acoustic  vmf.     At  or  near  the  natural 
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fundamental  free-vibration  frequency  of  the  diaphragm,  the 
amplitude  of  the  vibratory  response  was  a  maximum.  Either 
above  or  below  this  resonant  frequency,  the  amplitude  of  vibra- 
tion at  the  center,  as  shown  by  the  explorer,  fell  off  very  markedly. 
The  curve  of  relative  amplitudes  at  different  frequencies  is  given 
in  Fig.  16,  for  diaphragm  No.  2.  It  will  be  seen  that  when  the 
impressed  vmf.  has  a  frequency  remote  from  the  resonant  fre- 
quency /o,  in  either  direction,  the  amplitude  becomes  so  small 
that  the  degree  of  precision  obtainable  near  resonance  cannot 
be  maintained.  The  theory  of  this  resonance  curve  is  given  in 
Chapter  VI.  It  is  shown  that  if  we  multiply  the  successive 
ordinates  by  co,  the  resulting  values  of  vibrational  velocity  cor- 
respond to  certain  vector  chords  on  a  certain  circle. 

Figure  153,  of  Appendix  I,  page  305,  gives  the  graph  of  the 
explored  vibration  amplitudes  at  successive  radial  distances  from 
the  center  of  diaphragm  No.  1,  for  the  impressed  frequency  of 
896  ~.  It  will  be  seen  that  the  circular  dots  fall  off  in  ampli- 
tude smoothly  from  a  maximum  at  or  near  the  center  (r  =  0), 
to  zero  at  the  flat-clamped  edge  (r=  2.62  cm.).  The  heavy 
curve  gives  the  computed  relation  according  to  Rayleigh's  theory 
of  free  vibration.  It  appears,  therefore,  that  the  agreement 
between  the  distribution  of  observed  forced  vibration  amplitudes, 
and  computed  free  vibration  amplitudes,  is  satisfactory. 

Owing  to  the  rapid  change  of  amplitude  with  frequency  in  the 
neighborhood  of  resonance,  it  is  desirable,  when  making  explora- 
tions of  amplitude  over  the  surface,  to  select  a  frequency  not  too 
near  resonance.  The  frequency  near  950  ~,  for  instance,  would 
be  suitable  for  the  case  represented  in  Fig.  16. 

Explorations  with  Electromagnetic  Vibromotive  Forces.  —  In 
order  to  ascertain  the  effects  of  exciting  a  steel  diaphragm 
(No.  2),  electromagnetically,  a  No.  144  Western  Electric  Bell 
receiver  was  screwed  into  the  explorer  behind  the  diaphragm,  so 
as  to  obtain  the  ordinary  air  gap  between  the  diaphragm  and  its 
poles.  The  cap  or  screw  cover  of  the  ordinary  telephone  receiver 
was  here  absent.  An  alternating  current  of  2  rms.*  milliamperes 
was  supplied  from  a  Vreeland  oscillator,  giving  a  close  approxima- 
tion to  a  pure  sine  wave,  and  in  connection  with  a  Rayleigh 
bridge  (see  Fig.  30),  for  the  simultaneous  measurement  of  both 
the  resistance  and  the  inductance  of  the  telephone  receiver,  at  32 

*  See  footnote,  p.  11. 
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successive  frequencies  between  429  ~  and  2040  ~.  Explorations 
were  made  at  two  frequencies;  one  at  the  resonant  frequency  of 
992  ~,  and  the  other  slightly  below  this,  or  974  ~. 

The  contour  lines  of  amplitude  in  the  latter  case  are  presented 
in  Fig.  17,  where  the  outlines  of 
the  two  magnetic  poles  are  indi- 
cated in  dotted  lines.  It  will  be 
seen  that,  while  the  mode  of 
motion  is  still  essentially  funda-  /  ///////  <^iio) 
mental,  the  amplitude  is  not  a 
maximum  at  the  center,  as  in  the 
preceding  acoustic  cases.  The 
maximum  amplitude  of  2.0  /x  is 
reached  in  an  elliptical  loop  em- 
bracing the  pole  at  the  top.     In- 

•  i      ,i  •       i  j     •  j-    ,    i         Fig.  17.     Contour  lines  of  vibra- 

side  this    loop,   and    immediately        tlon  amplitude  for  diaphragm 

Over   the   pole,  the   amplitude  falls  No.   2,   electromagnetically  ex- 

off  to  1.8  ft.  Over  the  lower  cited  at /=  974  ~. 
pole  in  the  Figure,  the  amplitude  is  about  1.7  n,  but  there 
appears  to  be  a  slight  diminution  between  the  poles.  If  the 
geometric  and  magnetic  conditions  of  the  bipolar  system  were 
perfectly  symmetric,  these  asymmetries  in  amplitude  with  re- 
spect to  the  two  poles  would  presumably  disappear. 

The  curves  of  mean  amplitude  along  a  radius,  against  radial 
distance,  are  presented  in  Fig.  18.  The  curve  AAA  corre- 
sponds to  that  found  at  resonance.  It  shows  that  the  amplitude 
is  then  far  from  being  a  maximum  at  the  center  of  the  diaphragm, 
owing  to  attractive  forces  being  established  over  polar  areas  on 
each  side  of  the  center.  The  coefficient  of  equivalent  mass  for 
this  curve,  which  will  be  explained  in  the  next  chapter,  is  over 
0.5. 

The  curve  ABB  gives  the  corresponding  distribution  of  mean 
azimuthal  amplitude  for  the  lower  frequency  974  ~.  The  swell- 
ing of  the  amplitude  over  the  poles  is  less  marked  in  this  case, 
and  does  not  materially  exceed  that  at  the  center.  The  equiva- 
lent-mass coefficient  for  this  curve  is  0.36,  or  about  double  that 
for  the  Rayleigh-Bessel  curve,  which  is  indicated  by  the  broken 
line  ADD.  The  curve  ACC  gives  the  distribution  of  mean 
amplitude  in  radial  distance  for  another  steel  diaphragm  (No. 
3)  in  a  bipolar  receiver,  at  the  resonant  frequency  of  1020  ~. 
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For  both  the  steel  diaphragms  Nos.  2  and  3,  a  series  of  central 
amplitude  measurements  were  made,  with  the  explorer,  at  con- 


stant a.c.  strength,  but  adjustably  varied  frequency.  These 
measurements  will  be  referred  to  later  in  Chapter  X.  They  were 
made  simultaneously  with  the  electric  measurements  of  resistance 
and  inductance  in  a  Rayleigh  bridge.     In  both  cases,  the  ex- 
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plorer  measurements  of  displacement  satisfactorily  checked  the 
electrically  deduced  velocity-circle  diagrams.  The  equivalent 
masses  of  the  diaphragms  computed  from  curves  AAA  and 
ACC  in  Fig.  18,  agreed  with  those  computed  from  the  electric 
measurements  within  a  few  per  cent. 

Temperature  Effects  on  Exploration  Measurements.  —  It  was 
found  that  changes  of  temperature  in  the  air  surrounding  a  dia- 
phragm had  a  marked  effect,  both  upon  its  resonant  frequency, 
and  upon  its  amplitude  at  any  frequency.  The  curves  repre- 
senting x  against  r  were  apt  to  differ  appreciably  in  outline  from 
day  to  day.  The  degree  of  tightness  of  clamping  also  had  a 
marked  effect  upon  the  measurements.  In  general,  such  dis- 
turbances, due  to  temperature  and  clamping,  are  likely  to  intro- 
duce tensions  into  the  substance  of  the  diaphragm,  and  to  cause 
some  of  the  characteristics  of  a  vibrating  membrane  to  be  super- 
posed upon  those  of  a  vibrating  plate.  It  is,  therefore,  desirable 
that  the  clamping  should  be  effected  tightly,  and  that  the  measure- 
ments should  then  be  made  at  constant  temperature.  Strictly 
speaking,  the  Rayleigh  theory  shows  that  there  must  be  a  differ- 
ence in  both  the  resonant  frequency  and  in  the  distribution  of 
amplitudes,  if  the  diaphragm  is  clamped  between  opposed  cir- 
cular knife  edges,  instead  of  between  circular  flat  rings  at  the 
boundary.  The  experiments  have  shown  that  flat-ring  clamping 
is  more  likely  to  give  consistent  results  than  knife-edge  clamping. 
These  clamping  difficulties  are  accentuated  in  thin  glass  dia- 
phragms, for  the  boundary  support  of  which  a  special  technique 
had  to  be  developed. 

Exploration  of  Thin  Glass  Diaphragms.  —  From  a  number  of 
thin  glass  diaphragms,  one  —  No.  4  —  was  selected,  on  account 
of  its  uniformity  in  thickness  (see  Table  IV).  It  was  found  very 
difficult  to  obtain  uniform  results  with  this  in  the  explorer,  owing 
to  the  above-mentioned  troubles  with  the  clamping.  Finally,  the 
glass  diaphragm  was  cemented  with  water  glass  to  a  boundary 
ring  of  glass,  and  this  was  lightly  supported  between  the  clamping 
rings  of  the  explorer.  The  diaphragm  was  then  excited  acousti- 
cally by  organ  pipes.  The  resonant  pitch  of  the  diaphragm  was 
found  to  be  492  ~,  in  the  fundamental  mode.  On  raising  the 
frequency,  the  mode  of  motion  was  found  to  change  suddenly 
to  the  second,  at  968  ~,  with  a  single  nodal  diameter,  the  two 
halves  of  the  diaphragm  then  vibrating  harmonically  in  opposite 
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phases.  This  mode  of  motion  continued  until  the  frequency 
reached  1696  ~}  when  the  mode  changed  to  the  third,  the  nodal 
diameter  disappearing  and  giving  place  to  a  single  nodal  circle. 

TABLE  IV 
Flat  Circular  Diaphragms 


No. 

Material 

Diameter, 
Cm. 

Thickness* 

Over  Japan, 

Cm. 

Mass,  Gm. 

Natural 

Fre- 
quency ~ 

1 
2 
3 
4 

Steel  japanned      .     . 
Steel  japanned      .     . 
Steel  japanned      .     . 
Glass 

5.4 
5.52 

5.48 
5.4 

0.038 
0.0399 
0.031 
0.0108 

5.615 
5.979 
4.181 
0.6548 

824 

992 

1020 

492 

♦Thickness  of  japan  0.074  mm. 

The  ratios  of  the  above  three  frequencies  are  1  :  1.97  :  3.44; 
whereas,  according  to  the  Bessel-Function  theory  they  should 
be  1  :  2.09  :  3.91.  The  discrepancies  may  readily  be  accounted 
for  by  imperfections  in  boundary  support,  or  by  temperature 
changes.  Small  changes  in  clamping  were  found  to  exercise  a 
marked  influence  on  these  ratios. 

Conclusions  concerning  the  Explorations  of  Amplitude.  —  The 
results  of  the  preceding  tests  with  these  diaphragms  indicate 
that  a  receiver  diaphragm  vibrates,  at  least  for  by  far  the  most 
part,  in  its  first  or  fundamental  mode,  when  excited  either  acousti- 
cally or  electromagnetically  within  the  limits  of  the  relatively 
feeble  vmfs.  employed.  That  the  other  modes  of  motion 
which  are  theoretically  possible  may  exist,  is  shown  by  the 
observations  on  thin  glass  diaphragms.  (See  also  Appendix 
XIV.) 

In  acoustic  excitation,  the  maximum  displacement  was  found 
at  the  center,  with  substantially  concentric  circular  contour  lines, 
tapering  off  to  zero  at  the  clamping  circle,  in  general  accordance 
with  the  theoretical  curve  of  free  vibrations.  In  electromagnetic 
excitation,  the  maximum  displacements  were  found  over  or 
around  the  poles,  especially  near  resonance.  So  far  as  was  ob- 
served under  the  action  of  a  single  feeble  frequency,  the  first  or 
fundamental  mode  of  motion  was  observed.  None  of  the  ob- 
servations yet  secured  on  receivers  operated  by  single-frequency 
alternating  currents  of  one  or  two  rms.  milliamperes  has  indi- 
cated a  departure  from  this  mode. 
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Wide  fields  for  further  investigation  of  the  motion  of  vibrating 
diaphragms  lie  (1)  in  steady-state  conditions  and  (2)  in  transient 
conditions.  In  steady-state  conditions,  two  or  more  simple  im- 
pressed tones  might  be  simultaneously  impressed  on  the  dia- 
phragm, with  the  resultant  motion  explored  and  compared  with 
theory.  In  transient  conditions,  sudden  and  brief  tones  might 
be  impressed  on  the  diaphragm,  with  the  resultant  motion  ex- 
plored and  compared  with  theory. 

In  the  working  theory  of  telephonic  transmission  over  electric 
conductors,  the  steady  state  is  ordinarily  assumed  as  the  theo- 
retical basis.  It  seems  likely,  however,  that  as  our  knowledge 
advances,  the  steady-state  theory  will  need  to  be  modified,  in 
favor  of  transient  theory,  in  order  adequately  to  explain  the 
phenomena  of  speech  reproduction,  especially  with  certain  sounds. 
For  such  reasons,  it  would  be  advantageous  to  accumulate  experi- 
mental knowledge  concerning  the  transient  as  well  as  the  steady 
vibrations  of  diaphragms. 

Possible  Applications  of  Telephone-diaphragm  Theory  to  Organ- 
pipe  Standards.  —  It  has  been  pointed  out  in  one  of  the  papers* 
here  considered,  that  the  motional  circle-diagram  of  Chapter  VII 
might  be  used  for  comparing  the  vmfs.  of  a  set  of  organ  pipes. 
In  the  simplest  geometric  condition,  the  standard  vmf.  on  the 
diaphragm,  which  is  proportional  to  the  square  root  of  the  sound 
intensity  at  its  surface, f  would  be  observed  in  free  space,  with  the 
orifice  of  the  pipe  facing  the  diaphragm  at  a  definite  distance, 
and  with  the  diaphragm  perpendicular  to  the  line  joining  them. 
The  pipes  of  different  pitches  would  be  so  adjusted  by  wind  pres- 
sure for  standardization,  that  the  central  diaphragm  amplitude 
multiplied  by  the  impressed  frequency,  should  lie  on  the  circle 
diagram  of  the  particular  test  diaphragm  employed,  assuming 
that  the  acoustic  and  dynamic  conditions  are  held  constant,  and 
that  the  overtones  produced  by  the  pipes  produce  negligible 
effects. 

*  Kennelly  and  Taylor,  Bibliography  56,  pp.  111-112. 
t  Barton,  Bibliography  28. 


CHAPTER  IV 

EQUIVALENT   MASS   OF  A  DIAPHRAGM   VIBRATING   IN   ITS 
FUNDAMENTAL   MODE 

Introduction.  —  The  vibration  amplitude  of  a  diaphragm,  con- 
sidered as  a  circular  plate  in  its  fundamental  or  first  mode  of 
motion,  is  a  maximum  at  the  center  and  diminishes  symmetri- 
cally in  all  directions  to  zero  at  the  clamped  edge.  We  may  con- 
sider that  a  simple  harmonic  vmf.  is  impressed  at  the  center  of 
the  diaphragm,  which  will  then  execute  simple  harmonic  vibra- 
tions, all  parts  having  the  same  phase  at  the  same  instant. 

If  the  total  mass  of  the  diaphragm  within  the  clamping  circle 
is  M  gin.,  each  element  of  mass,  dM,  will  have  its  own  maximum 
cyclic  velocity  (depending  on  its  radial  distance  r)  as  it  passes 
its  normal  position  of  rest.  If  wr  be  this  velocity,  corresponding 
to  a  maximum  cyclic  local  displacement  wT,  then  the  maximum 
cyclic  kinetic  energy  of  the  element  will  be 

(17)  dW  =  \-  dM  -w2  ergs. 

The  total  maximum  cyclic  kinetic  energy  W  of  the  vibrating 
diaphragm  will  be  the  integral  of  dW  over  the  entire  surface 
within  the  clamp-ring.  This  integral  can  be  evaluated,  theo- 
retically at  least,  if  we  know  the  shape  of  the  curve  of  displace- 
ment w  versus  r,  by  exploration,  over  the  surface. 

Central  Equivalent  Mass.  —  The  maximum  cyclic  velocity  at 
the  center  of  the  diaphragm  is  w0.  We  may  define  the  central 
equivalent  mass  of  the  diaphragm  m0,  as  the  mass,  which, 
vibrating  with  the  central  velocity,  would  have  the  same  maxi- 
mum cylic  kinetic  energy  as  the  whole  diaphragm  with  its  graded 
velocity  distribution.     Thus 

(18)  \  •  m0  •  m2  =  W  =  \\w2  •  dM  ergs, 
or 

(19)  wo  =  -ig  fw2  ■  dM  gm. 
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when  the  integration  is  extended  over  the  entire  surface  area. 
Since  at  any  given  frequency,  the  maximum-cyclic  velocity  is 
directly  proportional  to  the  maximum  cyclic  displacement,  this 
equation  may  be  written  in  the  form 

(20)  me  =  —9  [w2  ■  dM  gm. 

where  displacements  are  substituted  for  velocities. 

If  we  can  arrive  at  w2  the  average  square  of  the  maximum 
cyclic  displacement  over  the  diaphragm  as  defined  by  the  relation 

(21) 
Then 
(22) 
and 

(23) 

The  ratio  m0/M  may  be  called  the  central  equivalent-mass 
coefficient.  It  is  equal  to  the  ratio  of  the  average  square  of  the 
velocity  or  displacement,  to  the  square  of  the  central  velocity 
or  displacement.  It  is  evident  that  ?uq/M  must  be  less  than 
unity.  In  Appendix  II,  on  page  309,  it  is  shown  that  in  the  case 
of  a  diaphragm  executing  forced  vibrations  of  the  same  form  as 
the  free  vibrations  of  a  flat-clamped  circular  plate,  according  to 
the  Rayleigh  Bessel-Function  theory,  the  value  of  m0/M  =  0.183, 
or  the  rms.  displacement  over  the  diaphragm  is  V0.183  =  0.428, 
or  42.8  per  cent  of  the  central  displacement.  In  the  general  and 
more  complex  case,  however,  the  equivalent  mass  coefficient  may 
vary  from  0.15  to  0.5  or  more. 

Polar  Equivalent  Mass.  —  In  a  bipolar  receiver,  the  distribution 
of  displacements  is  likely  not  to  be  so  simple  as  that  considered 
above.  The  displacements,  as  we  have  seen  in  Fig.  18,  may  not 
have  simple  circular  distribution.  They  may  be  as  great,  or  even 
greater,  over  the  poles  than  at  the  center.  In  such  cases,  the 
theory  shows  that  the  displacement  and  velocity  over  either  pole 
is  of  greater  importance  than  that  at  the  center.  If  we  denote 
these  quantities  by  the  symbols  wi  and  wh  respectively,  and  mx 
the  corresponding  equivalent  mass,  which  may  be  called  the 
polar  equivalent  mass,  then  (18)  becomes 

W  =  \  Cibr2 ■  dM  =  \-w2-M  max.  cy.  ergs, 
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or 

(25)     mx  =  ±-2  (w2-dM  =  %M  =  -a-*M  =  m0^ \  gm. 

Wy2J  Wi2  Wi2  Wi2 


and 

(26) 


The  ratio  wii/ilf  may  be  called  the  polar  equivalent-mass 
coefficient.  It  is  evident  from  (26)  that  wii/Af  is  the  ratio  of 
the  average  squared  displacement  to  the  polar  squared  dis- 
placement. If  the  polar  displacement  happens  to  exceed  the  cen- 
tral displacement,  then  the  polar  equivalent-mass  coefficient  will 
be  smaller  than  the  central  equivalent-mass  coefficient. 

A  large  number  of  polar  equivalent-mass  coefficients  have  been 
measured  in  the  course  of  the  researches  on  which  this  book  is 
based.  They  have  varied  approximately  from  0.15  to  0.5.  That 
is,  the  average  displacement  square  varied  in  different  cases  from 
15  %  to  50  %  of  the  polar  displacement  square,  or,  the  root-mean- 
square  displacement  has  varied  from  38  %  to  70.7  %  of  the  dis- 
placement over  the  poles.  In  the  few  cases  where  the  curve  of 
mean  amplitude  versus  radius  has  been  obtained  by  exploration, 
the  electrically  measured  value  of  nii/M  has  checked  satisfactorily 
with  that  obtained  from  the  curve,  in  the  manner  explained  in 
Appendix  II.  As  a  rule,  however,  the  average  displacement  over 
the  surface  is  not  known  or  measured  mechanically.  It  can  be 
inferred,  however,  from  the  mechanically  measurable  value  of  wh 
and  the  electrically  measurable  value  of  mi/M,  in  the  manner 
to  be  described  in  Chapter  X,  using  (26)  in  the  form 


■VI 


(27)  wa  =  wi-Wjj^  max.  cy.  cm. 

This  result  often  supplies  useful  information  concerning  the  char- 
acter of  the  displacement  distribution  during  a  test. 

Effects  of  Loading  a  Diaphragm  Symmetrically  with  a  Central 
Mass.  —  If  we  may  assume  that  the  relative  distribution  of  dis- 
placement over  the  surface  of  a  diaphragm,  or  the  shape  of  its 
wT  —  r  curve,  is  not  altered  by  fastening  a  small  known  mass  of 
say  m'  grams  to  the  center  of  the  diaphragm,  then  the  central 
equivalent  mass  of  the  diaphragm  should  be  increased  from  mo 
to  w0+  m'  grams  by  the  change.  Unfortunately,  however,  the 
application  of  the  load  is  apt  to  change  the  curve  of  diaphragm 
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displacement,  as  found  by  exploration.     This  is  shown  in  Fig.  19. 
Here  E  is  the  iv  —  r  curve,  for  an  unloaded  steel  receiver  dia- 
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phragm  excited  acoustically  and  explored  at  904  ~,  its  natural 
frequency  being  /0  =  832  ~.  The  corresponding  curve  F  is  for 
the  same  diaphragm  loaded  at  the  center  by  a  small  brass  cylinder 
of  0.536  gm.,  explored  at  816  ~,  its  new  natural  frequency  being 
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/o'  =  696  ~.  After  increasing  the  load  to  1.08  gm.,  the  new 
exploration  curve  is  shown  at  G  (/  =  660  ~,  /</'  =  616  ~).  The 
shapes  of  these  three  curves  being  so  different,  it  is  evident  that 
wjwo  the  ratio  of  the  rms.  to  the  central  displacement,  and 
therefore  the  equivalent  mass  ra0  will  be  different.  Nevertheless, 
the  smaller  the  loads  applied  to  the  diaphragm,  the  less  the 
expected  distortion,  and  the  more  nearly  constant  the  central 
equivalent  mass  might  be  expected  to  remain.  By  applying  two 
successive  small  loads,  the  electrical  results  with  each  will  serve 
to  indicate  whether  ra0  remains  constant,  without  the  necessity 
of  making'an  exploration  over  the  surface. 


CHAPTER  V 

EQUIVALENT  SINGLE  CENTRAL  ELASTIC  FORCE,    OR  STIFFNESS 
COEFFICIENT  s,   OF   A  DIAPHRAGM 

Introduction.  —  Just  as  the  combined  effect  of  all  the  distributed 
elements  of  mass  over  the  surface  of  a  diaphragm,  vibrating  in  a 
given  displacement  curve,  is  equivalent  to  a  single  mass  situated 
at  the  center,  so  the  combined  effect  of  all  the  distributed  elastic 
forces  over  the  surface  is  equivalent  to  a  single  elastic  force  s 
situated  at  the  center.  This  equivalent  single  force  will  be  the 
same,  for  the  same  displacement  curve,  whether  the  diaphragm 
is  actuated  by  the  single  central  pole  of  a  monopolar  receiver; 
or  by  the  pair  of  symmetric  poles  of  a  bipolar  receiver.  The 
force  is  an  elastically  resisting  force,  and  tends  to  restore  the 
diaphragm  to  its  normal  position  of  rest,  which  is  in  the  clamping 
plane  with  the  permanent  magnet  removed,  or  in  a  symmetrically 
bowed  surface  of  flexure,  with  the  permanent  magnet  in  place. 
We  may  properly  assume  that  the  displacements  are  always  so 
small  that  the  restoring  force  is  directly  proportional  to  the  amount 
of  the  displacement.  This  force  is  expressed  in  dynes  or  mega- 
dynes  per  centimeter  of  displacement. 


Figs.  20-21.     Diagrams  illustrating  a  telephone-receiver  diaphragm  vibra- 
tory system,  considered  as  replaced  by  its  equivalent  simple  vibrator. 

Stiffness  Coefficient.  —  Figures  20  and  21  indicate  diagram- 
matically  a  diaphragm  vibrating  distributed  system  and  its 
equivalent    concentrated   vibrator,    with    its    central   equivalent 
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mass  m,  and  its  equivalent  spring  s.  This  dynamical  substitution 
greatly  simplifies  the  mathematical  reasoning.  The  substitution 
is  justified  by  experimental  results. 

Attempts  have  been  made  to  measure  this  stiffness  coefficient 
s  by  a  direct  mechanical  method.  One  arrangement  is  shown 
in  Fig.  22.  Measurements  of  this  kind  appear  to  have  been 
first  carried  out  by  Abraham  * ;  although  the  method  used  by 
him  is  not  specified  in  the  publication.  The  receiver  T  is  mounted 
vertically,  and  the  brass  lever  AB,  fulcrumed  at  F,  is  maintained 
in  equilibrium  by  means  of  the  adjustable  counterpoise  C,  when 
the  weight  is  absent.  A  blunt  point  on  the  lower  side  of  this 
lever  is  pressed  down  against  the  surface  of  the  diaphragm,  by 


Fig.  22.     Apparatus  for  diaphragm  elasticity  measurement. 

the  application  of  the  known  weight  W.  The  force,  in  dynes, 
impressed  downwards  at  the  center  of  the  diaphragm,  is  thus 
known.  The  displacement  produced  by  this  force  is  then  meas- 
ured, by  means  of  a  micrometer  screw.  The  point  P  of  the 
advanced  micrometer  screw-head  M,  comes  into  contact  with 
the  top  of  the  lever  AB,  the  moment  of  contact  being  determined 
electrically  by  the  head  telephones  H,  in  the  circuit  /,  of  the 
voltaic  cell  E.  Readings  of  the  advance  of  point  P,  could  be 
made  on  the  micrometer  head  to  10-3  inch  (25  /x),  and  could  be 
well  estimated  to  10-4  inch  C2.5  /x).  Impressed  forces  were  used 
in  succession  up  to  about  100  gm  weight  (105  dynes). 
*  Bibliography  24. 
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Figure  23  shows  the  results  obtained,  with  ordinates  as  deflections 
in  microns,  and  abscissas  as  impressed  central  forces  in  dynes.  The 
different  curves  refer  to  diaphragms  of  different  thickness.     In 


every  case,  the  clamping  circle  of  the  diaphragm  in  the  receiver 
had  a  diameter  of  5.0  cm.  The  full  curves  show  the  deflections 
with  the  permanent  magnet  in  regular  position.  The  dotted 
curves  show  the  corresponding  deflections  with  the  permanent 
magnet  removed. 
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It  will  be  seen  that  the  deflections  obtained  with  varying  im- 
pressed forces  follow  substantially  straight-line  laws,  up  to  say 
50  microns,  a  range  of  deflection  considerably  in  excess  of  what 
these  telephone  diaphragms  have  to  undergo  ordinarily  in  prac- 
tice. There  is,  however,  a  considerable  difference  between  the 
deflection  produced  by  a  given  impressed  force  when  the  per- 
manent magnets  were  present,  and  when  they  were  removed, 
the  deflections  being  usually  greater  in  the  latter  condition. 
The  presence  of  the  permanent  magnet  causes  the  diaphragm  to 
be  bowed  down  from  the  plane  of  the  clamping  circle,  and  sub- 
sequent deflections,  due  to  impressed  forces,  occur  from  this 
distorted  position  of  equilibrium. 

TABLE  V 

Elastic  Constants  of  Diaphragm  from  Static  Deflection   Measure- 
ments (Affel) 


s  in  Megadtnes 

Thick- 

Per Cm.  Deflection 

Sample 

ness 
No. 

Condition 

Thickness 
Over  All 

No. 

With  Permanent 

With  Permanent 

Magnet  in  Place 

Magnet  Removed 

mm. 

1 

30 

unjapanned 

0.325 

43.4 

39.2 

2 

30 

japanned 

0.399 

35.8 

36.3 

3 

32 

unjapanned 

0.246 

22.7 

22.0 

4 

32 

japanned 

0.328 

23.1 

22.8 

5 

34 

unjapanned 

0.229 

17.6 

17.9 

6 

34 

japanned 

0.298 

19.4 

18.3 

7 

36 

unjapanned 

0.211 

16.3 

12.9 

8 

36 

japanned 

0.274 

15.6 

13.5 

9 

38 

unjapanned 

0.160 

14.0 

7.69 

in 

38 

japanned 

0.239 

12.5 

8.03 

Table  V  gives  the  values  of  the  stiffness  coefficient  s  of  the 
diaphragms,  as  determined  from  the  force-deflection  curves  of 
Fig.  23.  It  should  be  noted  that  the  sample  diaphragm  "ja- 
panned" was  in  each  case  a  different  sample  from  the  diaphragm 
of  the  same  thickness  number  "unjapanned."  Consequently,  it  is 
not  safe  to  assume  that  the  difference  in  the  Table  between  the 
values  of  s  for  a  japanned  and  unjapanned  diaphragm  of  the 
same  thickness  number  is  due  merely  to  the  effect  of  japan.  Such 
differences  are  more  likely  to  be  due  to  accidental  variations  in  the 
thickness  or  quality  of  the  two  diaphragms.  The  japan  coating 
had  an  average  thickness  of  0.075  mm.    (75  ju),   and  does  not 
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appear  to  have  appreciably  affected  the  observed  values  of  s. 
Below  the  thickness  of  plate  No.  34,  (0.23  mm.),  the  values  of  s, 
with  the  magnet  in  place,  are  markedly  greater  than  with  the 
magnet  removed. 

The  values  of  s  in  Table  V  indicate  that  s  thus  observed  ap- 
parently increases  a  little  faster  than  the  square  of  the  thickness 
of  the  unjapanned  diaphragm.  It  must  be  noted,  however,  that 
no  information  was  available  as  to  how  far  the  mechanical  quali- 
ties of  the  steel  differed  in  these  different  diaphragms. 

Judging  from  measurements  of  the  effective  values  of  s  ob- 
tained by  other  methods,  the  results  by  this  static-deflection 
method  are  of  the  same  order  of  magnitude;  but  they  are  un- 
reliable, except  as  rough  approximations.  In  the  first  place,  the 
displacement  curve  of  the  diaphragm  with  the  static  deflections 
differs  from  that  developed  in  the  dynamic  or  vibratory  state. 
In  the  second  place,  the  static  deflections  are  observed  to 
increase  very  appreciably  with  the  time  of  load  application, 
especially  with  thin  diaphragms.  Consequently,  the  stiffness 
coefficient,  as  obtained  statically,  is  likely  to  be  less  than  that 
developed  in  rapid  vibration. 

Diaphragms  numbers  2  and  6  in  Table  V  were  submitted  to 
electromagnetic  tests  as  described  in  Chapter  X.  In  these  tests 
their  effective  values  of  s  were  found  to  be  respectively  77.6  and 
36.7  megadynes  per  cm.,  values  which  are  roughly  twice  as  great 
as  those  given  in  the  Table.  It  seems  therefore  that  values  of 
s  obtained  by  static  deflection  are  much  less  than  those  effectively 
developed  with  impressed  vmfs. 


CHAPTER  VI 

FORCED    VIBRATIONS    OF   A   RECEIVER    DIAPHRAGM    UNDER    A 
SIMPLE   IMPRESSED   VIBROMOTIVE   FORCE 

Introduction.  —  We  may  now  consider  the  mechanics  of  a 
receiver  diaphragm  subjected  to  a  simple  harmonic  impressed  vmf . 
The  usual  method  of  applying  this  vmf.  is  through  an  alternating 


Y 
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Fig.    24.      Simplified    magnetic 
circuit  of  bipolar  receiver. 


Fig.    25.     Simplified    mechanical 
system  of  bipolar  receiver. 


magnetomotive  force  in  the  magnetic  circuit  of  a  permanent  mag- 
net, acting  on  a  thin  ferrotype  diaphragm,  as  is  indicated  in  Fig.  24. 
The  alternating  magnetic  pole  is  here  assumed  to  be  applied  at  or 
near  the  center  of  the  diaphragm,  in  such  a  manner  that  a  trans- 
verse alternating  displacement  x  cm.  is  produced.     (See  Fig.  6.) 
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This  displacement  varies  from  zero  at  the  clamping  circle,  to  a  maxi- 
mum at  or  near  the  center;  so  that  there  is  a  distribution  of  vibra- 
tion amplitude  over  the  surface,  and  also  a  corresponding  distribu- 
tion of  elastic  restoring  forces  over  the  same  area.  This  presents 
a  relatively  complicated  dynamic  system,  and  one  that  would,  in 
most  cases,  be  very  difficult  to  analyze.  Fortunately,  however, 
the  actual  distributed  system  of  total  mass  M  may  be  resolved, 
for  engineering  purposes,  into  an  equivalent  concentrated  system 
indicated  in  Fig.  25,  where  the  equivalent  single  solid  mass  m 
executes  a  vibratory  amplitude  xm,  under  the  influence  of  the  im- 
pressed vmf.  below,  and  the  single  elastic  force  of  a  virtual  spring 
s.  This  simple  equivalent  dynamic  system  has  been  found  ex- 
perimentally to  be  the  counterpart  of  the  actual  distributed  system 
of  Fig.  24,  so  far  as  concerns  the  essential  electromagnetic  actions 
produced. 

Angular  Velocity  of  Vibration.  —  If  a  particle  executes  a  simple 
vibration,  or  simple  harmonic 
motion,  about  its  position  of  rest 
o,  Fig.  26,  reaching  the  maxi- 
mum displacements  oa  and  oc 
alternately,  and  executing  / 
complete  cycles  of  vibration  per 
second,  an  observer  viewing  the 
vibration  from  a  distance  might 
be  unable  to  determine  whether 
this  particle  was  actually  ex- 
ecuting a  linear  to-and-fro  vibra- 
tion in  the  line  ac,  or  whether  it 
was  executing  a  circular  vibration 
in  the  path  ABC.  It  is  shown  in 
textbooks  on  kinetics  of  a  parti- 
cle, that  a  simple  rotation  of  the 
particle  P  with  uniform  tan- 
gential velocity  in  the  circle  ABC, 
about  the  center  0,  and  with  ra- 
dius OP  =  xm,  would  appear  to 
the  eye  of  a  very  distant  observer  in  the  plane  of  the  orbit  AOC,  as 
though  the  particle  executed  the  simple  harmonic  motion  aoc  in  a 
straight  line.  That  is,  the  position  p  of  the  particle  in  the  simple  vi- 
bratory motion,  would  be  the  orthogonal  projection  of  the  circularly 


Fig.  26.  Diagram  of  simple  recti- 
linear vibration,  and  the  corre- 
sponding path  of  circular  vibration. 
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moving  point  P  on  the  line  ore,  which  is  perpendicular  to  Oo.  Con- 
sequently, to  every  straight-line  path  of  simple  vibration,  there 
corresponds  a  circular  path  of  uniform  orbital  rotation.  The 
practical  advantage  of  referring  a  rectilinear  vibration  to  its  cor- 
responding circular  orbit  is  that,  whereas  the  particle  p  moves 
with  different  apparent  velocities  at  different  points  in  its  line  of 
vibration,  stopping  at  or  and  c  but  moving  fastest  at  o,  the  project- 
ing particle  P  always  moves  in  its  circle  with  one  and  the  same 
speed.  The  constant  circular  speed  of  P  is  just  equal  to  the 
maximum  apparent  speed  of  p. 

Since  a  complete  revolution  includes  360  degrees,  or  2  t  radians, 
of  circular  arc,  it  is  evident  that  if  the  particle  p  executes  /  cycles 
of  rectilinear  vibration  per  second,  the  particle  P  executes  360  / 
degrees,  or  2  irf  radians,  per  second.  The  particle  P  therefore 
possesses  a  uniform  angular  velocity 
(28)  co  =  2  irf  radians  per  second. 

The  particle  p,  although  it  moves  in  a  straight  line,  may  be  said 
to  possess  the  angular  velocity  w,  in  the  sense  that  its  equivalent 
circularly  vibrating  particle  P,  to  which  it  is  tied  by  projection, 
does  possess  this  circular  angular  velocity. 

The  line  of  reasoning  immediately  preceding  is  likewise  appli- 
cable to  a  simple  alternating-current  circuit.  In  the  electric  cir- 
cuit, electricity  may  be  considered  as  moving  to  and  fro,  or  to  be 
executing  a  simple  harmonic  motion,  like  the  vibrating  particle  p 
of  Fig.  26,  with  a  frequency  of/  cycles  per  second.  The  angular 
velocity  cu  =  2  tt/  is  then  usually  referred  to  as  the  angular  velocity 
of  the  alternation. 

This  analogy  between  the  angular  velocity  co  of  a  simple  alter- 
nating current,  and  the  angular  velocity  w  of  a  simple  vibration, 
is  but  the  first  element  of  a  whole  series  of  remarkable  and  useful 
analogies  between  the  alternating-electric  circuit  and  vibratory 
mechanical  systems.  We  shall  find  that 
electric  displacement  q  corresponds  to  mechanical  displacement  x 


"       current  q  =  i 
"       resistance  r 
"       inductance  £ 

it 

"  velocity  x 
"  resistance  r 
"          mass                m 

"       elastance  s  =  - 

Q 

« 

" 

"         stiffness            s 

"       impedance  z 
"       electromotive  force  e 
(See  also  Table  XVI,  page 

208.) 

it 

(( 

impedance  z 
"  vibromotive  force  / 
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By  means  of  these  analogies,  the  student  who  is  already  familiar 
with  the  salient  principles  of  the  alternating-current  circuit  is 
readily  able  to  understand  the  corresponding  principles  of  a  simple 
mechanical  vibration  system. 

Vibratory  Displacement.  —  In  accordance  with  what  has  been 
stated  in  the  foregoing  chapters,  we  assume  that  when  a  small 
vmf.  is  impressed  upon  the  diaphragm,  the  small  vibratory  dis- 
placement thereby  produced  is  entirely  in  the  first  mode,  so  that 
the  equivalent  mass  executes  a  simple  harmonic  displacement  of 
the  same  frequency  as  the  vmf.,  and  of  a  small  amplitude  xm  maxi- 
mum cyclic  cm.  This  amplitude  is  assumed  to  occur  equally  over 
each  pole.  In  practice,  with  a  75-ohm  bipolar  receiver,  i.e.,  a 
bipolar  receiver  whose  resistance  to  continuous  currents  is  about 
75  ohms,  the  maximum  cyclic  displacement  to  a  current  of  1  mil- 
liampere  (rms.)  in  the  coils  is  very  small,  if  the  frequency  is  remote 
from  the  resonant  frequency,  and  is  of  the  order  0.1  n  to  1  /z.  At 
the  resonant  frequency,  it  is  much  greater,  and  ordinarily  between 
1  n  and  10  /jl. 

Vibratory  Velocity.  —  It  is  shown  in  Appendix  III  that  if  a 
vibrating  mass  executes  a  maximum  cyclic  displacement  of  xm  cm. 
at  a  frequency  of  /  cycles  per  second,  or  with  an  angular  velocity  of 
w  =  2irf  circular  radians  per  second,  the  maximum  cyclic  velocity 
of  the  motion  is  xm  =  juxm  cm.  per  second,*  or  jcoxm  /ernes,  f  The 
maximum  cyclic  vibratory  velocity  is  thus  a  times  the  magnitude 
of  the  maximum  cyclic  displacement,  and  as  is  indicated  by  the 
coefficient  j,  is  in  leading  quadrature  to  the  phase  of  the  displace- 
ment. When  the  displacement  is  zero,  the  velocity  is  at  a  cyclic 
maximum,  and  when  the  displacement  is  at  a  cyclic  maximum,  the 
velocity  is  zero.  In  practice,  the  ordinary  75-ohm  bipolar  receiver 
diaphragm,  away  from  resonance,  with  1  milliampere  rms.,  has  a 
maximum  cyclic  velocity  of  a  small  fraction  of  a  kine,  rising  to  a 
few  kines  at  resonance. 

The  root-mean-square  velocity  is  xm/y/2  or  0.707  xm,  in  accord- 
ance with  the  well-known  relations  between  the  rms.  and  maxi- 
mum cyclic  values  of  any  simple  harmonic  quantity.     Similarly, 

*  The  symbol  x  or  "x-dot"  may  be  regarded  as  an  abbreviated  form  of  dx/dt, 
the  differential  of  x  with  respect  to  /,  or  the  time  rate  of  change  in  x.  This  is  a 
well  known  method  of  writing  a  differential,  originally  due  to  Newton. 

t  The  kine,  as  a  short  name  for  the  unit  velocity  of  1  cm.  per  second,  was 
recommended  at  a  meeting  of  the  British  Association  for  the  Advancement  of 
Science. 
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the  root-mean-square  displacement  would  be  xm/V2.  The  arith- 
metic mean  velocity  or  average  velocity  during  any  half  cycle 
from  zero  through  a  maximum  and  back  to  zero,  would  be 
xm  (2/71-),  where  xm  is  the  maximum  cyclic  velocity.  Thus,  a 
diaphragm  having  a  maximum  cyclic  displacement  of  xm  =  5.08 
microns  over  each  pole,  when  excited  by  1  milliampere  rms.  at 
the  frequency  of  observed  resonance  /0  =  1015  ~,  and  consequent 
resonant  angular  velocity  of  co0  =  6378,  would  develop  a  maximum 
cyclic  vibrational  velocity  of  3.24  kines,  which  would  be  directed 
alternately  from  and  towards  the  pole  at  successive  alternations. 
The  rms.  displacement  at  resonance  would  be  3.59  microns  per 
milliampere,  and  the  rms.  velocity  2.29  kines  per  milliampere. 
The  average  velocity  during  each  alternation  would  be  2.06  kines 
per  milliampere.  Over  any  complete  cycle,  or  whole  number  of 
cycles,  the  averaged  algebraic  velocity  would  be  zero. 

Kinetic  Energy.  —  The  equivalent  mass  of  the  diaphragm  being 
m  grams,  and  the  maximum  cyclic  velocity  of  this  mass  being  xm, 
the  maximum  cyclic  kinetic  energy  of  the  diaphragm  is 
(29)  Wt  =  h  m  xj  ergs. 

This  maximum  kinetic  energy  will  be  attained  at  the  instant  when 
the  diaphragm  passes  in  either  direction  through  its  position  of 
rest.  It  is  clearly  an  essentially  positive  quantity.  Thus,  if  the 
equivalent  mass  of  the  diaphragm  were  0.902  gm.,  and  the  maxi- 
mum cyclic  velocity  per  milliampere  3.24  kines,  the  corresponding 
maximum  cyclic  kinetic  energy  per  milliampere  would  be  4.73 
ergs.  This  energy  would  be  stored  and  released  once  in  each 
alternation;  or,  since  the  resonant  frequency  was  1015  ~,  it  would 
be  developed  2030  times  per  second. 

Elastic  Restoring  Force.  —  We  have  already  seen  that  the 
equivalent  mass  of  the  diaphragm  is  virtually  acted  upon  by  an 
elastic  force  of  s  dynes  per  cm.  of  displacement,  which  force  tends 
to  bring  the  diaphragm  back  to  its  position  of  rest,  or  zero  dis- 
placement. Thus,  if  s  =  36.7  X  106  dynes  per  cm.,  the  maximum 
magnitude  of  this  elastic  force  with  a  resonant  maximum  cyclic 
displacement  xm  =  5.08  n  =  5.08  X  10"4  cm.,  would  be  36.7  X 
5.08  X  102  =  1.865  X  104  dynes,  or  about  18.3  gms.  weight. 
This  force  would  be  developed  at  maximum  displacement,  2030 
times  per  second  under  resonant  frequency.  The  work  which 
this  force  would  do  would  be  stored  away  in  the  diaphragm  as 
elastic  potential  energy. 
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Elastic  Potential  Energy.  —  The  average  elastic  force  resisting 
displacement  would  be  half  the  maximum  force  or  —  s  xm/2  dynes . 
The  work  done  by  this  force  during  the  entire  resonant  dis- 
placement would  be 

(30)  W.  =  -'-£  X  s„  =  -*f '  =  -  |(^y=  |£  erg, 

In  the  case  considered,  the  receiver  actuated  by  1  milliampere  at 
the  resonant  frequency  of  1015  ~,  would  overcome  an  average 
force  of  0.933  X  104  dynes,  over  a  maximum  cyclic  displacement 
of  5.08  microns,  and  would  thus  do  work  to  the  maximum  cyclic 
value  of  5.08  X  10~4  X  0.933  X  104  =  4.73  ergs.  This  elastic 
potential  energy  is  just  equal  to  the  maximum  cyclic  kinetic 
energy,  and  is  developed  at  the  instants  when  the  kinetic  energy  is 
zero.  It  is  easy  to  carry  the  analysis  a  step  further,  and  to  show 
that  in  the  steady  state  of  forced  oscillations  at  the  frequency  of 
resonance,  the  mechanical  energy  in  the  diaphragm,  being  partly 
potential  and  partly  kinetic,  remains  constant. 

Although  the  maximum  cyclic  kinetic  and  potential  energies 
are  equal  when  the  impressed  steady  frequency  /  is  equal  to  /o, 
the  frequency  of  resonance,  yet  it  is  shown  in  Appendix  III,  that 
at  any  other  single  frequency,  this  equality  does  not  hold,  and  the 
impressed  force  has  to  send  energy  cyclically  into  and  out  of  the 
diaphragm  in  such  a  manner,  and  at  such  a  phase,  as  will  enable  the 
energy  balance  to  be  maintained.  At  the  frequency  of  resonance, 
the  impressed  force  is  not  called  upon,  in  the  steady  state,  to  supply 
either  kinetic  or  potential  energy  to  the  system.  It  is  entirely 
occupied  in  overcoming  or  balancing  the  opposing  force  of  mechan- 
ical resistance.  Under  this  condition,  we  may  equate  (29)  and 
(30),  the  expressions  for  the  two  energies. 

(31)  W*  =  W°  =  ^*™=^  er%s> 
whence 

,n.  Is  radians 

(32)  o>0  =  \-  

H  m  sec. 

Or  the  angular  velocity  of  resonance  is  numerically  equal  to  the 
square  root  of  the  equivalent  stiffness  coefficient  s  after  being 
divided  by  the  equivalent  mass  of  the  diaphragm.  The  frequency 
of  resonance  immediately  follows 


coo 


(33)  /o  =  ^ 


hi 


s  cycles 


2  X      2  7r  1  m  sec. 
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A  definition  of  the  condition  of  resonance  in  the  forced  vibration 
of  a  simply  vibrating  body  is  that  condition  in  which  the  maximum 
cyclic  kinetic  and  potential  energies  equate  without  any  assistance 
from  the  impressed  vmf. 

Mechanical  Resistance.  —  When  a  vibromotive  force  acting  on  a 
mass  has  set  the  latter  in  vibration,  it  has  to  overcome  a  force  or  set 
of  forces  resisting  the  motion.  This  force  is  called  the  force  of 
mechanical  resistance.  It  always  acts  in  such  a  manner  as  to 
absorb  mechanical  energy  from  the  vibratory  system.  A  common 
form  of  mechanical  resistance  is  frictional  resistance,  which  ab- 
sorbs and  dissipates  the  mechanical  energy  in  the  form  of  heat. 
Frictional  mechanical  resistance  is  ordinarily  a  wasteful  resistance ; 
because  it  dissipates,  as  heat  in  the  surrounding  medium,  the 
mechanical  energy  communicated  to  the  system  by  the  vibro- 
motive source.  Another  form  of  mechanical  resistance  to  the 
vibration  of  a  mass  is  acoustic  resistance,  or  the  resistance  to 
setting  up  sound  waves  in  the  surrounding  medium,  usually  air. 
Acoustic  resistance  is  a  useful  form  of  mechanical  resistance  in  a 
telephone  receiver.  An  ideally  perfect  telephone  receiver  dia- 
phragm, considered  as  the  armature  of  a  sound-producing  motor, 
would  have  all  its  mechanical  resistance  of  the  acoustic  type  and 
none  of  the  frictional  type. 

Mechanical-resistance  force  of  a  telephone  diaphragm  is  essen- 
tially a  resistance  to  motion  and  varies  with  the  velocity  of  vibra- 
tion. It  is  found  experimentally  that  the  forces  of  mechanical  re- 
sistance, whether  frictional  or  acoustic,  are  directly  proportional  to 
the  velocity,  so  that  the  square  or  higher  powers  of  the  velocity  do 
not  have  to  be  considered.  This  is  probably  because  the  vibratory 
velocities  involved  in  the  motion  of  a  receiver  diaphragm  are  so 
small  —  only  a  few  kines  at  most.  If  the  velocities  involved 
were  greater,  resistance  terms  including  squares  or  higher  powers 
of  the  velocity  might  be  expected  to  present  themselves,  as  they 
do  in  fact  present  themselves  in  the  friction  of  surfaces  moving 
rapidly  through  gases  or  liquids.  It  is  fortunate  that  only  the 
first  power  of  the  velocity  has  to  be  considered  in  dealing  with 
telephone-receiver  diaphragms,  since  the  computations  involved 
are  thereby  greatly  simplified. 

If  the  equivalent  mass  m  of  a  diaphragm  is  vibrating  with  maxi- 
mum cyclic  velocity  xm  kines,  the  mechanic  force  of  resistance  is 

(34)  fm=—  r%m  max.  cy.  dynes  Z , 
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where  r  is  the  coefficient  of  mechanical  resistance  to  the  motion. 
The  negative  sign  indicates  that  the  phase  of  this  force  is  opposite 
to  that  of  the  velocity  xm.  Similarly,  if  we  use  the  root-mean- 
square  value  xr  of  the  velocity,  the  root-mean-square  value  of  the 
force  of  resistance  is 

(35)  fr=—  rxr  rms.  dynes  Z . 

The  resistance  coefficient  r  includes  several  forms  of  frictional 
resistance,  and  the  acoustic  resistance  of  the  air  surrounding  the 
diaphragm  as  well  as  that  of  the  solid  framework  of  the  instrument. 
The  unit  of  resistance  coefficient  r  in  the  C  G.  S.  system,  which 
we  shall  adhere  to  throughout,  is  the  dyne  per  cm. /sec.  or  the  dyne 
per  kine.  The  dimensions  of  r  are  MT~l.  The  numerical  value 
of  r  in  an  ordinary  telephone  receiver  diaphragm  commonly  varies 
between  100  and  1000  dynes  per  kine. 

Mechanical  resistance  r  in  a  vibratory  system  bears  a  close 
analogy  to  electric  resistance  r  in  an  alternating-current  circuit. 
In  a  simple  alternating-current  circuit  the  electromotive  force  eT 
of  resistance  is 

(36)  er  =  —  rq  =  —  ri  rms.  volts  Z , 

where  i  is  the  rms.  current  strength  in  amperes,  and  r  is  the  co- 
efficient of  electric  resistance,  or  simply  the  resistance  of  the  cir- 
cuit. The  negative  sign  indicates  that  the  phase  of  eT  is  opposite 
to  that  of  the  current.  Here  r  is  ordinarily  measured  in  ohms  in 
electric  engineering  computations.  If,  however,  we  are  dealing 
in  the  physical  laboratory  with  experiments  which  have  not  be- 
come standard  engineering  processes,  it  is  advantageous  to  adhere 
to  the  fundamental  C.  G.  S.  magnetic  system,  and  to  measure  r 
in  C.  G.  S.  magnetic  units,*  or  abohms.  For  convenience  of 
analogy,  we  may  designate  the  C.  G.  S.  unit  of  mechanical  resist- 
ance as  the  "mechanical  abohm."  A  mechanical  resistance  of 
r  —  200  say,  may  then  be  expressed  either  as  200  dynes  per  kine, 
or  as  200  mechanical  abohms. 

Mechanical  Mass  Reactance.  —  Just  as  in  a  simple  alternating- 
current  circuit,  an  inductance  of  £  abhenries  develops  an  electric 
reactance  of  j£u  abohms,  where  f  j  =  V  -  1,  so  in  a  steady 
vibratory  system,  a  mass  of  m  gm.  develops  a  mechanical  reactance 

*  Many  writers  now  use  the  prefix  ab  or  abs  before  a  unit  in  the  practical 
system  to  designate  the  corresponding  C.  G.  S.  magnetic  or  absolute  unit. 

t  Bedell  and  Crehore  first  introduced  j  as  the  symbol  for  V  —  I  in  electro- 
technical  literature.     Bibliography  8. 
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of  jma)  mechanical  abohms,  or  dynes  per  kine.  In  the  electric 
circuit,  the  inductive  reactance  develops  cemf.  of  —  j£uir  rms. 
abvolts  to  a  rms.  current  of  ir  abamperes;  or  a  part  of  the  im- 
pressed emf .  equal  to  j£coir  rms.  abvolts  must  be  used  to  overcome 
the  inductive-reactance  cemf.  In  the  mechanical  system,  the 
mass  reactance  likewise  develops  a  cvmf.  of  —  jmuxr  rms.  dynes 
to  a  rms.  velocity  of  xT  kines;  or  a  part  of  the  impressed  vmf.  equal 
to  jmuxT  rms.  kines  must  be  used  to  overcome  the  mass-reactance 
vmf.  In  both  cases  the  forces  developed  are  nondissipative,  i.e., 
they  do  work,  but  the  work  is  alternately  stored  and  released,  or 
charged  and  discharged,  without  being  permitted  to  leave  the 
system,  as  distinguished  from  the  forces  of  resistance,  which  do 
work  on  the  motion  for  release  or  expulsion  from  the  system. 

Mechanical  Elastic  Reactance.  —  Just  as  in  a  simple  alternating- 
current  circuit,  a  capacitance  of  c  abfarads  or  its  reciprocal  s  =  1/c 
abdarafs,  develops  an  electric  reactance  of  —  j(l/ca>)  =  —  j(s/u>) 
abohms;  so  in  a  simple  vibratory  system,  an  elastance  or  stiffness 
coefficient  s  develops  a  mechanical  reactance  of  —  jXs/c^mechanical 
abohms  or  dynes  per  kine.  In  the  electric  circuit,  the  elastic 
reactance  develops  a  cemf.  of  +  j(sir/u>)  rms.  abvolts  to  a  rms. 
current  iT  abamperes;  or  a  part  of  the  impressed  emf.  equal  to 
—  j(sir/u>)  rms.  abvolts  must  be  used  to  overcome  this  cemf.  In 
the  mechanical  system,  the  elastic  reactance  likewise  develops  a 
cvmf.  of  +  j(sxT/ a)  rms.  dynes  to  a  rms.  velocity  of  xr  kines;  or  a 
m  part  of  the  impressed  vmf.  equal  to  —j{sxT/u>) 
must  be  used  to  overcome  this  cvmf.  In 
both  cases,  the  forces  developed  are  non- 
dissipative. They  develop  energies  and 
activities  that  do  not  escape  from  the 
(v)         ^  system. 

Electric  Circuit  Analogue  of  a  Simple 
Vibratory  System.  —  A  mass  set  into  simple 
harmonic  vibration  by  the  application  of  a 
steady  vmf.  as  in  the  simplified  diaphragm 


Fig.  27.  Simple  alter-  system  of  FiS-  25>  behaves  like  a  simple  alter- 
nating current  LRS  nating-current*  branch  circuit  containing  a 
branch  circuit  oper-    resistance,    inductance  and    capacitance    in 

agf  and°  varied  lit    series>  as  shown  in  FiS'  27«  Here  the  impressed 
quency.  emf.  between  the  mains  mm',  corresponds  to 

*  In  what  follows  the  abbreviation  a.-c.  will  be  used  for  alternating-current. 
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the  impressed  vmf.,  the  inductance  L  abhenries  to  the  mass  m  gm., 
the  resistance  r  abohms,  to  the  resistance  r  mechanical  abohms, 
and  the  electric  elastance  s  abdarafs  to  the  mechanic  elastance 
s  dynes  per  cm.  The  alternating  current  i  in  the  electric  system 
corresponds  to  the  vibratory  velocity  x  in  the  mechanical  system. 

In  all  cases,  the  cvmfs.  of  mass  reactance  and  elastance  are  in 
mutual  phase  opposition ;  so  that  the  forces  to  which  they  give  rise 
tend  to  cancel  each  other.  At  the  frequency  of  resonance,  they 
are  in  equilibrium,  and  cancel  each  other  completely;  i.e.,  in  mag- 
nitude as  well  as  in  phase.  Below  the  resonant  frequency,  the 
elastic  reactance  and  its  force  exceed  respectively  the  mass  reac- 
tance and  its  force;  whereas  above  the  resonant  frequency,  the 
mass  reactance  and  its  force  are  in  the  ascendant.  In  all  of  these 
respects,  the  electric  circuit  displays  close  analogies. 

Mechanical  Impedance  to  Velocity  and  its  Analogue,  Electric 
Impedance  to  Current.  —  If  we  consider  a  single  mass  with  its  inertia 
as  concentrated  at  the  mass  center,  and  with  a  single  elastic  restor- 
ing force,  we  have  the  simplest  type  of  vibratory  system.  Such  a 
system  may  be  called  a  simple  vibratory  system.  Figure  25  with 
its  equivalent  simplified  diaphragm  represents  such  a  system.  If  a 
simple  vmf.,  i.e.,  a  vmf.  of  sinusoidal  type  and  of  a  single  frequency 
(devoid  of  harmonics)  acts  on  a  simple  vibratory  system,  the 
opposition  to  motion  consists  of  mechanical  resistance  and  also  of 
mechanical  reactance  in  quadrature  therewith.  In  other  words 
the  opposition  consists  of  mechanical  impedance.  This  is  the 
complete  analogue  to  what  is  found  in  the  simple  alternating- 
current  circuit  of  Fig.  27.  Referring  to  that  figure,  we  have  the 
vector  relation 

(37)  Impedance  of  branch  —  Resistance  +  j  X  Inductive  Reactance 

—  j  X  Elastic  Reactance  electric  abohms  Z  .* 

Similarly  in  the  simple  vibratory  system  of  Fig.  25. 

(38)  Impedance  of  system  =  Resistance  +  j  X  Mass  Reactance 

—  j  X  Elastic  Reactance  mechanical  abohms  Z . 

In  both  cases,  resistances  are  represented  by  ordinary  positive 
real  numbers,  but  reactances  are  represented  by  either  positive 
or  negative  imaginary  numbers;  i.e.,  numbers  measured  along  the 
imaginary  axis.     This  will  be  well  understood  by  students  familiar 

*  The  sign  Z  attached  to  a  unit  indicates  that  it  is  to  be  interpreted 
vectorially. 
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with  the  quantitative  behavior  of  a.  c.  circuits.  Such  numbers 
are  termed  j-numbers,  because  the  prefix  j,  as  a  symbol  for  V  — 1, 
should  be  attached  to  them. 

Table  VI  presents  the  reactances  in  the  case  of  a  receiver  dia- 
phragm for  which  measurements  showed  the  equivalent  mass  m 
to  be  0.902  gm.  and  the  equivalent  elastic  coefficient  s  to  be  36.7  X 
106  dynes  per  cm. 

TABLE  VI 
Reactances  of  Receiver  Diaphragm  having  the  Constants 

m  =  0.902  gm.     s  =  36.7  X  106  Dynes/Cm. 
12  3  4  5 


Mass  Reactance 

Elastic  Reactance 

Total  Reactance 

/ 

a, 

j/rtu 

-  JS/iO 

jx 

~ 

Rad/Sec. 

Dynes/Kine 

Dynes/Kine 

Dynes/Kine 

0 

0 

jo 

—  J  00 

-jco 

200 

1257 

j  1133 

-  j  29205 

-  j 28072 

400 

2513 

j  2267 

-  j  14602 

- j  12335 

600 

3770 

j  3400 

-  j  9735 

-  j  6335 

800 

5027 

j  4534 

-J  7301 

-  j  2767 

900 

5653 

j  5101 

-  j  6490 

-  j  1389 

992/, 

6232  coi 

j  5621 

-  j  5889 

-  j  268 

1000 

6283 

j  5667 

-  j  5841 

-  j  174 

1002 

6299 

;  5680 

-  j  5826 

-  j  146 

1015  /„ 

6380  wo 

j  5754 

-  j  5754 

0 

1028 

6461 

j  5827 

-  j  5681 

+  J146 

1039  U 

6529  w2 

j  5889 

-  j  5621 

+  ;  268 

1050 

6597 

j  5951 

-  j  5563 

+  J388 

1100 

6912 

j  6234 

-  j  5310 

+  .7  924 

1200 

7540 

j  6801 

-  j  4868 

+  J1933 

1400 

8797 

j  7934 

-  j  4172 

+  j  3762 

1600 

10053 

j  9068 

-  j  3651 

+  J5417 

1800 

11310 

j  10201 

-  j  3245 

+  j  6956 

2000 

12566 

j  11335 

-  j  2921 

+  j  8414 

00 

00 

j   00 

-jo 

+  JO0 

The  first  column  contains  the  impressed  frequency,  advancing 
by  steps  of  200  cycles  per  second,  except  in  the  neighborhood  of  the 
resonant  frequency  /0.  Column  2  gives  the  corresponding  angular 
velocities  of  the  equivalent  circular  vibrations,  in  radians  per 
second.  Column  3  gives  the  mass  reactances  jmco  at  these  angu- 
lar velocities,  increasing  in  direct  proportion  to  the  frequency. 
Column  4  gives  the  elastic  reactance  —  js/co.  These  vary  in- 
versely as  the  frequency.  Column  5  gives  the  algebraic  sum  of 
these  two  reactances. 
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It  will  be  seen  that  at  a  frequency  very  close  to  zero,  the  total 
reactance  is  elastic  or  of  the  type  —  j,  and  is  indefinitely  great. 
As  the  frequency  increases,  the  total  reactance  diminishes  in  size, 
until  at  the  resonant  frequency  /0  =  1015  ~,  the  total  reactance 
vanishes.  As  the  frequency  advances  beyond  this  point,  the  total 
reactance  becomes  increasingly  large,  and  is  of  the  massive  type. 

Table  VI  might  also  serve  to  show  the  reactances  in  a  branch 
a.  c.  circuit  like  that  of  Fig.  26  having  the  constants 

£  =  0.902  j  abl™  I  ,  =  36.7  X  10°  \  ^f^  \ 

/or  henries)  (or  darats) 

<-  =  2.725X10-»jabffaraJf 
I  or  farads ) 

In  the  electric  case,  however,  the  reactances  would  come  out  in 

.  (abohms  ) 

I  or  ohms  ) 

By  (40),  the  mechanical  impedance  of  the  receiver  diaphragm 
here  considered  would  be,  at  any  of  the  frequencies  appearing  in 
Table  VI,  equal  to  the  sum  of  the  mechanical  resistance  r  and  the 
algebraic  sum  of  the  reactances  at  that  frequency  as  given  in  the 
last  column.     The  mechanical  impedance  z  would  therefore  be 

(39)  z  =  r+j(moo )  mechanical  abohms  Z, 

which  corresponds  precisely  to  the  well  known  electric  impedance 
of  the  branch  circuit  of  Fig.  27;  namely 

(40)  z  =  r  +  j  ( £co )  electric  abohms  Z . 

The  mechanical  impedance  of  the  diaphragm  at  the  frequencies 
already  discussed,  is  presented  in  Table  VII.  In  column  3  the 
mechanical  impedances  of  the  diaphragm  are  expressed  in  rectangu- 
lar coordinates  with  a  constant  real  term  and  a  varying  imaginary 
term.  In  column  4,  these  impedances  are  expressed  in  polar 
coordinates  with  varying  sizes  and  slopes.  Any  rectangular 
complex  quantity  r  +  jx  is  convertible  into  a  corresponding  polar 
complex  number  p  Z  fi°  by  the  well  known  formulas : 

(41)  p  =  Vr2  +  x2  mechanical  abohms, 

(42)  tan/3°  =  ^- 
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TABLE  VII 
Impedances  and  Admittances  of  Receiver  Diaphragm  having  the  Con- 
stants m  =  0.902  Gm.     s  =  36.7  X  106  Dynes/Cm 
r  =  268  Dynes/Kine 

12  3  4  5 


R  ad /Sec. 

Impedance  z 

Admittance  y 

/ 

Rectangular 

Polar 

Polar 

Dynes/Kine 

Dynes/Kine 

Kines/Dyne 

real          imag. 

size             slope 

X  10-3 

0 

0 

268  -  j  oo 

oo    \90° 

0  Z  90° 

200 

1257 

268  -  j  28072 

28073    \89°.27' 

0.036  Z  89°.27' 

400 

2513 

268  -  j  12335 

12338   \88°.45' 

0.081  Z  88°.45' 

600 

3770 

268  -  j  6335 

6341    \87°.34' 

0.157  Z  87°.34' 

800 

5027 

268  -  j  2767 

2780   \84°.28' 

0.360  Z  84°.28' 

900 

5653 

268  -  j  1389 

1565   X79°.4' 

0.639  Z  79°.4' 

992A 

6232  Wl 

268  -  j  26S 

379   \45° 

2.638  Z  45° 

1000 

6283 

268  -  j  174 

319.5   \33° 

3.130  Z  33° 

1002 

6299 

26S  -  j  146 

305   \28°.36' 

3.278  Z  28°.36' 

1015 /o 

6380  coo 

268  -  j 0 

268   \0° 

3.731  Z  0° 

1028 

6461 

268  +  j  146 

305  Z  28°.36' 

3.278  \28°.36' 

1039/2 

6529  co2 

268  +  j  268 

379  Z  45° 

2.638   \45° 

1050 

6597 

268  +  j  388 

473  Z  55°.24' 

2.114   \55°.24' 

1100 

6912 

268  +  j  924 

962  Z  73°.49' 

1.039    \73°.49' 

1200 

7540 

268  +  j  1933 

1952  Z  82°.7' 

0.512   \82°.7' 

1400 

8797 

26S  +  j  3762 

3764  Z  85°.56' 

0.265  \m°.m' 

1£00 

10053 

268  +/5417 

5424  Z  87M0' 

0.184   \87°.10' 

1800 

11310 

268  +  ;  6956 

6961  Z  87°.48' 

0.144    \87°.4S' 

2000 

12566 

268  +/8414 

8418  Z  88°.  10' 

0.119   \88°.10' 

GO 

co 

268  +  j  oo 

oo  Z  90°. 

0    X90°. 

A  swifter  method,  however,  is  to  find  (3°  by  (42),  and  then  if  x  is 
less  than  r,  to  find  p  by  the  relation 

(43)  p  =  r  sec  /3°  mechanical  abohms. 

If,  however,  x  is  numerically  greater  than  r,  it  is  better  to  use  the 
equivalent  formula 

(44)  p  =  x  esc  /3°  mechanical  abohms. 

On  the  other  hand,  a  polar  impedance  p  Z  /3°  is  convertible  into 
the  corresponding  rectangular  impedance  by  the  usual  formulas: 

(45)  r  =  p  cos  j3°  mechanical  abohms, 

(46)  x  =  p  sin  /3°  mechanical  abohms. 
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A  mechanical  aid  for  the  rapid  interconversion  of  rectangular  and 
polar  complex  numbers  has  been  developed  by  Fleming.*  A 
special  slide-rule  for  performing  the  same  operation  with  swiftness 
and  ordinarily  sufficient  precision,  has  been  worked  out  by  Grinsted 
and  Davis  in  England,  and  by  the  General  Electric  Co.  in  America. 

Complex  numbers  are  vitally  important  in  the  theory  of  vibra- 
tory mechanical  sys-  tnnn 
tems  and  of  alternating- 
current  circuits.  These 
numbers,  introduced 
into  electrotechnical  lit- 
erature in  1893, f  are 
advantageously  ex- 
pressed in  rectangular 
form  for  the  purposes 
of  addition  and  sub- 
traction. They  are 
advantageously  ex- 
pressed in  polar  form 
for  the  purposes  of 
multiplication,  division, 
involution,  and  evolu- 
tion. In  changing  from 
either  addition  or  sub- 
traction to  multiplica- 
tion or  division,  or  vice 
versa,  it  is  usually  well 
worth  while  to  convert 
a  complex  quantity 
from  one  form  to  the 
other. 

In  Fig.  28  the  im- 
pedance between  the 
frequencies  of  992  and 
1100  ~  inclusive,  are 
plotted  in  rectangular 
coordinates.  Thus  at 
1028  ~,  the  impedance 
is    OP'  =  OA  +jAP'; 


B 

i 

1 

1100  ~ 

1 

/ 

m 

/ 

< 
o 

a 

/ 

8 

«       / 

/ 

/ 

1050- 

/ 

q> 

1039-  f 

// 

p' 

1 

328- 

I///' 

€ 

f 

A 

1 

)15- 

R 

s 

■  a 

7* 

8 

Resistance  Axi 

Dynes  per  Kine 

or  Mechanic  Absol 

s 
lms 

o 

< 

^4 

1 
-1 

)02~ 
)00~ 

'S 

\ 

7, 

9 

*-.£ 

~> 

*  Bibliography  49. 


Fig.  28.  Impedance  of  diaphragm  to  velocity, 
between  /  =  992  ~  and  /  =  1100  ~  of  im- 
pressed frequency.  r  =  268  dynes/kine. 
m  =  0.902  gm.     s  =  36.7  X  105  dynes/cm 

t  Bibliography  9  and  9a. 
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where  OA  =  268  and  AP'  =  146.  In  polar  coordinates, 
OP'  =  305  Z  28°.36',  where  305  is  the  size  of  the  complex  number, 
and  +  28°.36'or  28°.6  is  its  "slope."  * 

It  will  be  observed  from  Fig.  28  that  the  impedance  of  a  simple 
vibratory  system  has  a  minimum  size  at  the  resonant  frequency  /o, 
and  this  is  equal  to  the  mechanical  resistance  simply.  This  fact 
offers  another  method  of  defining  the  resonant  frequency,  i.e.,  the 
frequency  at  which  the  impedance  to  vibratory  velocity  is  a 
minimum. 

In  Tables  VI  and  VII  as  well  as  in  Fig.  28,  there  are  two  fre- 
quencies, /i  and  /2,  at  which  the  magnitude  of  the  total  reactance 
is  just  equal  to  the  magnitude  of  the  resistance,  or  in  this  case  268 
dynes  per  kine.  These  are  called  the  lower  and  upper  quadrantal 
frequencies  respectively.  In  this  case,  the  lower  quadrantal  fre- 
quency is  992  ~}  and  the  upper  1039  ~.  The  two  corresponding 
vector  impedances,  Oqx  and  Oq2,  each  makes  an  angle  of  45°  with 
the  real  axis  OR.  The  vector  Oq\  has  a  slope  of  —  45°;  while  Oqt 
has  a  slope  of  +  45°.  The  angle  between  them  is  thus  one  quad- 
rant. The  range  of  frequency  comprised  between  these  two 
quadrantal  values  is  called  the  quadrantal  range.  The  phenomena 
which  accompany  resonance  are  mainly  displayed  within  this 
quadrantal  range.  Frequencies  lying  outside  of  this  range  may 
be  regarded  as  being  more  or  less  remote  from  resonance.. 

Vibratory  Velocity  and  its  Relations  to  Ohm's  Law.  —  Ohm 
announced  in  1861  the  remarkable  law  which  bears  his  name  and 
which  states  that  the  strength  of  electric  current  in  a  continuous- 
current  circuit  is  equal  to  the  quotient  of  the  emf .  by  the  resistance 
of  the  circuit.  The  extension  of  Ohm's  law  to  alternating-current 
circuits  by  the  use  of  complex  numbers  and  plane-vector  impe- 
dance was  discovered  f  in  1893.  The  law,  extended  to  simple  a.-c. 
circuits,  states  that  the  current  strength  is  the  quotient  of  the  emf. 
by  the  plane-vector  impedance  of  the  circuit;  so  that  if  I  is  the 
current  strength,  E  the  rms.  emf.,  and  Z  the  impedance 

E 

(47)       I  =  -y  rms.  amperes  or  abamperes  Z . 

The  equation  may  be  stated  either  in  the  practical  or  in  the  C.  G.  S. 
system;  according  to  the  units  employed.  The  equation  is  a 
plane-vector  equation,  or  employs  complex  numbers,  as  is  indicated 

*  Fleming,  Bibliography  61,  p.  11.  t  Bibliography  9.     See  also  a 

foreshadowing  in  Heaviside,  Bibliography  7,  Vol.  II,  p.  355. 
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by  the  Z  sign  attached  to  the  unit.  If  the  slope  of  E  is  taken 
as  zero,  the  magnitude  of  /  will  be  the  magnitude  of  E  divided  by 
the  magnitude  of  Z;  while  the  slope  of  /  will  be  equal  to  the  slope 
of  Z  but  of  the  opposite  sign.  Thus  a  simple  a.-c.  circuit  has  an 
emf.  of  110  volts  rms.  taken  as  of  standard  phase  or  zero  slope 
E  =  110  Z  0°.  If  the  total  impedance  of  this  circuit  is  10  Z  60° 
ohms  (which  in  rectangular  coordinates  would  be  5  +  j  8.66  ohms), 
the  current  strength  in  the  circuit  would  bell0Z0o-r-10Z  60° 
=  11  \  60°  amperes  rms.  That  is,  an  ammeter  in  the  circuit 
would  indicate  11  amperes,  and  this  current  would  lag  60°  in  phase 
behind  the  emf. 

The  alternating-current  extension  of  Ohm's  law  applies  immedi- 
ately to  a  simple  vibratory  system,  when  velocity  is  substituted 
for  current.     The  equation  becomes  either 

F  F 

(48)  xT  =  — T  =  — : — —, — tx  rms.  kines  Z, 

z       r  +  J  (mu  —  s/<a) 

or 

F  F 

(49)  xm  =  —  =  — — —, — t^  max.  cy.  kines  Z , 

v     '       m       z       r+j  (mw  -  s/w)  J 

according  as  we  use  in  the  numerator  the  rms.  value  FT  of  the 
vibromotive  force,  or  the  maximum  cyclic  value  Fm.  In  all  cases 
of  simple  sinusoidal  vmfs.,  Fm  =  FT  V2;  so  that  it  is  a  mere  balance 
of  advantages  as  to  which  should  be  used. 

Thus,  if  a  vmf .  of  1765  maximum  cyclic  dynes,  taken  at  standard 
phase,  or  as  of  zero  slope,  were  applied  to  the  diaphragm  already 
considered  at  the  frequenc}^  of  1100  ~,  the  impedance  to  motion 
of  the  system  at  this  frequency  is  shown  by  Table  VII  to  be  268  + 
j  924  =  962  Z  73°.49'  mechanical  abohms.  The  vibratory  ve- 
locity which  will  be  developed  in  the  steady  state  by  the  dia- 
phragm, under  these  conditions,  will  be,  by  (49),  xm  =  1765  Z  0° 
-I-  962  Z  73°. 49'  =  1.835  \  73°. 49  kines.  Here  we  use  the  polar 
form  of  the  impedance  because  division  is  involved.  The  dia- 
phragm will  attain  a  maximum  cyclic  velocity  of  1.835  cm.  per 
second.  It  will  have  this  velocity  at  the  instants  when  it  passes 
its  position  of  rest,  midway  between  its  full  displacements  on  each 
side.  The  phase  of  this  velocity  will  be  73°.49'  behind  the  phase 
of  the  impressed  vmf.  In  other  words,  the  diaphragm  would 
develop  its  maximum  cyclic  velocity  about  one-fifth  of  a  cycle  in 
time  behind  the  maximum  cyclic  vmf.  But  a  vmf.  of  1765  maxi- 
mum  cyclic  dynes  is  equivalent  to  a  root-mean-square  value 
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FT  =  1249  dynes.  Using  this  value,  in  (48),  we  have  xr  =  1.298 
rms,  kines.  This  would  be  the  velocity  whose  square  (1.685) 
would  be  the  average  of  all  the  squares  of  the  velocity  carried 
through  a  cycle. 

By  referring  to  Table  VII,  column  4,  it  is  evident  that  the  great- 
est velocity  which  the  same  impressed  vmf.  of  1765  maximum 
cyclic  dynes  could  impart  to  the  system  would  be  at  the  resonant 
frequency  of  f0  =  1015  ~,  when  z  =  268  Z  0°  dynes  per  kine. 
The  maximum  cyclic  velocity  at  this  frequency  would  be  1765  Z  0° 
-r-  268  Z  0°  =  6.6  Z  0°  kines.  At  the  middle  of  each  stroke,  the 
diaphragm  immediately  over  the  pole,  considered  as  a  simple 
equivalent  mass,  would  be  moving  at  the  speed  of  6.6  cm.  per 
second,  and  this  velocity  would  reach  its  maximum  values  at  the 
same  instants  as  the  vmf.  reached  its  own  maxima. 

Admittance  to  Velocity.  —  The   reciprocal  of  impedance  was 

named  admittance*  by  Heaviside.     It  is  now,  strictly  speaking,  a 

plane  vector,  or  a  complex  quantity.     In  the  mechanical  case 

,„.  1  kines 

(50)     y 


or  mechanical  abmhos  Z 


z  dyne 

The  size  of  y  is  the  reciprocal  of  the  size  of  z,  and  the  slope  of  y  is  the 
negative  of  the  slope  of  z.  Table  VII  gives,  in  column  5,  the  admit- 
tance at  each  frequency,  corresponding  to  the  impedance  in  column4. 

Equation  (49)  becomes,  in 
terms  of  admittance, 
(51)  xm  =  Fmy  rms.  kines  Z . 
The  advantage  of  (51)  over 
(49)  is  that,  if  we  prepare  a 
vector  graph  of  the  admittance 
y  over  any  given  range  of  fre- 
quency, we  virtually  produce 
thereby  a  graph  of  velocity  x 
for  the  particular  case  of  unit 
vmf. 

A  graph  of  the  admittance  y 
from  column  5  of  Table  VII  be- 
tween the  frequencies  of  900  ~ 
and  1100  ~  is  presented  in 
Fig.  29.  It  will  be  observed 
that  all  of  the  points  lie  on  the 
p.  357. 


Fig.  29.  Plane-vector  graph  of  mechan- 
ical velocity  admittance  for  a  dia- 
phragm having  the  constants 
m  =  0.902  gm.,s  =  36.7  X  106  dynes 
per  cm.,  r  =  268  mechanical  abohms. 

*  Heaviside,  Bibliography  7,  Vol.  II 
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circumference  of  a  circle  having  its  center  at  c  on  the  real  axis  OG. 
This  circle  passes  through  the  origin  0.  This  circular  type  of  graph 
of  plane-vector  admittance  to  motion^is  characteristic  of  all  simple 
vibratory  systems.  In  other  words,  the  vector  graph  of  admit- 
tance of  a  simple  vibratory  system  is  a  circle  passing  through  the 
origin  and  centered  on  the  real  axis. 

The  reason  for  this  remarkable  geometric  property  of  admittance 
in  a  simple  vibratory  system  is  clue  to  the  fact,  proved  by  Mobius  * 
in  1855,  that  the  plane-vector  reciprocal  of  any  circular  graph  is 
another  circular  graph.  A  straight-line  graph  is,  however,  only  a 
limiting  case  of  a  circle,  i.e.,  a  circle  of  infinite  radius.  Therefore 
the  reciprocal  of  any  infinite  straight-line  graph  must  be  a  circle, 
and  also  a  circle  passing  through  the  origin.  But  the  vector  graph 
of  mechanical  or  electric  impedance  z  was  shown  in  connection 
with  Fig.  28  to  be  an  infinite  straight  line  parallel  to  the  imaginary 
axis,  as  the  impressed  frequency  is  varied  in  a  simple  system,  all 
other  conditions  being  held  constant.  Consequently  the  recip- 
rocal of  z  or  the  admittance  y,  must  have  a  circular  graph  centered 
on  the  real  axis  and  passing  through  the  origin.  In  a  similar 
manner,  it  may  be  shown  that  the  plane-vector  graph  of  a.-c.  ad- 
mittance in  a  simple  LRS  branch  circuit  like  that  of  Fig.  27,  as  the 
impressed  frequency  is  varied  from  zero  to  infinity,  must  be  a  circle 
centered  on  the  real  axis  and  passing  through  the  origin. 

As  has  been  already  pointed  out,  the  admittance  graph  of  Fig.  29 
is  also  a  velocity  graph  for  unit  vmf.  and  indeed  for  any  vmf. 
taken  at  standard  phase,  if  the  scale  of  the  diagram  is  suitably 
altered.  Thus  Fig.  29  informs  us  that  at  /=  1015  ~,  the  maxi- 
mum cyclic  velocity  of  the  diaphragm  therein  referred  to  will  be 
3.731  X  10-3  Z  0°  kines  per  dyne  maximum  cyclic  vmf.  As 
the  impressed  frequency  is  increased  from  zero  to  /o,  keeping  the 
magnitude  of  the  vmf.  constant,  the  vector  velocity  will  advance 
from  0  through  /i  to/0,  over  the  upper  half  of  the  circle,  and  then 
as  the  frequency  is  increased  towards  infinity,  the  velocity  will 
move  from  /0  through  /2  back  to  0,  covering  the  lower  half  of  the 
circle.  At  /i,  the  lower  numerical  quaclrantal  frequency,  the 
velocity  graph  would  reach  the  top  of  the  circle;  while  at/2,  the 
upper  numerical  quadrantal  frequency,  it  would  fall  to  the  bottom 
of  the  circle.  The  quadrantal  range  of  frequency  would  cover  the 
outer  half  of  the  circle  /i  /0/2. 

*  Bibliography  1. 
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If  the  simple  vibratory  system  had  constants  m  and  s  other  than 
those  selected  in  this  case,  the  admittance  graph  would  be  a  similar 
circle,  centered  on  OG  and  passing  through  0,  but  the  distribution 
of  frequencies  over  the  circle  would  be  different.  The  value  of  /0 
depends,  as  we  have  seen  in  (33),  only  on  the  ratio  of  s  to  m.  All 
systems  having  the  same  s/m  have  the  same  /0  at  their  diametral 
and  resonant  frequency.  The  diameter  of  the  circle,  however, 
keeping  the  scale  unchanged,  varies  inversely  as  r,  and  the  nu- 
merical values  of  /i  and  /2  depend  upon  the  value  of  r.  In  general, 
therefore,  although  every  simple  system  has.  its  own  admittance 
circle,  only  systems  identical  in  respect  to  m,  r,  and  s  have  the 
same  circle. 

The  admittance  circle  throws  a  flood  of  light  upon  a  number 
of  seemingly  obscure  vibrational  phenomena  outside  of  the  domain 
of  ordinary  telephone  receivers.  For  example,  a  horizontal  shaft, 
driven  by  a  belt  and  pulley  in  a  pair  of  slightly  loose  bearings, 
develops  a  characteristic  vibrational  behavior,  if  it  is  a  little  out  of 
balance.  If  the  want  of  balance  is  due,  say,  to  a  heavy  spot  near 
the  shaft's  surface  and  near  one  bearing,  the  centrifugal  force  of 
rotation  will  develop,  through  this  lump,  a  rotary  vmf.  on  the 
system.  The  system  as  a  whole,  in  view  of  its  dimensions  and  its 
geometric  restraints,  will  possess  an  elastic  coefficient  s,  a  mass  m 
and  a  frictional  resistance  r.  The  angular  velocity  of  resonance 
(32)  will  be  found  at  the  value  Vs/m.  Above  this  resonant  angular 
velocity,  the  vibrational  velocity  will  tend  to  diminish.  This  case 
is  considered  more  fully  in  Appendix  III. 

When  a  reciprocating  engine  is  mounted  on  or  within  a  struc- 
tural system,  such  as  the  hull  of  a  steamship,  the  operation  of  the 
engine  sets  up  a  vmf.  of  the  rotation  frequency  or  of  some  associ- 
ated frequency.  All  parts  of  the  structural  system  are  subjected 
to  this  vmf.  If  any  member  of  the  system  which  is  able  to  vibrate 
independently,  happens  to  have  a  ratio  of  Vs/m,  at  or  near  the 
resonance  value  of  the  vmf.,  a  relatively  large  vibrational  velocity 
may  be  set  up  in  that  member.  Occasionally,  such  fortuitous 
resonances  give  rise  to  dangerously  large  vibrations  and  vibrational 
velocities.  In. such  cases,  since  the  impressed  engine  frequency  is 
not  easily  susceptible  of  being  changed,  the  indicated  procedure  is 
to  alter  either  the  s  or  the  m  of  the  offending  resonating  member, 
(or  both).  These  necessary  changes  can  ordinarily  be  executed 
in  a  variety  of  ways,  in  which  vibration  specialists  become  expert. 


CHAPTER  VII 

THE  ELECTRIC   IMPEDANCE   OF  TELEPHONE  RECEIVERS, 
AND   ITS  MEASUREMENT 

Introduction.  —  We  have  already  seen  that  a  telephone  receiver 
is  a  particular  type  of  reciprocating  electromagnetic  motor,  adapted 
to  receive  alternating-current  electric  power  from  a  circuit,  con- 
vert it  into  magnetic  power  in  its  own  magnetic  circuit,  and  re- 
convert this  into  mechanical  power  at  the  diaphragm,  for  the  pro- 
duction of  acoustic  power  in  the  air  over  the  diaphragm. 

When  we  measure  the  impedance  of  the  telephone  receiver  as  a 
motor,  we  may  do  so  with  the  reciprocating  diaphragm  element 
either  in  motion  or  at  rest.  This  corresponds  to  measuring  the 
impedance  of  an  ordinary  rotary  a.-c.  motor  with  its  rotor  either 
in  motion,  or  clamped.  The  rotary  motor  is  likely  to  vary  greatly 
in  its  impedance  between  the  free  and  the  clamped  conditions. 
The  reciprocating  telephone  motor  is  also  likely  to  vary  consider- 
ably between  these  conditions.  The  impedance  of  the  instrument 
with  the  diaphragm  free  is  called  the  free  impedance.  With 
the  diaphragm  clamped  or  damped,  the  impedance  is  called 
the  damped  impedance.  From  measurements  of  the  free  and 
damped  impedance  of  a  receiver,  many  of  its  properties  can  be 
learned. 

In  order  to  obtain  definitely  comparable  results,  the  free  and 
damped  impedance  of  a  receiver  should  be  measured  at  constant 
alternating-current  strength,  i.e.,  with  the  same  rms.  testing 
current  in  the  coils  of  the  instrument  throughout  both  sets  of 
measurements.  The  testing  alternating  current  should  be  of 
telephonic  strength,  and  should  be  as  nearly  sinusoidal  as  is  prac- 
ticable. If  the  current  strength  is  too  small,  it  will  be  difficult 
to  secure  adequate  precision  in  the  measurements.  If  it  is  too 
large,  the  magnetic  flux  through  the  poles  of  the  instrument  will 
be  distorted,  and  will  cease  to  be  a  constant  permanent  magnetic 
flux  plus  a  small  superposed  sinusoidal  variation.  A  suitable 
testing  a.-c.  mmf.  to  employ  is  usually  about  3  gilberts  rms., 
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and  such  a  mmf.  may  be  developed  in  a  common  form  of  bipolar 
"75-ohm"  receiver  by  a  testing  current  through  the  instrument 
of  2  milliamperes  rms.  High-resistance  instruments,  with  more 
numerous  turns,  should  employ  a  correspondingly  smaller  testing 
current. 

Although  it  might  be  possible  to  measure  the  impedance  of  a 
receiver  in  various  ways,  it  is  advisable  to  adopt  and  retain  a 
simple  and  uniform  method.  Experience  has  shown  that  a  Ray- 
leigh  bridge,  or  the  Rayleigh  modification  of  a  Wheatstone  bridge, 
furnishes  a  satisfactory  means  for  making  these  tests.  The  general 
plan  is  very  simple.  The  receiver  to  be  tested  is  made  the  fourth 
arm  of  a  bridge.  The  third  or  balancing  arm  contains  both  ad- 
justable resistance  and  adjustable  inductance  in  simple  series. 
The  other  two  arms,  or  ratio  arms,  are  equal  anti-inductive  re- 
sistances, preferably  of  about  the  same  magnitude  as  the  size  of 
the  impedance  developed  in  the  receiver  at  or  near  the  resonant 
frequency. 

Figure  30  shows  one  set  of  connections  that  has  been  much  used. 

The  bridge  is  ABCD.  The 
ratio  arms  X  and  Y  were 
each  200-ohm  resistances, 
anti-inductively  wound. 
RK  is  the  adjustable  re- 
sistor or  rheostat,  reading 
to  tenths  of  an  ohm,  and 
up  to  1000  ohms.  L  is  the 
adjustable  inductor,  read- 
ing easily  to  tenths  of  a 
millihenry,  and  up  to  60 
millihenries,  for  the  ordi- 
nary type  of  tested  re- 
ceiver T.  The  a.-c.  gal- 
vanometer  consists   ordi- 

Fig.  30.  Connection  diagram  for  uTyTe^  ^  ^  *  ^  f  ^ 
bridge  and  Vreeland  oscillator.  For  telephones  t,  for  detecting 
X/Y  =  l,  RT  =  Rl+Rk -3 +0Mx  ohms.  balance.  The  stabilizing 
resistance  R,  enables  substantially  constant  current  to  be  main- 
tained through  each  arm  of  the  bridge,  when  constant  rms.  voltage 
is  maintained  at  the  terminals  of  the  static  voltmeter  E  perma- 
nently connected  across  the  terminals  A' A  of  the  resistance  R'. 
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Ten  volts  is  ordinarily  maintained  at  this  voltmeter,  and  R1  is 
adjusted  to  2500  ohms,  in  order  to  keep  2  milliamperes  on  each  side 
of  the  bridge.  In  practice,  the  resistance  R  does  not  have  to  be 
kept  closely  adjusted,  because,  provided  the  testing  current  in  the 
receiver  is  small,  the  receiver's  impedance  remains  almost  un- 
changed over  a  considerable  range  of  the  testing  current  strength. 

The  terminals  T'T'  are  connected  to  the  source  of  audio-fre- 
quency testing  voltage.  Both  Vreeland  oscillators  and  triode 
vacuum-tube  oscillators  have  been  used  at  different  times.  In 
either  case,  it  is  desirable  that  the  impressed  frequency  shall  be 
steady,  accurately  determinable,  and  free  from  parasitic  fre- 
quencies or  harmonics. 

Another  set  of  connections  has  also  been  employed,  the  only 
difference  being  that  the  alternating-current  strength  supplied  to 
the  bridge  is  measured  by  a  thermocouple  and  associated  milli- 
voltmeter,  instead  of  by  a  static  voltmeter  and  associated  resist- 
ance, as  in  Fig.  30.  The  choice  between  the  two  methods  depends 
mainly  upon  the  nature  of  the  available  measuring  apparatus. 

Damping  Devices.  —  It  is  customary  first  to  make  a  series  of 
damped-impedance  measurements,  and  then  to  follow  these 
promptly  with  another  series  of  free-impedance  measurements; 
but  the  order  of  succession  between  the  two  is  not  important.  It 
is  necessary,  however,  to  adopt  a  definite  procedure  for  clamping 
or  damping  the  diaphragm,  when  making  the  series  of  damped 
impedance  measurements. 

In  the  earliest  group  of  measurements,*  the  damping  was 
effected  by  gently  pressing  a  finger  against  the  diaphragm  of  the 
receiver  under  test.  This  plan  was  effective,  so  far  as  concerns 
the  arresting  of  vibration,  but  it  was  open  to  two  objections.  First 
the  pressure  of  the  finger  flexed  the  diaphragm  to  some  extent, 
and  altered  the  airgap  over  the  poles,  thus  altering  the  electro- 
magnetic constants  of  the  instrument  during  the  test.  Second, 
the  application  of  the  finger  during  the  series  of  damped  resist- 
ances was  likely  to  raise  the  temperature  of  the  diaphragm,  and 
affect  its  behavior  from  a  mechanical  viewpoint. 

In  later  groups  of  measurements,  a  more  elaborate  damping 
device  was  introduced,  which  was  free  from  the  preceding  objec- 
tions. It  consisted  of  a  massive  brass  cylinder  C,  Fig.  31,  sus- 
pended in  such  a  manner  that  little  or  no  mechanical  stress  was 
*  Kennelly  and  Pierce,  Bibliography  40. 
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applied  to  the  diaphragm,  when  the  cylinder  was  temporarily 
fastened  to  the  center  of  the  latter.  An  axial  projection  or  stem 
A,  carried  by  the  cylinder  C,  has  a  coating  of  carnauba  wax  on  its 
face  K,  and  a  small  electric  heating  coil,  not  shown  in  the  figure, 
is  applied  to  this  stem.  The  tested  receiver  is  held  firmly  on  a 
suitably  shaped  wooden  block  B.  The  cylinder  C  is  then  moved 
into  position,  and  clamped  so  that  the  wax-coated  face  of  the  stem 
rests  lightly  in  contact  with  the  center  of  the  face  of  the  diaphragm. 
A  heating  current  is  then  sent  through  the  coil  from  a  storage 
battery  or  other  independent  source,  so  as  to  melt  the  wax  on  the 
face  K  of  the  stem,  without  disturbing  the  mechanical  adjust- 


Fig.  31.     Means  for  damping  telephone  diaphragm. 

ments.  If  the  procedure  is  successfully  followed,  the  melted  wax 
will  adhere  to  the  diaphragm  at  the  center,  so  that  when  the  heat- 
ing current  is  cut  off,  the  wax  will  set  and  connect  the  cylinder 
mechanically  with  the  diaphragm.  The  large  mass  and  inertia  of 
the  cylinder  will  then  reduce  the  vibration  of  the  diaphragm  to  an 
insignificantly  small  amount.  After  the  series  of  damped  im- 
pedances has  been  measured  in  this  condition,  the  wax  is  again 
melted  by  current  readmitted  to  the  coil  1,  and  the  cylinder  with- 
drawn ready  for  the  series  of  free  impedances.  Two  precautions 
are  necessary  in  the  use  of  this  damping  device;  namely,  first  to 
allow  sufficient  time  for  the  diaphragm  to  cool  down  to  normal 
temperature,  after  fastening  on  the  cylinder;  and  second,  to  scrape 
off  all  the  residual  wax  from  the  surface  of  the  diaphragm  after 
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Fig.  32.     Wax  bridge  damper. 


the  cylinder  has  been  removed,  lest  the  value  of  m  should  be 
affected  appreciably. 

Another  plan  *  for  damping  the  diaphragm  which  calls  for  a 
little  more   manual  skill, 

but  which  dispenses  with  D 

the  special  mechanism  of 
the  plan  just  described,  is 
to  fasten  a  wax  bridge  or 
M,  like  that  shown  in 
Fig.  32.  The  bridge  ABC 
is  prepared  in  paraffine 
wax,  or  similar  readily 
melted  material.  The 
pillars  A  and  B  are  heated 
to  softening,  and  applied 
to  the  telephone  cap,  leav- 
ing the  central  pillar  C  pressing  lightly  against  the  center  of  the 
diaphragm  DD.  A  hot  wire  is  then  applied  to  the  pillar  C,  so 
as  to  melt  it  to  the  point  at  which  the  pressure  against  the  dia- 
phragm is  withdrawn.  On  cooling,  the  diaphragm  will  be  held  by 
the  adherent  wax  pillar  C,  and  will  be  prevented  from  vibrating 
to  the  testing  currents  used  for  obtaining  the  series  of  damped 
impedances. 

Still  another  plan,  which,  though  not  so  accurate,  is  very  swift 
in  application,*  is  to  make  a  shallow  soft  wooden  plug  that  can  be 
inserted  adherently  into  the  mouth  of  the  telephone  receiver,  and 
yet  not  touch  the  diaphragm  immediately  under  it.  The  diaphragm 
will  now  be  mechanically  free,  but  the  thin  film  of  air  between  its 
surface  and  the  plug  will  have  so  large  an  acoustic  resistance  that 
the  amplitude  of  its  vibration  will  be  relatively  very  small.  For 
many  purposes  the  amplitude  may  be  regarded  as  practically  nil. 
This  approximate  method  of  damping  the  diaphragm  has  been 
called  acoustic  damping. 

One  other  plan  is  to  dispense  with  the  damping  entirely,  and  to 
infer  the  approximate  electrical  conditions  when  damped  from  the 
observations  made  with  the  diaphragm  free,  in  a  manner  to  be 
described  later  (page  79). 

Series  of  Damped  Impedances.  —  With  the  diaphragm  damped 
in  one  of  the  ways  above  suggested,  the  tested  receiver  is  con- 

*  Bibliography  87. 
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nected  in  the  Rayleigh  bridge  of  Fig.  30,  and  a  balance  is  obtained 
both  in  resistance  and  inductance,  at  a  suitable  number  of  succes- 
sively increased  and  measured  frequencies,  with  the  testing  current 
substantially  constant.  With  ordinary  telephone  receivers,  which 
are  resonant  to  a  frequency  in  the  neighborhood  of  1000  - — ',  it  is 
usually  of  little  use  to  measure  the  impedance  below  400  ~  or 
above  1500  ~.  The  important  measurements  usually  lie  in  the 
frequency  range  900  ~  to  1100  ~.  A  series  of  such  measurements 
is  recorded  in  columns  1,  4,  and  7  of  Table  VIII. 

Column  1  gives  the  frequency  impressed  by  the  source,  which, 
in  this  case,  was  a  Vreeland  oscillator.  Column  2  gives  the  cor- 
responding angular  velocity  in  radians  per  second,  from  formula 
(28).  The  apparent  resistance  R  of  the  instrument,  at  each  fre- 
quency, appears  in  column  4,  and  the  apparent  inductance  £  in 
column  7.  If  we  multiply  £  in  column  7  by  the  corresponding 
value  of  co  in  column  2,  we  obtain  the  apparent  damped  reactance 
X  of  the  instrument  at  that  frequency;  since 
(52)  X  =  £co  abohms  or  ohms. 

The  measurements  are  naturally  made  in  ohms,  but  in  the  com- 
putations, it  is  safer  to  adhere  to  the  fundamental  units  of  the 
C.  G.  S.  system  and  to  employ  abohms.  These  damped  reactances 
appear  in  column  8  of  the  Table,  which  shows  that  the  damped 
resistance  steadily  increased  from  124  ohms  at  429  ~  to  204  ohms 
at  1507  ~  ;  while  the  damped  inductance  diminished  from  41.5 
to  29.7  millihenries,  but  the  damped  reactance  increased  from  104.3 
to  284.1  ohms.  These  changes  in  R  and  £  are  partly  attributable 
to  hysteresis  in  the  magnetic  circuit  of  the  receiver  windings  and 
partly  attributable  to  systematic  eddy  currents  or  magnetic  skin- 
effect  in  the  steel  cores,  whereby  the  alternating  magnetic  flux 
diminishes  in  density  towards  their  centers,  and  also  falls  off  in 
magnitude  and  lags  further  in  phase. 

Figure  33  shows  the  plane-vector  graph  of  the  damped  impe- 
dance. Resistances  R  from  column  4  are  plotted  along  the  axis 
OR,  and  reactances  X  from  column  8  are  plotted  along  the  axis 
OX.  The  origin  of  coordinates  is  not  shown  in  the  figure.  The 
graph  is  the  heavy  curve  ABCD.  The  frequencies  at  the  different 
observations  are  marked  on  this  graph.  The  graph  would  presum- 
ably be  a  straight  line,  if  the  magnetic  skin-effect  remained  con- 
stant over  the  range  of  frequency  represented.  Actually,  the 
graph  is  seen  to  bend  slightly  away  from  the  OX  axis,  as  the  fre- 
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quency  increases.     At  A  =  429 
responding  angle  of  about  22°. 5 


<-,   the   tangent   makes   a   cor- 
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Fig.  33.     Locus  of  vector  damped  impedance  for  tested  receiver. 

quency  of  1015  ~,  this  angle  between  the  broken-line  tangent 
TOT7'  and  OX  is  about  25°.3  This  mean  value  of  the  angle,  near 
resonance,  is  called  the  angle  /3  for  the  receiver.     At  the  time  when 
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Fig.  33  was  worked  out  and  first  published,*  the  significance  of  this 
reactance  deviation  angle  in  the  figure  had  not  been  recognized. 
As  we  shall  see,  it  is  an  important  characteristic.  It  represents 
the  mean  lag  between  the  phase  of  the  testing  alternating 
current  supplied  to  the  coils  of  the  instrument  and  the  vector 
magnetic  flux  thereby  produced  and  linked  with  the  windings. 

Vector  Diagram  of  Damped  Impedance.  —  Figure  34  is  a  vector 
diagram  of  these  damped 
impedances  at  constant 
current  but  varied  fre- 
quency. The  length  Oa 
is  supposed  to  be  the 
direct-current  t  resistance 
Ri  of  the  instrument,  or 
the  resistance  which  would 
be  observed  at  zero  fre- 
quency if  the  magnetic 
skin-effect  in  the  cores  did 
not  .change.  Owing  to 
hysteresis  and  to  the  skin- 
effect,  assumed  constant, 
the  magnetic  flux  lags 
behind  the  vector  Oa  by 
the  angle  /3°.  The  vector 
reactance  JT—  £u  is  de- 
veloped from  a  in  a  direc- 
tion perpendicular  to  the 
flux,  or  in  the  direction  ab, 
making  an  angle  /3  with 
the  OX  axis.  The  imped- 
ance of  the  instrument,  as  measured  in  the  Rayleigh  bridge,  is  the 
vector  Z  =  Ob,  having  a  real  component  R  =  Ri  +  |  JC  |  sin  /3,  and 
an  imaginary  component  X  =  |  JC  |  cos  /3,  where  |  JC  |  denotes  the  size 
of  the  vector  JC.  These  are,  respectively,  the  apparent  resistance 
and  the  apparent  reactance  of  the  instrument.  As  the  impressed 
frequency  increases  from  zero  upwards,  the  vector  Z,  with  its  origin 
fixed  at  0,  moves  along  the  straight  line  ab  of  vector  reactance. 
This  theory  ignores  the  changes  in  skin-effect  as  the  frequency 

*  Bibliography  58. 

t  The  abbreviation  d.-c.  will  hereafter  be  used  for  "direct-current." 
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rises  and  is  therefore  imperfect,  but  the  theory  supplies  a  satis- 
factory first  approximation  for  the  ordinary  receiver. 
TABLE  IX 


Angular 

Measured 

Active  Com- 

Reactive 
Component 

Frequency 

Cycles 

Per  Sec. 

/ 

Velocity 

Rad. 

Per  Sec. 

u 

Resistance 

Abohms  at 

20  Deg.  Cent. 

R 

Inductite 

Resistance 

Rh  =  o,  £o 

X  SIN0 

op  Induc- 
tive Re- 
sistance 
X=  o,£o 
X  cos/3 

Ri  =R  -Rh 
Abohms 

0 

0 

86.7  X  109 

0X109 

0  X109 

86.7  X  109 

429 

2694 

124 

41.9      " 

89 

82.1      " 

702 

4420 

145 

68.8      " 

146 

76.2      " 

923.4 

5801 

162 

90.5      " 

191.5      " 

71.5      " 

*1015 

6378 

168.4      " 

99.5      " 

210.5      " 

68.6      " 

1306 

8202 

189 

128 

270.7      " 

61 

1507 

9460 

204 

147.6      " 

314.1      " 

56.4      " 

♦Resonant  frequency. 

Table  IX  indicates  the  amount  of  error  involved  in  the  case 
considered  by  the  assumptions  here  made  that  the  damped-im- 

pedance  graph  ABCD,  Fig. 


2X107 


r.  m.  s.  Abvolts 

Fig.     35.     Vector     EMF     diagram      at 
/  =  1028  ~  with  diaphragm  damped. 


34,  is  a  straight  line  like  abc 
in  Fig.  34.  The  measured 
d.-c.  resistance  Ri  of  the  in- 
strument was  86.7  ohms,  or 
86.7  X  109  abohms.  It  will 
be  seen  that,  at  1507  ~,  the 
inferred  value  of  Ri  has 
fallen  to  56.4  X  109  ab- 
ohms, owing  to  the  bending 
over  of  the  vector-impedance 
curve.  The  discrepancy  is 
much  smaller,  however,  over 
the  quadrantal  range  in  fre- 
quency (991  ~  to  1040  ~). 
Vector  Damped  EMF 
Diagram.  —  If  we  multiply 
each  of  the  vectors  in  Fig.  34 
by  the  real  value  of  I,  the 
rms.  testing  current  strength 
through  the  instrument  in 
abamperes  (0.000204  ab- 
ampere  or  2.04  milliamperes) , 
we  obtain  the  EMF  vector 
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diagram  of  Fig.  35.  Here  IRX  is  the  vector  part  of  the  impressed 
emf .  at  receiver  terminals,  to  overcome  the  d.-c.  resistance,  assumed 
as  constant.  /  |  JT|sin  (3  is  the  increase  in  apparent  resistance  emf., 
due  to  hysteresis  and  constant  skin-effect.  Similarly  IJTis  the  vec- 
tor part  of  the  impressed  terminal  emf.  overcoming  the  vector  react- 
ance. IZ  is  the  vector  impressed  emf.  which,  with  its  origin  fixed 
at  0,  moves  along  the  line  abc  as  the  frequency  is  increased. 

Series  of  Free  Impedances.  —  If  the  damping  device  is  removed 
from  the  tested  receiver,  a  series  of  free  impedances  is  measured 
with  the  instrument  temperature  as  close  to  that  in  the  damped 
series  as  may  be  practicable.  It  is  desirable,  although  not  essen- 
tial, that  the  impressed  frequencies  used  in  the  free  series  should  be 
individually  the  same  as  those  used  in  the  damped  series.  Since, 
however,  both  the  resistances  and  the  inductances  recorded  in  the 
free  series  are  much  more  variable  and  seemingly  erratic  than  in 
the  damped  series,  it  is  important  to  make  sure  that  a  sufficient 
number  of  measurements  are  secured  in  the  region  of  most  rapid 
variation.  For  this  purpose,  it  is  convenient  to  plot  the  observa- 
tions of  R  and  £  against  frequency  on  squared  paper,  as  the  series 
progresses,  so  as  not  to  miss  the  maximum  and  minimum  values. 
Occasionally,  very  small  steps  in  frequency  are  desirable,  near  the 
resonant  value,  in  order  to  deal  with  sharply  resonant  receivers. 
Table  VIII  gives  the  series  of  free  resistances  R",  and  inductances 
£"  observed  with  the  selected  receiver,  in  columns  3  and  6  respec- 
tively. Multiplying  each  of  the  inductances  by  its  respective 
angular  velocity  in  column  2,  the  values  of  apparent  reactance 
X  "  may  be  obtained. 

If  we  proceed  to  plot  the  plane-vector  locus  of  free  impedances 
with  change  of  frequency,  we  obtain  the  graph  ab  P  cd  of  Fig.  36. 
The  origin  of  coordinates  is  here  omitted,  in  order  to  save  space. 
The  graph  has  a  loop,  and  this  is  characteristic  of  all  receivers  gener- 
ally. It  will  be  observed  that  at  P  there  are  two  very  distinct  fre- 
quencies, which  in  this  instrument  develop  identical  impedances; 
namely,  a  frequency  close  to  600  ~,  and  the  frequency  1050  ~. 
This  dual  value  of  frequency  at  some  particular  vector  free  im- 
pedance is  a  characteristic  property  of  all  telephone  receivers. 

In  Fig.  37,  the  graphs  of  Figs.  35  and  36  are  drawn  side  by  side, 
and  equifrequency  points  on  them  are  connected  by  individual 

vectors.     The  light  curve  abc hi  is  the  vector  locus  of  damped 

impedance  from  Fig.  35,  and  the  heavy  curve  ABC  —  HI  is  the 
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corresponding  vector  locus  of  free  impedance  from  Fig.  36.     The 
successive  vectors  bB,  cC,. . .  JiH,  il,  connect  a  point  of  a  definite 
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Fig.  36.     Locus  of  vector  free  impedance,  for  the  same  receiver. 

frequency  on  the  damped  curve  with  the  point  of  the  same  fre- 
quency on  the  free  curve.  Thus,  at  1028  ~,  the  connecting  vector 
is  fF,  which  has  a  size  of  120  ohms,  and  a  slope  of  approximately 
—  80°  with  the  resistance  axis. 


ELECTRIC   IMPEDANCE 


73 


o 

JJ 

I  ] 
o 

// 

CM 

o 

7 

CJ 

o 

130G 

li 

I 

1 

o 

/ 

CM 

o 

/<& 

i 

Cxi 

o 

/.c'/jj 

R^ 

tft<<" 

'M 

o 

--9&0 

CJ 

o 

CJ 

o 

YA 

tut 

v\ 

\ 

A 

\° 

~o 

H/ 

7  1 

\ 

\ 

~-~^{£ 

ee~ 

\ 

o 

f\ 

\ 

\ 

\ 

~^~-^. 

^-^ 

1 

\ 

o 

\fc- 

kfil 

<^ 

\ 

\" 

\ 

\ 

^ 

o 

bA/ 

I 

\ 

\ 

\ 

o 

1 

A 

a 

I 

\ 

\ 

k0-! 

\ 

\ 

o 

, 

s? 

\o 

V 

\ 

o 

V 

G 

\1 

r 

o 

I 

\ 

\ 

o 

\ 

\ 

'E 

r" 

iF^ 

V- 

00 

140    150    160^170    180    190    200    210    220    230    240     250   260    270-280, 

.RESISTANCE,  OHMS    ' 

Fig.  37.     Motional-impedance  vectors  at  successive  observed  frequencies. 

These  successive  vector  differences  are  defined  by  the  plane- 
vector  equation 

(53)  Z'  =  Z" -Z  ohms  or  abohms  Z, 

where  Z  is  the  damped  impedance  at  a  given  frequency,  Z"  the 
free  impedance  at  the  same  frequency,  and  Z'  their  vector  differ- 
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ence,  which,  being  due  to  the  motion  of  the  diaphragm,  is  called  the 
motional  impedance  at  that  frequency. 
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Fig.  38.     Motional-impedance  circle  of  same  receiver  from  vectors  in  Fig.  37. 

If  we  transfer  these  successive  vector  motional  impedances  to  a 

new  curve  sheet,  so  as  to  bring  them  all  to  a  common  origin  of 

impedance  coordinates,  we  shall  find  the  vector  locus  OBC HI 

of  Fig.  38.     This  locus  is  normally  very  nearly  a  circle  passing 
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Fig.  39.     Free  and  damped  resistances  and  reactances  of  tested  receiver  at 
different  impressed  frequencies.     Scalar  diagram. 
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through  the  origin  of  coordinates,  when  the  receiver  is  in  normal 
operative  condition  in  free  air.  The  fact  that  the  locus  of  mo- 
tional impedance  is  a  circle,  at  least  to  a  first  approximation,  was 
discovered  experimentally*  in  1912. 

It  is  not  actually  necessary  to  go  through  all  the  steps  of  the 
process  outlined  above  in  order  to  derive  the  motional-impedance 
circle  of  a  telephone  receiver.  It  is  sufficient  to  plot  the  damped 
and  free  values  of  resistance  and  reactance  as  numerical  ordinates 
against  impressed  frequency  as  abscissas.  We  can  then  read  off, 
at  each  selected  frequency,  the  corresponding  free  and  the  damped 
apparent  resistances  R"  and  R,  and  likewise  the  free  and  the 
damped  apparent  reactances  X"  and  X.     Then  at  that  frequency 

(54)    Z'  =  R'  +  jX'  =  (R"  -R)  +  j  (X"  -  X) 

ohms  or  abohms  Z . 

It  may  even  suffice  to  use  this  formula  directly,  with  the  entries 
in  a  table  of  observations,  like  Table  VIII.  Figure  39  presents  a 
chart  of  the  type  referred  to.  It  will  be  observed  that  both  the 
free  resistance  and  the  free  inductance  execute  sharp  variations  near 
the  resonant  frequency,  but  these  variation  peaks  are  not  co- 
incident. 

Figure  40  presents  a  similar  chart  in  which  the  sizes  and  slopes 
are  given  of  the  free  and  the  damped  impedances  instead  of  their 
rectangular  components.  In  this  case,  resonance  occurs  near  to 
the  sharp  minimum  in  the  slope  of  the  free  impedance,  f 

If  we  examine  the  motional-impedance  circle  of  the  reference 
instrument,  Fig.  38,  we  may  observe  that  the  diameter  OP  of  the 
circle  is  depressed  below  the  resistance  axis  OR,  by  an  angle  2  /3. 
According  to  the  approximate  theory  here  discussed,  this  angle  is 
just  twice  the  angle  /3  of  lag  of  the  vector  alternating  magnetic 
flux  through  the  windings,  behind  the  phase  of  the  testing  current. 
(See  Figs.  33,  34,  35,  42  and  45.) 

*  Bibliography  40. 

t  It  has  been  suggested  by  the  Engineering  Department  of  the  Western 
Electric  Co.  that  the  technique  for  producing  the  motional-impedance  circle 
of  a  telephone  receiver  can  be  further  simplified  by  taking  two  similar  receivers, 
one  damped  and  the  other  free,  and  connecting  them  on  opposite  sides  of  the 
same  Rayleigh  bridge  (Fig.  30).  The  motional  impedance  would  then  be 
measured  at  once  for  each  frequency,  without  having  to  take  two  successive 
series.  This  procedure  requires,  however,  that  the  two  selected  instruments 
should  be  very  nearly  alike. 
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We  may  also  notice  that  the  frequency  at  the  point  P  of  the 
circle  at  which  the  diametral  vector  OP  intersects  it,  is  the  fre- 
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Fig.  40.     Scalar  diagram  of  free  and  damped  impedance. 

guenq/  f0  of  apparent  resonance  of  the  diaphragm  in  the  presence 
of  its  constraints,  i.e.,  with  the  particular  type  of  clamping  around 
its  edge,  with  the  particular  air  chambers  above  and  below  it,  with 
the  particular  permanent  magnetic  field  in  which  it  vibrates,  and 
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at  its  observed  temperature.  Strictly  speaking,  the  temperature, 
pressure,  and  geometric  constraints  of  the  air  in  front  of  the  instru- 
ment should  also  be  included.  It  is  found  experimentally,  and 
it  is  readily  understood  theoretically,  that  a  change  in  any  of  these 
particulars  may  give  rise  to  a  change  in  the  apparent  resonant 
frequency  value  f0,  at  the  diametral  point  of  the  motional-impe- 
dance circle. 

In  view  of  the  many  variables  which  may  affect  the  size,  the 
depression  angle,  and  the  frequency  distribution  of  a  motional- 
impedance  circle,  it  is  not  remarkable  that  different  types  of 
receiver  should  be  found  to  possess  different  circles  in  these  par- 
ticulars. Roughly  speaking,  similar  receivers  of  the  same  make 
have  similar  motional-impedance  circles.  It  is  seldom,  however, 
that  two  instruments , of  the  same  type  and  make,  present  identical 
motional-impedance  circles  within  the  limits  of  measurable  vari- 
ation. In  fact,  it  is  only  by  taking  pains  to  insure  constant  me- 
chanical, electric,  and  thermal  conditions,  that  one  and  the  same 
instrument  can  be  made  to  reproduce  closely  the  same  circle  at 
different  times. 

The  curve  of  damped  resistance,  which  we  consider  as  a 
straight  line  in  our  first-approximation  theory,  appears  in  Fig.  39 
as  a  curve  gradually  bending  over  towards  the  frequency  axis. 
This  curve  has  been  found  *  to  be  approximately  quadratic,  of 
the  type 

(55)  R  =  a  +  bf-cP  ohms, 

where  a,  b,  and  c  are  ohmic  constants,  and  /  is  the  impressed 
frequency  in  cycles  per  second.  In  this  case,  the  approximate 
equation  between  /  =  400  ~  and  /  =  1500  ~  is 

R  =  90.76  +  0.0784/  -  2.16  X  10-6/2  ohms. 

It  is  evident  that  the  formula  is  only  empirical,  because  at 
/  =  0,  the  resistance  R  is  90.76  ohms,  whereas  the  actual  resistance 
was  86.7  ohms. 

Professor  G.  W.  Pierce  has  also  pointed  out  *  that  the  product 
of  the  damped  resistance  R  and  damped  inductance  £  remains 
approximately  constant  over  a  considerable  range  of  frequency, 
the  apparent  resistance  increasing  and  the  apparent  inductance 
decreasing  as  the  frequency  is  raised.     That  is 

(56)  R  £  U  constant  ohms-henries. 

*  Bibliography  40. 
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In  this  instrument,  the  R£  product  was  about  5.5.  This  relation 
appears  to  be  maintained  better,  however,  when  the  measure- 
ments are  made  at  constant  impressed  terminal  voltage,  than  at 
constant  current  strength. 

Motional-Impedance  Data  without  the  Measurement  of  Damped 
Impedances.  —  An  inspection  of  Figure  39  will  show  that  in  the 
case  of  such  a  standard  type  of  receiver  as  is  there  referred  to, 
we  may  approximately  locate  the  curves  RR  and  LL,  of  damped 
resistance  and  reactance  respectively,  by  ignoring  the  differences 
between  R  and  R" ,  £  and  £",  at  the  highest  and  lowest  frequen- 
cies of  observation,  and  then  drawing  straight  lines  between  the 
extreme  points  of  R" ,  and  likewise  of  £"..  Thus,  in  Fig.  39,  or 
in  Table  VIII,  we  find  that  the  free  resistance  of  this  instrument 
at  the  lowest  test-frequency  (429  ~)  was  130  ohms,  while  at 
the  highest  test-frequency  (1507  ~)  it  was  201  ohms.  If  we 
join  these  two  points  on  the  diagram  by  a  straight  line,  we  should 
obtain  a  first  approximation  to  the  actual  damped  resistance 
curve  RR.  This  approximation  might  suffice  for  many  practical 
purposes,  and  would  save  the  time  and  effort  expended  in  measur- 
ing and  plotting  the  damped  resistance.  Again  we  find  in  Fig. 
39  that  the  free  reactance  at  429  ~  was  111.8  ohms,  and  at 
1507  ~,  281.3  ohms.  If  we  also  join  these  two  points  by  a 
straight  line,  we  obtain  a  first  approximation  to  the  curve  LL  of 
measured  damped  reactance.  This  plan  of  dispensing  with 
damped  measurements  was  devised  by  the  research  staff  of  the 
Western  Electric  Company.  When  the  plan  is  used,  it  may  be 
advantageous  to  commence  the  measurements  of  free  resistance 
R"  and  inductance  £"  at  a  lower  frequency  than  is  shown  in 
Fig.  39,  say  at  200  ~.  This  not  only  insures  a  closer  agreement 
between  the  starting  points  of  the  RR"  and  ££"  curves;  but  it 
also  provides  a  greater  range  for  guiding  interpolation  of  fre- 
quencies over  the  straight  lines  of  assumed  damped  resistance  R 
and  inductance  £. 
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THE  VECTOR  FORCE  DIAGRAMS  OF  THE  TELEPHONE    RECEIVER 

Introduction.  —  The  analysis  of  the  motional-impedance  circle 
of  a  telephone  receiver,  taking  into  account  the  variation  of  eddy 
currents  in  the  steel  poles  and  in  the  diaphragm,  with  change  of 
frequency,  is  a  difficult  problem.  It  becomes  much  simplified 
if  we  assume  the  eddy-current  and  magnetic  skin-effect  to  retain 
a  steady  mean  value  over  the  range  employed.  We  may  there- 
fore proceed  on  this  assumption,  and  develop  the  vector  force 
diagrams  of  the  instrument,  namely  the  diagrams  of  mmf.,  vmf., 
and  emf. 

The  complete  mathematical  analysis  of  the  dynamics  of  a  tele- 
phone receiver  was  first  worked  out  and  published  in  1907,  by 
/  Poincare.*     As  a  piece 

/  of    algebraic    analysis, 

this  was  a  remarkable 
achievement;  but  the 
results  are  expressed  in 
very  general  form.  On 
the  other  hand,  the 
analysis  detailed  in  this 
book  is  primarily  ex- 
perimental, having 
been  developed  step 
by  step  in  practical 
procedure. 

Free  Impedance 
Vector  Diagram.  — 
Figure  41  is  a  vector 
diagram  of  the  free 
impedance  of  the  re- 
ceiver considered  as 
being  measured  to 
diaphragm  free.  scale  at  the  particular 

frequency/  =  1028  ~.   At  this  frequency,  the  damped  impedance, 

*  Bibliography  25  and  89. 
80 


-Xsin  ? 


Absohma 
Fig.  41.     Vector  impedance  diagram 
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according  to  Table  VIII  and  Fig.  34,  would  beZ  =  Ob  =  Ob'  +  jb'b. 
The  motional  impedance  is  Z'  =  bh;  so  that  the  free  impedance  is 
Z"  =  Z  +  Z'  =  Oh.  The  broken  circle  bhO'  is  the  motional- 
impedance  circle.  As  the  frequency  is  increased,  the  point  b 
moves  along  the  straight  line  ab,  carrying  with  it  the  extending 
damped  impedance  Ob  and  the  motional  impedance  Z'  in  the 
circle,  which  is  also  carried  bodily  along  with  b.  The  apparent 
resistance  free,  at  1028  ~  is  Oh',  and  the  apparent  reactance  is 
h'h.  At  all  positions  of  the  motional  circle,  the  diameter  bO' 
maintains  its  constant  depression  angle  below  bg,  which  is  parallel 
to  the  resistance  axis  Oh'. 


r.m.s.  Abvolts 

Fig.  42.  Vector  EMF  Diagram  at  1028  cycles  per  sec.  —  diaphragm  free. 

The  reason  for  the  circular  locus  bhO'  of  the  motional  impedance 
is  found  in  the  mechanical  vibrational  velocity,  which,  as  has  been 
pointed  out  in  Chapter  VI,  develops  a  circular  locus  under  con- 
stant vmf.  and  varied  frequency.  This  will  be  considered  in 
detail  later. 

If   we    multiply  each    of    the  vectors   in   Fig.  41   by  I,  the 


82  ELECTRICAL    VIBRATION    INSTRUMENTS 

magnitude  of  the  rms.  testing  current  through  the  instrument, 
we  obtain  a  similar  vector  diagram  of  emfs.  This  is  presented 
in  Fig.  42,  for  the  same  frequency  of  1028  ~.  The  vector  IZ" 
represents  the  magnitude  and  phase  of  the  emf.  at  terminals,  free, 
taking  Oc'  as  indicating  standard  current  phase.  The  vector 
IZ'  =  bh  is  the  motional  emf.,  i.e.,  the  part  of  the  impressed 
emf.  which  is  expended  in  overcoming  a  vector  cemf.  of  hb  due 
to  the  motion  of  the  diaphragm.  This  cemf.  may  be  regarded 
as  due  to  the  time  rate  of  change  of  the  displacement  flux 
(f>x  which  is  linked  with  the  windings  and  which  occurs  /3°  in 
phase  behind  the  diaphragm  displacement,  as  will  be  shown 
later.  The  emf.  bh  is  in  leading  quadrature  with  the  displace- 
ment flux  4>x  =  Oe,  just  as  the  emf.  IX  is  in  leading  quadrature 
with  the  flux  4>t  set  up  by  the  testing  current.  The  locus  of 
4>x  is  the  displacement  curve  def,  and  is  approximately  cir- 
cular. As  the  frequency  increases,  the  vector  tpx  pursues  this 
locus  def  in  the  direction  of  the  arrow,  while  the  emf.  thereby 
induced  is  the  motional  emf.  bgh  perpendicular  to  <j>x. 

Vector  Diagram  of  Magnetomotive  Forces.  —  When  the  receiver 
diaphragm  is  clamped,  and  damped  impedances  are  measured, 
the  only  alternating  magnetomotive  force  set  up  in  the  magnetic 
circuit  of  the  instrument  is  that  due  to  the  testing  current  / 
passing  around  the  cores.  If  N  is  the  total  number  of  turns  in 
the  winding,  including  both  coils,  and  /  is  the  rms.  testing 
current  strength  in  abamperes,  the  a.-c.  mmf.  set  up  will  be, 
by  (9), 

(57)  J*J  =  4tt  NI  rms.  gilberts  Z  . 

Thus,  taking  the  testing  current  as  2.04  X  10~4  abampere  and 
N  =  1300  turns  or  650  on  each  pole,  J^  =  3.334  rms.  gilberts. 
This  mmf.  will  be  in  cophase  with  the  current  /.  It  is  repre- 
sented to  scale  in  Fig.  43.  This  alternating  mmf.  is  superposed 
in  the  magnetic  circuit  upon  the  structural  unidirectional  mmf. 
J*"o  of  the  horseshoe  permanent  magnet. 

If  now  the  diaphragm  is  freed,  a  new  mmf.  is  developed  in 
the  magnetic  circuit,  as  is  indicated  in  Fig.  44  by  the  vector  J*"x. 
This  new  mmf.  is  due  to  the  cyclic  change  in  the  air  gap  effected 
by  the  vibration  of  the  diaphragm.  It  is  in  phase  with  the 
alternating  displacement  of  the  diaphragm.  We  have  not  yet 
determined  the  phase  of  this  displacement,  so  that  we  do  not  yet 
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assign  the  slope  of  J*j;  but  we  can  readily  compute  its  size.     The 
slope  will  be  determined  subsequently. 


bt 


C 

0 

^i 

v.           3.334 

— i -- 

r.m.s.  Gilberts 


Fig.  43.  Vector  MMF. 
Diagram  at  constant 
current  —  diaphragm 
damped. 


r.m.s.  Gilberts 


Fig.  44.  Vector  MMF.  Diagram  at 
constant  current  and  1028  cycles  per  sec. 
—  diaphragm  free. 


The  permanent  magnetic  flux  0O  in  the  magnetic  circuit  of  the 
coils  is  defined  by  formula  (2).  The  reluctance  in  the  circuit 
mainly  resides  in  the  air  gaps  between  the  poles  and  the  steel 
diaphragm.  If  the  diaphragm  in  its  vibration  advances  towards 
the  poles  through  a  small  displacement  8x  cm.,  the  reluctance 
of  the  air  gap  over  each  pole  will  be  changed  by  —5x/S  oersteds, 
where  S  is  the  surface  area  of  each  pole  in  sq.  cm.,  the  polar 
flux  being  assumed  to  keep  entirely  within  this  area,  without 
fringing  at  the  edges.  The  total  small  change  in  reluctance 
due  to  the  vibration  of  the  diaphragm  over  both  poles  will  thus 
be  —  2  8x/S  oersteds.     But,  differentiating  (2),  we  have 


(58) 
or 

(59) 


8<t>o 
8ft 


J' 

ft2 


84>o  —  —  0o 


4>o 
ft 

8ft 
ft 


but  it  has  just  been  pointed  out  that 
8ft 


18X 


(60) 

Thus  we  find 


ffin  sa       a  28x       <t?28x 

(61)  o^*,  —  ^  — 


maxwells 
oersteds 

maxwells ; 

oersteds, 
maxwells. 
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The  small  change  in  magnetic  flux  8(f),  due  to  the  vibratory  dis- 
placement of  the  diaphragm,  is  such  as  would  correspond  to  the 
action  of  a  certain  small  mmf.  5J^  given  by  the  relation 

(62)  ^-°  =  50o  maxwells. 

«/to 

Consequently,  substituting  (62)  in  (61),  we  find 

(63)  5-Fo  =  &o  •  2  8x  gilberts. 

If,  then,  we  know  the  normal  polar  flux  density  &0,  which  we 
assume  to  be  substantially  unchanged  by  the  small  vibratory 
displacements  of  the  diaphragm,  a  small  maximum  cyclic  dis- 
placement xm  of  the  diaphragm  will  virtually  generate  a  cor- 
responding small  mmf.  of  2  &<&m  gilberts  in  the  magnetic  circuit. 
This  mmf.  will  be  in  phase  with  the  displacement.  This  is  the 
vector  mmf.  &x  in  Fig.  44,  except  that  the  rms.  displacement  xT 
of  the  diaphragm  is  used  instead  of  xm,  and  we  have 

(64)  &x  =  2  &oxr  rms.  gilberts  Z . 

At  the  frequency  of  1028  ~,  the  displacement  of  the  diaphragm 
corresponds  to  Ob,  Fig.  44,  being  in  lagging  quadrature  to  the 
vibratory  velocity.  We  shall  be  able  to  assign  this  phase  later. 
It  suffices  here  to  notice  that  as  the  impressed  frequency  varies 
from  zero  to  infinity,  all  other  conditions  remaining  constant,  the 
vector  displacement  mmf.  &x  changes  from  Oa,  through  Ob  and 
Oc,  to  zero  at  0.  The  locus  abcO  is  a  displacement-admittance 
locus;  see  Chapter  XVIII.  The  resultant  total  mmf.  in  the 
magnetic  circuit  will  be  the  vector  sum  of  the  testing-current 
mmf.,  J^,  Fig.  44,  and  the  displacement  &s.  At  1028  ~,  this 
vector  sum  will  occupy  the  position  Of.  As  the  impressed  fre- 
quency is  varied  from  zero  to  infinity,  the  resultant  vector  mmf. 
/  will  change  from  Oe,  through  Of,  to  Og.  It  may  be  observed 
that,  in  this  case,  at  frequencies  below  resonance,  the  size  of  the 
resultant  mmf.  will  be  greater  than  that  due  to  ^  alone;  but 
that  at  frequencies  above  resonance  the  resultant  will  be  less. 
At  an  indefinitely  high  frequency,  the  displacement  mmf.  vanishes, 
and  J£  is  left  in  complete  sway.  At  the  frequency  of  1028  ~, 
for  which  Fig.  44  is  prepared,  the  mmf.  Of  is  2.174  gilberts, 
lagging  28°  behind  the  3.334  gilberts  developed  by  J^. 
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Vector  Diagram  of  Magnetic  Flux.  — ■  Figure  45  is  a  simple  vector 
diagram  representing  the  rms.  magnetic  flux  in  the  magnetic 
circuit  of  the  coils  due  to  the  constant  impressed  mmf.  J^  with 
clamped  diaphragm.     In  the  selected  instrument,  this  mmf.  was 


r.m.s.  Maxwells 
Fig.  45.     Vector  flux  diagram 
at    1028   cycles  per  sec.  — 
diaphragm  damped. 


r.m.s.  Maxwells 
Fig.  46.     Vector  flux  diagram  at  1028 
cycles  per  sec.  —  diaphragm  free. 


3.334  gilberts  taken  at  standard  phase  or  zero  slope,  and  the 
reluctance  is  computed  to  have  been  S?0  =  0.582  Z  /30  =  0.582  Z25°.3 
oersted.  We  take  this  vector  reluctance  as  constant  throughout 
the  range  of  impressed  frequency.  The  alternating  magnetic 
flux  </>,-  is  thus 

3.334  Z  0°  -4-  0.582  Z  25°.3  =  5.728  \  25°3  rms.  maxwells, 

as  shown  to  scale  in  the  figure.  By  assumption,  this  magnetic 
flux  remains  constant  at  all  frequencies,  so  long  as  the  diaphragm 
is  clamped;  although,  as  we  have  already  seen  in  the  last  Chapter, 
there  is  actually  a  small  but  distinct  change  in  the  value  of  &0  as 
the  frequency  is  varied. 

Figure  46  is  the  corresponding  flux  vector  diagram  for  the 
free  condition  of  the  diaphragm.  Here  we  have  to  insert  the  addi- 
tional flux  <f>x  due  to  the  added  displacement  mmf.  &x  of  Fig.  45. 
We  assume  that  the  value  of  the  reluctance  ^?  to  &x  is  the 
same  both  in  magnitude  and  in  slope  as  that  offered  to  Jv  This 
means  that  0j  will  lag  behind  J^  to  the  same  extent  that  <£f  lags 
behind  J*i,  and  also  that  the  magnitude  ratio  of  <t>x/<t>i  is  the  same 
as  the  magnitude  ratio  J^/J*j.  Strictly  speaking,  this  assump- 
tion can  only  be  taken  as  a  first  approximation,  because  the  seat 
of   the   mmf.    -^   is  in  the  coils  surrounding  the  poles,  whereas 
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the  seat  of  the  virtual  mmf .  J^  is  in  the  air  gaps  above  the  poles, 
so  that  the  magnetic-circuit  reluctance  cannot  be  expected  to 
remain  identical  for  both.  This  point  will  be  reconsidered  later. 
The  error  involved  does  not  seem  to  be  serious  from  an  engi- 
neering standpoint. 

At  /  =  1028  ~  for  the  selected  instrument,  the  displacement 
flux  4>x  occupies  the  position  06,  Fig.  46.  The  flux  4>t  due  to  the 
testing  current  occupies  the  constant  position  Og.  The  resultant 
total  flux  0  is  the  plane-vector  sum  and  takes  the  position  Of.  As 
the  frequency  varies  from  0  to  oo ,  the  displacement  flux  moves 
from  Oa  through  Ob  and  Oc  to  zero,  following  the  displacement- 
admittance  locus  abc  in  the  direction  of  the  arrow.  The  total 
resultant  flux  4>  through  the  coils  follows,  therefore,  on  the  above 
assumptions,  the  corresponding  locus  efg.  It  will  be  observed 
that  at  low  frequencies,  the  total  flux  in  the  coils  is  increased  in 
size  by  the  superposition  of  the  displacement  flux  caused  by  the 
diaphragm's  vibration.  At  higher  frequencies,  on  the  contrary, 
the  total  flux  is  reduced.  At  the  indicated  frequency  of  1028  ~, 
4>  is  3.757  \  53°.  2  rms.  maxwells,  whereas  with  the  diaphragm 
at  rest,  we  found  in  Fig.  45  that  it  was  5.728  X  25°.3  rms. 
maxwells. 

Vector  Diagrams  of  Electric  Power.  —  If  we  multiply  each 

vector  of  the  damped-impedance 
diagram  Fig.  35  by  P,  the  square 
of  the  magnitude  of  the  rms. 
testing  current,  we  produce  a 
geometrically  similar  diagram  of 
vector  electric  power,  that  is,  we 
reproduce  Fig.  35  to  a  new  scale, 
with  an  interpretation  in  abwatts 
(ergs/sec).  This  new  diagram 
appears  in  Fig.  47.  Here  the  real 
component  Oa  is  both  the  average 
and  the  maximum  cyclic  active 
power  I2  Ri  dissipated  thermally 
in  the  copper  wire  coils.  The 
real  component  ab'  is  both  the 
average  and  the  maximum  cyclic 
active  power  dissipated  ther- 
mally in  the  magnetic  circuit  by 


12RX     V2Xsin/3 


Abw'^ 

Fig.  47.     Vector  diagram  of  electric 
power  —  diaphragm  damped. 
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hysteresis  and  eddy  currents.  The  imaginary  component  b'b 
is  the  maximum  cyclic  reactive  power  required  to  store  and 
release  magnetic  energy  in  each  cyclic  of  magnetization  executed 
by  the  testing  current.  The  vector  power  Ob  =  P  Z  abwatts 
is  the  total  power  absorbed  at  instrument  terminals  both 
for  dissipation  and  for  storage.  The  vector  power  ab  =  PJT 
abwatts  is  the  total  power  absorbed  by  the  magnetic  circuit  both 
for  dissipation  and  for  storage.  This  vector  power  ab  is  in  lead- 
ing quadrature  to  the  alternating  magnetic  flux  4>t  of  Fig.  45. 

By  operating  in  a  similar  manner  with  the  average  square  P 
of  the  testing  current,  on  the  c/ 

free-impedance  vector  dia- 
gram Fig.  41,  we  obtain  the 
vector  power  diagram  of 
Fig.  48,  when  the  diaphragm 
is  free.  Here  the  real  com- 
ponent Oa  =  PR  i  =  3608  ab- 
watts, is  the  average  and  also 
the  maximum  cyclic  active 
power  dissipated  in  heating 
the  copper  wire.  The  real 
component  ah'  =  5149,  in- 
cludes both  the  active  power 
dissipated  in  the  magnetic 
circuit  and  the  active  me- 
chanical power  dissipated  in 
the  diaphragm.  Of  this, 
6m  =  4484  abwatts  are  liber- 
ated in  the  diaphragm  as  gross 
active  mechanical  power,  and 
765  abwatts  are  thermally 
dissipated  in  the  magnetic  circuit.  Of  the  gross  4484  active 
mechanical  abwatts,  we  shall  see  later  that  1135  are  expended  in 
electromagnetic  losses  due  to  vibration  in  the  permanent  magnetic 
field,  and  3349  net  active  abwatts  are  expended  mechanically  by  the 
vibrating  diaphragm.  Ordinarily,  however,  only  a  minor  part  of 
this  net  active  mechanical  power  is  liberated  in  sound. 

The  electric  circuit  supplies  +  j  3856  abwatts  reactively  to  the 
system  for  non-dissipative  purposes.  This  is  applied  partly  to 
the  magnetization  needs  of  the  magnetic  circuit,  and  partly   to 


Abwatts 

Fig.   48.     Vector   diagram   of    electric 

power  —  diaphragm  free. 


88  ELECTRICAL    VIBRATION    INSTRUMENTS 

the  storage  needs  of  the  vibratory  mechanical  system.  The 
gross  mechanical  reactive  power  tnh  is  —  j  2445  al watts. 

Force  Vector  Diagram  with  Diaphragm  Clamped.  —  We  have 
seen  in  Chapter  II,  formula  (13),  that  the  mechanical  force  F 
exerted  on  a  bipolar  telephone  diaphragm  is 

(65)  F  =  F0  +  2^7m  max.  dynes. 

Here  the  first  term  F0  is  the  residual  attractive  pull  on  the  dia- 
phragm perpendicular  to  its  normal  plane  when  the  testing  cur- 
rent is  withdrawn.  This  force  flexes  the  diaphragm  to  a  new 
quiescent  or  zero  position,  from  which  alternating  displacements 
x  are  reckoned.  The  second  term  is  the  maximum  cyclic  alter- 
nating pull  due  to  the  maximum  cyclic  current  Im  abamperes. 
If  we  substitute  for  the  a.-c.  reluctance  of  the  magnetic  circuit, 
its  reciprocal  ^the  a.-c.  permeance  in  oersteds-1,  and  use  /  the 
rms.  value  of  current  instead  of  the  maximum  cyclic  value,  the 
rms.  alternating  pull  on  the  diaphragm  becomes 

(66)  ft  =  (2  S&qNP)  I  rms.  dynes  Z . 

Since  the  reluctance  &  may  be  considered  as  a  plane-vector 
quantity,  with  a  leading  angle  of  0°,  the  permeance  SP  becomes  a 
plane-vector  quantity,  with  the  lagging  angle  of  (3°.  In  the  case 
considered,  P  =  1.718  \  25°. 3  oersteds-1.  Formula  (66)  thus 
indicates  that  the  phase  of  the  alternating  tractive  force  on  the 
diaphragm  lags  the  current  by  @°.  For  convenience,  the  bracketed 
quantity  in  (66)  is  called  the  vector  force  factor,  and  is  denoted 
by  the  symbol  A.     For  a  bipolar  receiver 

(67)  A  =  2&JSISP  rms.  dynes/abampere  Z. 

The  angle  of  A  is  \  /3°.  Consequently,  we  have,  as  a  fundamental 
vector  equation  for  a  receiver  with  its  diaphragm  clamped, 

(68)  ft  =  AI  rms.  dynes  Z. 

It  is  evident  that  the  force  factor  A  is  an  important  character- 
istic of  a  receiver.  It  increases  directly  with  the  intensity  «#0 
of  the  magnetic  field  in  the  air  gaps,  with  the  total  number  of 
turns  N,  and  with  the  a.-c.  permeance  !P  of  the  magnetic  circuit. 
In  the  selected  instrument,  .53b  appears  to  be  1369  gausses,  and 
A  -  6.12  X  106\25°.3  rms.  dynes  per  abampere. 
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Figure  49  indicates  the  vector  force  diagram  of  the  selected 
receiver  with  its  diaphragm  clamped.     OA  is  r 

the  standard  phase  of  the  testing  alternating 
current  of  2.04  milliamperes  or  /  =  2.04  X  10-4. 
The  rms.  force  on  the  diaphragm  by  (68)  is 
1249  \  25.°3  dynes.  This  force  is  neutral- 
ized and  balanced  by  an  equal  and 
opposite  clamping  force  or  elastic  force  fc 
from  the  clamping  constraints  of  the  dia- 
phragm, so  that  no  motion  is  supposed  to 
ensue. 


dynes 
Fig.  49.  Vector  force 
diagram  —  dia- 
phragm  damped. 

Vector  Force  Diagram  with  Diaphragm  Free.  A  Single  Im- 
pressed V.M.F.  — ■  When  the  diaphragm  is  freed,  the  clamping 
force  fc  disappears,   but  in  its  place  there  appears  a  resultant 


Fig.  50.     Vector  force  diagram  for  the  ideal  case  of  a  diaphragm  free  to  vibrate 
under  a  single  impressed  V.M.F.    U  rms.  dynes. 


equilibrating  force  Oa' ',  Fig.  50,  due  to  the  motion  which  is  set  up. 
The  reference  phase  OA  is  again  taken  as  that  of  the  testing 
current  I.   The  flux  4>u  due  to  the  current,  lags  /3°  behind  OA.   The 
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force  ft  is  in  phase  with  this  flux,  and  is  represented  in  Fig.  50  by 
the  vector  Oa.     Using  formula  (48),  we  have 

(69)  x  =  — : — .  ,    ' { i—,  rms.  kines  Z , 

*  +  3  (mco  —  s/u) 
and 

sx 

(70)  ft  —  rx  —  jmux-\-  j  —  =0  rms.  dynes  Z. 

CO 

That  is,  the  vector  force  Oa  is  balanced  by  a  frictional  force 
Ob  =  —  rx  =  —  1096  dynes,  a  lagging-quadrature  reactive  force 
oc  =  —  jmwx  =  —  j  23828  dynes  of  inertia,  and  a  leading-quad- 
rature reactive  force  Od  =  +  js.i/oo  =  +  j  23830  dynes  of  elas- 
tance.  The  resultant  forces  of  friction,  inertia  and  elastance  is 
Oa',  equal  and  opposite  to  the  impressed  force  ft  =  Oa.  The 
velocity  x  has  the  phase  Og,  lagging  a°  behind  ft  at  this  frequency. 
Force  Vector  Diagram  with  Two  VMFs.  acting  on  a  free  Dia- 
phragm. —  We  have  thus  far  assumed  that  the  diaphragm  is  acted 
on  by  a  single  vmf.,  namely  the  tractive  force  ft  produced  by  the 
testing  current.  When  the  diaphragm  is  set  in  vibration  in  the 
permanent  field  w9b,  however,  there  is  a  new  alternating  flux  <j>x  set 
up,  which  we  call  the  displacement  flux,  because  it  is  proportional 
in  magnitude  to  and  also  in  phase  with  the  diaphragm's  dis- 
placement from  the  quiescent  position.  This  flux  superposes  a 
new  tractive  force  fx.  We  have  seen  in  formula  (64)  that  the 
equivalent  mmf .  of  the  displacement  flux  is  J*j  =  (2  &0)x  vector 
rms.  gilberts.     This  may  be  regarded  as  similar,  by  (9),  to 

(71)  &i  =  (4  irN)  I  rms.  gilberts  Z , 

so  that  a  certain  fictitious  number  of  turns  N'  multiplied  by  unit 
rms.  displacement  x,  would  produce  the  same  mmf.  as  unit  rms. 
current  in  the  actual  turns  N.     That  is 


(72) 

4  7riV' 

=  2^, 

equivalent  turns, 

or 

(73) 

*"£ 

a 
equivalent  turns  X  - 

bampere 

cm. 

If  we 

consider  the  i 

'atio 

(74) 

N' 
N 

■■  y 

abampere 
cm. 
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which  in  the  selected  instrument  was  0.168,  we  may  observe  that 
it  is  a  characteristic  ratio  of  the  receiver.  The  displacement 
mmf .  is  now 

(75)  J*j.  =  4  irN'x  rms.  gilberts  Z , 
and  the  tractive  force  of  displacement  is 

(76)  fx  =  pAx  =  2  p&oNtPx  rms.  dynes  Z . 

It  may  be  noted,  in  passing,  that,  just  as  in  the  case  of  a  vector 
electromagnetic  inductance, 

(77)  jC  =  A/p  =  4  ttN2SP  abhenries  Z  or 

ergs  per  abamp2  Z , 
so 

(78)  tA-irtW*  rmsdYneS  L, 

'  *  cm. 

and  is  a  quantity  bearing  resemblance  to  an  inductance.  We 
have  also 

(79)  A-4riWV  IHlLdynes 

abampere 
so  that  in  this  sense,  the  force  factor  A  bears  resemblance  to  a 
mutual  inductance. 

There  are  two  ways  in  which  we  may  introduce  the  new  vmf. 
fx  of  displacement  into  the  computation.  We  may  add  it  vec- 
torially  to  ft,  to  form  a  resultant  vmf.  /,  corresponding  to  J*"  in 
Fig.  44.  This  is  the  strictly  logical  method  of  procedure,  as  it 
restores  the  application  of  the  single  vmf.  formula  (48).  The 
other  way  is  to  retain  ft  as  the  sole  vmf.  in  the  system,  but  intro- 
duce the  effect  of  fx  by  way  of  a  mechanical  impedance.  For 
practical  purposes,  the  latter  method  is  to  be  preferred  as  simpler.* 
It  corresponds  to  the  ordinary  method  of  dealing  with  the  emf. 
of  self-induction  in  a  simple  a.-c.  circuit.  Instead  of  vectorially 
combining  the  emf.  of  self-induction  with  the  impressed  emf.  and 
then  dividing  by  resistance  to  find  the  current,  engineers  prefer  to 
consider  the  impressed  emf.  as  acting  alone,  and  then  to  introduce 
the  effect  of  the  self-induced  emf.  as  a  reactance. 

The  force  fx  always  lags  behind  the  displacement  x  by  the  angle 
/3°,  according  to  the  relation 

(80)  fx=  pAx  =  pA  —  =  —  jpA-  rms.  dynes  Z . 

JO)  CO 

*  This  method  was  suggested  by  Professor  Nukiyama.  Bibliography 
75a  and  79. 
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It  is  also  always  90°  -f  13°  behind  the  phase  of  the  velocity  x.  In 
Fig.  50,  the  vector  force  diagram  of  the  single  mechanical  force 
impressed  on  the  diaphragm  is  Oa  =  ft.  In  Fig.  51,  the  same 
vector  force  diagram  is  reproduced  to  an  enlarged  scale,  but  with 
the  new  force  of  displacement  Oe  inserted.  Oa  is  the  impressed 
force  /,,  and  the  vector  velocity  due  to  the  resultant  effect  of  all 
the  forces  is  Ox  lagging  a°  behind/;.  As  will  be  shown  in  Chap- 
ter XVIII,  the  vector  displacement  in  all  cases  lags  90°  behind  the 
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Fig.  51.     Force  diagram  including  magnetic  force  due  to  displacement  — 
diaphragm  free,  enlarged  scale. 

velocity,  so  that  Oc  is  the  phase  of  the  diaphragm's  displacement 
and  coincides  with  the  phase  of  the  elastic  force  —  jsx/co.  The 
displacement  force  due  to  the  reaction  of  the  permanent  magnetic 
field  on  the  diaphragm  always  lags  /3°  behind  the  displacement  of 
the  diaphragm  and  therefore  lies  at  Oc.  Its  magnitude  is  pAx/u, 
which  in  this  case  is  656  dynes.  The  component  of  this  in  phase 
with  the  velocity  x,  is  Oe'  =  281  dynes.  The  component  in  quad- 
rature to  the  velocity  is  Oe"  =  —  j  594  dynes.  Dividing  these 
components  by  x  we  have  an  apparent  component  of  frictional 
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resistance  r'  of  68.8  dynes  per  kine,  and  an  apparent  component 
of  elastance  s'  of  0.928  X  106  dynes  per  cm.  The  system  will 
now  balance  with  1096  dynes  along  the  x  axis  and  24422  dynes 
in  quadrature  therewith.  We  must  reapportion  the  values  of 
r  and  s,  however,  to  include  the  new  increments  in  these  values. 
The  total  resistance  is 

toi\  a  \i  dynes 

(81)  r"=r  +  r'  -^, 

where  r"  is  the  gross  resistance  which  the  mechanical  system  ap- 
pears to  have,  when  assumed  to  act  under  the  influence  of  ft  only. 
The  quantity  r'  is  the  virtual  resistance  due  to  displacement,  or 
the  displacement  resistance.     It  is  defined  by  the  relation 

/00\  /      V I  ^  I    •     o  dynes 

(82)  r  =  — — '  sin  0  ~ — » 

a>  kme 

where  |  A  |  represents  that  only  the  size  Oe  of  the  vector  force 
factor  A  is  to  be  taken;  hence  (82)  is  a  scalar  equation.  The 
quantity  r  is  the  net  mechanical  resistance  of  the  system,  and  is 
what  would  be  evaluated  by  (50)  and  (69)  if  the  resultant  of  /, 
and  fx  were  used  as  a  single  vector  force  in  the  numerator. 
Similarly  in  regard  to  elastic  forces 

(83)  *"  =  *-*'  d^S, 
v  cm. 

where  s"  is  the  gross  elastic  coefficient  that  the  system  appears 
to  have  when  assumed  to  act  under  the  influence  of  ft  only.  The 
quantity  s'  is  the  virtual  elastic  coefficient  due  to  displacement, 
or  the  displacement  elastic  coefficient.  It  is  defined  by  the  scalar 
relation 

/o^\  /  i  a  i         a  dynes 

(84)  s'  =  p\A\  cos  /3  — 

*  ■     '  cm. 

The  quantity  s  is  the  net  elastic  coefficient  of  the  system,  and  is 
what  would  be  evaluated  by  (48)  and  (69),  if  both  the  vmfs.  ft 
and  fx  were  combined  into  a  single  resultant  in  the  numerator. 

When,  therefore,  we  consider,  as  is  practically  preferable,  that 
the  sole  vmf.  acting  on  the  diaphragm  is/*,  due  to  the  testing  cur- 
rent, we  are  virtually  dealing  with  a  gross  resistance  r" ,  a  gross 
elastic  coefficient  s"  and  a  net  mass  m,  we  have,  according  to  (69), 

(85)  x  =    ...    .  ,     77^^  =  ^t>  rms.  kines  Z , 

r    -\-j  {mca  —  s  /w)       z 
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where 

(86)  ^-f  +  i(«_i)+^  *£*. 

(87)  =(r'  +  r)+,V-^^f  ^A 


CO 


kine 


(88)  =  r"  +  j  (mco  -  *"/«)  ^-S  Z . 
v     '                             J  kme 

The  gross  elastic  coefficient  evaluated  from  (83)  or  (88)  is  always 
less  than  the  true  or  net  coefficient,  by  the  constant  quantity  s' . 
In  the  selected  instrument,  s'  =  0.928  X  106,  the  net  value  s 
=  37.63  X  106,  and  s"  the  gross  value  is  36.7  X  106  dynes/cm. 
The  effect  of  this  is  to  make  the  apparent  resonant  angular  velocity 

,nns  ..         fs"         Is  —  s'  radians 

(89)  o/'o  =  W—  =  V 

l  m       1     m  sec. 

too  low.  In  the  case  considered,  o/'o  =  6378,  (f"0  =  1015  ~), 
and  the  diameter  of  the  motional-impedance  circle  meets  with 
this  angular  velocity.  The  angular  velocity  of  resonance  corrected 
for  displacement  would  be  s/m  =  6459  radians  per  second,  or 
1028  ~,  which  happens  to  be  very  near  the  frequency  selected  for 
reference  in  the  vector  diagrams.  When,  therefore,  we  speak  of  the 
resonant  frequency  of  a  receiver  as  obtained  diametrally  from  its 
motional-impedance  circle,  or  by  vibration-amplitude  measure- 
ments on  its  diaphragm,  we  mean  its  apparent  or  gross  resonant 
frequency,  under  the  modifying  influence  of  vibration  in  the  per- 
manent magnetic  field  ^5b-  If  this  influence  could  be  neutralized, 
the  resonance  would  appear  at  Vs/m.  With  this  reservation, 
it  becomes  unnecessary  ordinarily  to  use  o/'0  and  f"0  for  designat- 
ing apparent  resonance,  and  we  may  employ  co0  and  /0  for  repre- 
senting these  values,  except  when  distinction  must  be  made. 

The  gross  frictional  resistance  r"  is  always  greater  than  the 
net  frictional  resistance  r.  As  is  shown  by  formula  (82),  the  virtual 
displacement  resistance  r'  is  not  a  constant  quantity  at  all  fre- 
quencies, because  it  is  inversely  proportional  to  to.  This  means 
that  the  action  of  the  permanent  magnetic  field  ^9b  upon  the  dia- 
phragm in  vibration  is  to  set  up  a  distortion  from  the  true  circular 
graph  of  vibration  velocity,  and  the  corresponding  true  circular 
graph  of  motional  impedance. 

There  are  thus  two  disturbing  influences  which  tend  to  distort 
the  motional-impedance  circle;  namely  the  change  in  the  vector 
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force  factor  A,  as  the  impressed  frequency  changes,  owing  to  vari- 
ations in  magnetic  skin-effect,  and  the  change  in  the  virtual  re- 
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Fig.  52.     Vector  force  diagram  —  complete  —  including  magnetic  force  due 
to  displacement. 

sistance  r'  of  displacement  with  variations  of  frequency.  In  spite 
of  these  disturbances,  the  measured  graphs  of  receiver  motional 
impedances  are  usually  remarkably  close  approximations  to  circles. 
It  is  often  noticeable,  however,  that  the  circle  drawn  through  them 
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does  not  pass  accurately  through  the  origin,  as  in  the  case  of 
Fig.  38.  It  will  be  remembered  that  in  a  majority  of  receivers,  the 
resonant  half  of  the  motional-impedance  circle  is  covered  within  a 
range  of  60  cycles  per  second  in  /;  so  that  the  greater  part  of  the 
circle  has  ordinarily  been  described  before  the  frequency  has 
changed  sufficiently  to  bring  the  distortions  into  prominence. 

Figure  52  is  a  force  vector  diagram  giving  the  loci  of  the  principal 
vectors.  01  is  the  reference  phase  of  testing  current.  The  vector 
velocity  x  travels  over  the  dotted  circle,  if  we  neglect  distortions. 
The  diameter  x0  is  the  vibrational  velocity  at  gross  or  apparent 
resonance.  The  reactive  force  of  inertia  Oc  =  —  jcomx  is  always 
in  lagging  quadrature  to  Ox,  but  its  locus  is  only  approximately 
circular.  It  is  a  displacement-admittance  curve.  Similarly,  the 
reactive  force  of  elasticity  Od  =  js"x/u  is  always  in  leading  quad- 
rature to  Ox,  but  its  locus  is  only  approximately  circular.  It  is  a 
displacement  admittance  curve  taken  reversely. 

The  three  vectors  Oc,  Od,  and  Ox  are  thus  rigidly  connected  in 
quadrature,  and  all  move  clockwise  around  their  respective  loci 
as  the  impressed  frequency  is  increased. 

Mechanical  Velocity  Admittance.  —  The  gross  mechanical  ad- 
mittance of  the  diaphragm  is  y"  the  reciprocal  of  its  gross  im- 
pedance to  velocity,  in  (87).     That  is 

u  _  1  kines 

(90)  y    ~  r"  +  j  (mw  -  s"/co)  dylie"     ' 

neglecting  variations  in  r"  with  frequency  due  to  the  virtual  re- 
sistance r'  of  displacement,  the  locus  of  y"  is  a  circle  centered  on 
the  real  axis  and  passing  through  the  origin.  The  vibrational 
velocity  x  is  obtained  by  multiplying  this  gross  admittance  by 
the  impressed  vmf.  of  testing  current. 

(91)  ±  =  fty"  =  Aly"  rms.  kines  Z . 

Mechanical  Displacement.  —  The  rms.  displacement  x  is  in 
lagging  quadrature  to  the  velocity  x,  and  is  co  times  smaller  or 

(92)  x-*---i*--jtd£--j4VL  m,em. 

J  CO  CO  CO  CO 

The  size  of  the  actual  maximum  cyclic  displacement  of  the  dia- 
phragm at  any  impressed  angular  velocity  co  is  then 

(93)  xm  =  |  x  |  V2  max.  cyclic  cm. 
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Figure  53  is  a  vector  gross-velocity  diagram  taken  in  accordance 
with  (91).  If  we  neglect  dis- 
tortion due  to  r',  it  is  a  circle  /'  \ 
passing  through  the  origin  and 
having  the  slope  of  A  for  its 
diameter  Ob,  provided  that  we 
take  Oa,  the  reference  phase  of 
current,  as  of  zero  slope.  That 
is,  Ob  is  the  velocity  x0  at  gross 
resonance,  lagging  /3°  behind 
the  testing  current,  but  in 
phase  with  the  vmf .  ft.  At  the 
selected  frequency  of  1028  ~, 
which  happens  to  be  very  near 
net  resonance,  the  velocity  is 
x  =  4.091  \  28°.6,  i.e.,  Oc 
lagging  a  =  28°.6  behind  ft, 
owing  to  unbalance  between 
the  reactances  nua  and  s"/<a 
in  (88) .  As  the  impressed  fre- 
quency is  varied,  the  vector  velocity 
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53.  Vector  rms.  velocity  diagram 
—  diaphragm  free  —  constant  VMF. 
and  varied  frequencj'. 


x  moves  over  the  circle  in 
the  direction  abc,  commencing  at  the  origin  with  /  =  0,  and  ending 
again  at  the  origin  with  /  =  go  . 

The  vector  locus  of  gross  mechanical  displacement  is  shown  in 
^___^0  x     Fig.   53A.     The   dis- 

placement at  any 
impressed  frequency 
is  obtained  by  divid- 
ing jw  into  the  vibra- 
tional velocity  x  at 
that  frequency.  This 
means  that,  if  the  x 
locus  is  taken  as  a 
circle,  the  locus  of  x 
cannot  be  a  circle. 
Ordinarily  it  appears 
to  be  roughly  circu- 
lar, with  a  diameter 
90°  behind  the  diam- 
eter  of    the   velocity 
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cm. 
Fig.  53A.    Vector  rms.  displacement  diagram 
diaphragm  free. 
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x.  Strictly  speaking,  the  locus  is  a  displacement-admittance  locus, 
abc,  Fig.  53 A,  which  will  be  discussed  in  Chapter  XVIII.  At 
/  =  1028  ~,  the  rms.  displacement  is  Oc  =  6.332  M,  143°.9  behind 
the  phase  of  the  testing  current,  in  accordance  with  (92). 

Vector  Motional  Electromotive  Force.  —  We  have  already 
seen  that  the  displacement  flux  <j>x  lags  8°  behind  the  virtual  mmf. 
of  displacement  J*j.  This  flux  is  obtained  by  multiplying  J*j  by 
the  vector  permeance  SP.     Thus  from  (75)  we  have 

(94)  fa  =  &XP  =  4  7t  N'xSP  =  ^  maxwells  Z  . 

The  emf.  produced  in  the  receiver  coils  by  the  cyclic  variation 
of  this  flux  is 

(95)  ex  =  —  Nfa  =  —  jNufc  ab volts  Z . 

The  emf.  expended  in  overcoming  this  emf.  is  the  motional  im- 
pedance drop  IZ'  or 

N 

(96)  IZ'  =  —  ex  =  jNw(j>x  =  jupAx  ^  =  jwAx  abvolts  Z 

=  Ax  =  A2y"I  abvolts  Z, 

from  which 

4  r  A2 

(97)  Z'  =  ^f-  =   A*y"  =  ~  abohms  Z . 

That  is,  the  motional-impedance  drop  IZ'  is  A  times  the  velocity 
x,  and  is  in  quadrature  to  the  displacement  flux  <f>x.  Moreover, 
since  x  has  a  circular  locus,  it  follows  that  IZ'  and  Z'  both  have 
circular  loci.  Referring  to  Fig.  42,  the  vector  emf.  diagram,  we 
may  observe  that  IZ'  is  in  leading  quadrature  to  4>x,  and  is  caused 
by  the  time  variation  of  <f>x.  The  vector  reactance  drop  7^Tis 
similarly  in  leading  quadrature  to  <f>t  and  the  total  free  impedance 
drop  IZ"  to  the  resultant  flux  </>  =  4>x  +  4>x. 

It  is  also  evident  from  (97)  that,  at  gross  resonance,  z"  being 
reduced  to  r" 

(98)  Z'o  =  ~,  abohms  Z , 

and  the  slope  of  this  diametral  motional  impedance  is  the  same 
as  that  of  A2  or  -  2  8°. 


CHAPTER  IX 
THE  ANALYSIS  OF  THE  MOTIONAL-IMPEDANCE  CIRCLE 

Introduction.  —  In  this  chapter  we  shall  consider  the  deductions 
that  may  be  drawn  from  the  motional-impedance  circle  of  a  tele- 
phone receiver,  as  observed  according  to  such  a  technique  as  has 
been  described  in  Chapter  VII.  For  this  purpose,  we  may  here 
consider  Fig.  38. 

Having  plotted  a  suitable  number  of  motional  impedances, 
we  draw  through  them,  by  trial,  the  best  empirical  circle 
OCDEFGH.  Through  o  the  center  of  this  circle,  we  draw  the 
diameter  OoP  and  we  measure  its  magnitude  Z'o  in  ohms  or  ab- 
ohms.  In  this  case,  Zf0  is  140  ohms.  The  frequency  at  the 
diametral  point  P  is  the  gross  resonance  frequency  or  frequency  of 
apparent  mechanical  resonance  /0.  In  this  case,  /o  =  1015  ~  and 
wo  =  6378.  At  this  frequency,  the  mechanical  reactance  mco0  and 
s"/co  are  equal,  whence  formula  (89)  is  obtained. 

Through  the  center  o,  we  draw  the  quadrantal  diameter  QoQ', 
perpendicular  to  the  principal  diameter  OoP.  The  points  Q  and 
Q'  are  called  the  quadrantal  points  of  the  circle.  The  frequencies 
at  these  points  are  called  the  quadrantal  frequencies,  and  are 
denoted  by/i  and  /2.  In  this  case,/i  =  991  ~  and  /2  =  1039.5  ~. 
The  corresponding  quadrantal  angular  velocities  are  coi  =  6227 
and  oj2  =  6532  radians  per  second.  It  is  generally  taken  that  /i 
is  the  lower-quadrantal  and  /2  the  higher-quadrantal  frequency  for 
numerical  reasons,  in  spite  of  the  fact  that,  in  the  circle,  /i  is  ordi- 
narily raised  above  /2.  At  these  quadrantal  frequencies,  the 
apparent  mechanical  reactance  is  numerically  equal  to  the  me- 
chanical resistance  r" . 

Frequency  Relations  between  Impedances  or  Admittances  of 
Equal  Opposite  Slopes.  ■ —  Referring  to  the  mechanical-impedance 
diagram  of  Fig.  28,  if  we  select  any  pair  of  frequencies  such  as  at 
P  and  P',  at  equal  reactance  distances  below  and  above  A,  a  simple 
relation  connects  these  frequencies  with  the  resonant  frequency 
/o  at  A.    Thus  at  OP,  f  =  1002  ~,  and  AP  =  -  146.     At  OP', 
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/  =  1028  ~,  and  AP'  =  +  146.  Let  o)n  be  the  angular  velocity 
at  P'  and  o)X  the  angular  velocity  at  P.  The  mass  reactance  is  in 
excess  at  P' ,  and  the  elastic  reactance  is  in  excess  at  P.  Conse- 
quently we  have 


(99) 

s 

mton 

0)n 

s 

= rawi 

0)1 

dynes 
kine 

i 

or 

(100) 

s 

0)n 

mcon 

s 

= 0)1 

wo)i 

rad. 
sec' 

whence 

■  by  (32), 

(101) 

9 

O)o 

o)n 

0)n 

O)02 

=    —    0)1 

0)1 

rad. 
sec' 

(102) 

0)lO)n2    —    0)iO)o2 

=    0)nO)o2    —    0)1 

2Oii 

\  sec./ 

(103) 

^02   (o)i   +   0)n) 

=    0)iO)2    (o)l   + 

ton) 

/rad.y 
V  sec./ 

(104) 

O)o2 

=    0)iO)n 

ZradA2 
V  sec./ 

From  this,  it  follows  that  the  resonant  angular  velocity  co0  is  the 
geometric  mean  of  any  such  pair  of  reactively  equidistant  angular 
velocities  ojx  and  o)n.  But  any  such  pair  of  reactively  equidistant 
angular  velocities  have  equal  and  opposite  slopes.  In  the  case 
considered,  these  angles  are  +  28°.6  and  —  28°. 6,  respectively. 
Hence  any  pair  of  impedances  having  equal  sizes  and  equal 
and  opposite  slopes,  have  frequencies  defined  by  (104).  The 
same  relation  must  also  hold  for  admittances.  Consequently, 
in  any  vibrational-velocity  circle,  such  as  that  of  Fig.  29,  any  pair 
of  vectors  which,  like  OP  and  OP',  have  equal  and  opposite  slopes 
with  respect  to  the  diameter,  have  frequencies  whose  root  product 
is  equal  to  the  diametral  resonant  frequency  /o.  That  is,  they 
conform  to  (104). 

It  follows  that  in  any  motional-impedance  circle,  such  as  that 
of  Fig.  38,  if  we  know  by  observation  the  frequency  at  a  point 
making  a  certain  vector  angular  distance  with  the  diameter  OP, 
we  can  compute  by  (104)  the  frequency  at  a  vector  point  the  same 
angular  distance  on  the  other  side  of  the  diameter,  assuming  that 
the  resonant  frequency  /o  is  known. 
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The  quadrantal  frequencies  make  a  particular  case  under  this 
proposition,  and  for  any  motional-impedance  circle 

d05)  ,*.„     (^y. 

or 

(106)  C01C02  =  wo2  (^c7/    ' 

The  Damping  Constant  A  of  a  Diaphragm.  —  If  we  consider  any 
point  F  on  the  circle  (Fig.  38)  whose  vector  OP  makes  an  angle  a 
with  the  diameter  OP,  then  we  have,  with  reference  to  the  me- 
chanical impedance  at  this  velocity,  see  Fig.  28, 


(107)  77 —  =  tan  a, 

or 

(108)  (a =  —  tan  a 

raco       m  sec. 


(109)  -f^)fe 


rad. 
2m/  "'  sec. 


The  quantity  r/(2  m)  is  called  the  damping  constant,  and  is  denoted 
by  A.  The  quantity  r"/(2  m)  is  here  the  gross  or  apparent  damp- 
ing constant.     Hence 

(no)  t-Pr*         — 

2  o>  tana  sec. 

We  can  always  evaluate  A,  if  we  know  co0,  and  the  slope  a  at  which 
one  other  angular  velocity  co  is  found.  In  the  case  of  the  lower- 
quadrantal  angular  velocity  at  wi  =  6227  at  OQ,  a  =  —  45°  and 
tan  a  =  —  1,  for  oqt  Fig.  28,  so  that 

,       ,  _  co i2  —  cop2  _  cop2  —  co i2  rad. 

—  2  coi  2  coi  sec. 

Again,  at  the  upper-quadrantal  angular  velocity  co2  =  6532  at  OQ, 
a  =  45°  and  tan  a  =  +  1,  for  oq2  Fig.  28,  so  that 

(112)  A  =  co22-coo2  rad, 

2  coo  sec. 

Adding  (110)  and  (111)  together  and  canceling,  we  obtain 

,       .  co2  —  coi  ,  .        r"  rad. 

(113)  A  =  — s — =7r(/2—  /i)  =  o — 

2  2m  sec. 
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It  is  shown  in  Appendix  IV  that  the  damping  constant  A  indicates 
the  rate  of  decay  of  free  vibrations  of  a  system.  If  the  diaphragm 
over  the  poles  is  displaced  arbitrarily  to  a  distance  x  cm.  from  its 
normal  quiescent  position,  and  is  then  allowed  to  return  auto- 
matically to  that  position,  ordinarily  by  decaying  oscillations, 
the  displacement  amplitude  xt  remaining  at  time  t  seconds  is 

(114)  xt  =  X(TAt  cm., 

where  e  =  2.718-  •  •,  the  Napierian  base.  In  the  case  considered, 
A  =  152.  The  time  required  for  the  amplitude  to  fall  to  1/eth  of 
its  initial  value  is  the  epsilonic  time  interval 

(115)  tf  =  -  seconds. 

In  this  case,  U  =  6.58  X  10~3  or  6.58  milliseconds.  A  receiver 
diaphragm  of  large  A  is  heavily  damped,  and  falls  to  1/eth  ampli- 
tude in  a  relatively  small  interval  of  time. 

In  the  discussion  of  the  exponential  decay  of  free  vibrations,  as 
in  (114),  it  appears  that  A  may  be  regarded  as  a  hyperbolic  angular 
velocity,  and  its  unit  may  be  taken  as  a  hyperbolic  radian  per 
second.     (See  Appendix  IV.) 

Vector  Reactance  Angle  jS°.  —  The  depression  angle  ROP 
(Fig.  38)  of  the  motional-impedance  diameter,  has  already  been 
shown  to  be  twice  the  angle  (3  of  the  departure  of  damped  vector 
reactance  JT(Fig.  34)  from  the  vertical  or  OX  axis.  This  is  accord- 
ing to  the  provisional  theory  here  presented,  and  involves  the 
assumptions  that  the  magnetic  skin-effect  is  constant  over  the 
working  range  of  impressed  frequency,  and  also  that  the  lag  /32  of 
displacement  flux,  &  behind  &x  is  the  same  as  the  lag  jSi  of  the 
current  flux  4>t  behind  Jv  In  all  cases,  the  diametral  depression 
angle  is  /3i°  +  j32°,  and  we  regard  them  provisionally  as  each  equal 
to  j8°.  Experiments  have  shown  (Bibliography  60)  that  this  is 
only  correct  to  a  first  approximation,  which  is  ordinarily  suffi- 
ciently close  for  many  practical  purposes.  In  the  case  considered, 
the  depression  angle  is  50°. 6,  making  /3  =  25°. 3. 

Motional-Power  Diagram.  —  If  we  multiply  the  vector  motional- 
impedance  circle  diagram,  Fig.  38,  to  abohm  scale,  by  I2,  the 
square  of  the  rms.  testing  current  magnitude,  we  shall  reproduce 
the  same  as  a  vector  power  diagram,  to  a  scale  of  abwatts  or  ergs 
per  second.  Thus,  in  the  case  considered,  the  diametral  impedance 
OP,  Fig.  38,  is  140  X  109  abohms,  and  P  =  4.162  X  10~8.     The 
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product  is  5827  abwatts  =  582.7  microwatts.  This  is  the  power 
along  the  diameter  Op,  Fig.  54.  The  axes  OR  and  OX  of  the  im- 
pedance diagram,  Fig.  38,  are  repeated  in  the  power  diagram  of 
Fig.  54,  and  may  be  called,  respectively,  the  active  and  the  re- 
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Abwatts  for  PrnandPg 


1.71X108 


Fig.  54. 


Abwatts  for  P^ 
Vector  diagram  of  motional  power. 


active  electric-power  axes.  Power  measured  along  OR  is  both 
the  average  and  the  maximum  cyclic  active  or  dissipated  power, 
supplied  by  the  circuit.  Power  measured  along  0  +  X  is  the 
maximum  cyclic  reactive  or  conserved  power,  also  supplied  by  the 
electric  circuit.  At  the  vector  Oh  in  the  diagram,  no  active  power 
will  be  supplied  from  the  circuit,  but  reactive  power  to  the  extent 
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of  —  jOh  abwatts  will  be  thus  supplied.  On  the  other  hand,  at 
the  vector  Or  in  the  circle,  Fig.  54,  no  reactive  power  will  be  sup- 
plied by  the  circuit,  but  active  power  to  the  extent  Or  abwatts 
will  be  thus  supplied.  At  the  vector  Oa,  957  active  abwatts  and 
—  j  5018  reactive  abwatts  are  supplied  by  the  circuit. 

The  vector  electric  power  of  the  motional-power  circle  is  denoted 
by  the  symbol  Pe  and  has  active  and  reactive  components  Pea  and 
Per;  thus 

(116)  Pe  =  Pea  +  jPer  =  P  (R'  +  jX')  =  PZ'  abwatts  Z . 

Thus,  at  the  frequency  1028  ~  in  the  selected  instrument,  at  vecton 
Oa,  Fig.  54,  Pe  =  5108  \  79°.2  =  957  -  j  5018  abwatts. 

We  now  add  a  new  pair  of  coordinate  power  axes  to  the  diagram ; 
namely  OM  along  the  diameter,  and  ON  perpendicular  to  the 
diameter.  These  may  be  called,  respectively,  the  active  and  the 
reactive  gross-mechanical-power  axes.  Powers  measured  along 
and  parallel  to  OM,  are  active  mechanical  powers  dissipated  in 
overcoming  r" ,  the  gross  mechanical  resistance  to  motion.  Powers 
measured  along  and  parallel  to  O  -f-  N  are  reactive  mechanical 
powers,  cyclically  exchanged  between  the  elasticity  and  the  inertia 
of  the  vibratory  system.  The  maximum  mechanical  power  which 
can  be  delivered  to  the  diaphragm  for  dissipation  and  liberation 
will  be  P"mo  =  PR'o  =  5827  abwatts,  at  resonance.  At  the 
vector  position  Oa,  the  gross  active  mechanical  output  is  Oc  =  4484 
abwatts,  and  the  gross  mechanical  reactive  power  is  ca  =  —  j  2445 
abwatts.  The  gross  mechanical  output  may  also  be  expressed 
in  the  form 

(117)  P"m  =  x2\  r"  +  j  (mu  -s"/»)  |  =  &?>"  abwatts  Z . 

Thus,  at  the  frequency  of  1028  ~  in  the  selected  instrument,  the 
mechanical-power  vector  is  Oa  =  5108  \  28°.  6.  In  rectangular 
coordinates,  this  is  4484  —  j  2445.  At  this  frequency,  x  has  been 
shown  to  be  4.091  \  28°. 6  rms.  kines,  and  x2  =  16.74  \  57°.2. 
With  r"  =  268,  m  =  0.902,  s"  =  36.7  X  106  and  w  =  6460,  we 
have  by  (117)  z"  =  268  +  j  146  =  305.2  Z  28°. 6,  so  that  P"m  = 
4484  -  j  2445=  5108  \  28°.6  abwatts. 

It  will  be  clear  that  at  the  diametral  frequency  f0  of  gross  reso- 
nance, the  mechanical  power  will  be  a  maximum,  and  will  be  all 
active.     That  is,  there  will  be  no  reactive  mechanical  component. 
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Finally,  a  third  set  of  coordinate  axes  may  be  added  to  the 
diagram,  namely,  the  active  and  the  reactive  hysteretic- power 
axes.  The  reactive  hysteretic  axis  is  0  +  K,  which  is  the  bisector 
of  the  depression  angle  ROM  taken  in  the  reverse  direction.  The 
active  hysteretic  axis  is  0  +  H.  Powers  measured  along  and 
parallel  to  0  +  H  are  active  powers  contributed  for  dissipation 
or  liberation,  by  saving  in  hysteretic  loss.  Powers  measured 
along  and  parallel  to  0  +  K  are  reactive  powers  contributed  for 
cyclic  storage  and  from  the  same  source,  i.e.,  change  in  magnetic- 
hysteretic  power  when  the  diaphragm  is  changed  from  the  clamped 
to  the  free  condition.  The  scale  of  the  hysteretic  power  is,  how- 
ever, not  the  same  as  the  scale  of  the  electric  and  the  mechanical 
power.  Unit  length  of  vector  hysteretic  power  represents  2  sin  /3 
unit  length  value  of  electric  or  mechanical  power.  Thus  with 
j8  =  25°.3,  2  sin  /3  =  0.855,  and  this  change  in  scale  is  indicated 
below  Fig.  54. 

At  the  frequency  corresponding  to  the  vector  Ob,  there  can  be 
no  active  hysteretic  power.  Any  hysteretic  power  is  all  reactive. 
Vector  hysteretic  power  in  the  motional-power  circle  is  denoted 
by  the  symbol  Ph,  thus 

(118)  Ph  (2  sin  /3)  =  (Pha  +  jPhT)  2  sin  0  abwatts  Z , 

where  Pha  and  Phr  are  the  active  and  the  reactive  vector  com- 
ponents on  the  diagram,  as  measured  to  the  electric  scale. 

At  any  frequency  and  corresponding  vector  position  in  the 
power  circle,  the  vector  motional  power  may  be  expressed  in 
electric,  mechanical,  and  hysteretic  coordinates.  We  then  have 
the  vector  relation 

(119)  P"m  =  Pe-  Ph  •  2sin/3  abwatts  Z. 

That  is,  the  vector  mechanical  power,  as  read  off  in  its  coordinates, 
is  equal  to  the  vector  sum  of  the  electric  power  and  the  hysteretic 
power,  each  read  in  its  own  coordinates.  Thus  at  Oa,  correspond- 
ing to   1028  ~,   P"m  =  5108  \  28°.6  =  4484  -  j  2445  abwatts, 

Pe  =  5108  \  79.2  =  957  -  j  5018, 

Ph  =  5108  X  0.855  =  4369  \  143°.9  =  -  3537  -  j  2591. 

The  gross  active  mechanical  output  of  the  diaphragm  P"ma  is  4484 
abwatts.  Of  this,  957  is  Pea,  contributed  by  the  electric  circuit 
as  PR' ,  where  R'  is  the  motional  resistance  in  Fig.  38  at  this  vector 
Oa,  and  —  (  —  3537)  =  +  3537  is  contributed  by  reduction  of 
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hysteretic  loss  in  the  magnetic  circuit,  when  changing  from  clamped 
to  free  diaphragm.  Actually,  3537  +  957  =  4494,  or  10  abwatts 
in  excess,  due  to  geometric  inaccuracy. 

Similarly,  the  gross  reactive  mechanical  power  of  the  diaphragm 
at  this  frequency  is  —  j  2445  abwatts.  Of  this,  —  j  5018  is  con- 
tributed electrically  by  the  circuit  as  —  jPX',  X'  being  the  mo- 
tional reactance  in  abohms,  and  —  (—  j  2591)  =  +  j  2591  ab- 
watts are  contributed  hysteretically.  Here  again  —  j  5018  + 
j  2591  =  —  j  2427,  which  does  not,  however,  agree  precisely  with 
—  j  2445,  owing  to  geometric  errors  in  the  diagram. 

It  also  follows  from  (119)  that 

P"ma  =  Pea  —  Pha  2  sin  j8  active  abwatts, 

and 

(120)  P"mT  =  Per  -  Phr  2  sin  p  reactive  abwatts. 
Of  the  gross  active  mechanical  power, 

(121)  P"ma  =  x2r"  =  x2  (r  +  r')  abwatts, 

a  portion  x2r' ,  or  1152  abwatts,  is  dissipated  in  displacement;  i.e., 
in  electric  and  magnetic  diaphragm  losses  due  to  hysteresis  and 
eddy  currents,  owing  to  its  vibrating  in  the  permanent  magnetic 
field  &0.  The  remainder  or  net  output  x2r  =  3332  abwatts,  is 
put  into  active  alternating  mechanical  power  or  vibratory  power 
of  the  diaphragm.  Most  of  this  power  is  expended  in  internal 
mechanical  frictions,  and  only  a  lesser  part  is  delivered  to  the 
surrounding  air  as  acoustic  power  or  sound. 

The  diaphragm,  in  regard  to  power,  may  be  compared  with  an 
alternating-current  motor  driving  a  lathe  through  belt  and  shaft- 
ing. The  gross  active  power  x2r"  corresponds  to  the  gross  mechan- 
ical power  of  the  motor  rotor.  The  displacement  active-power  x2r' 
corresponds  to  the  internal  frictions  of  the  rotor.  The  net  active 
power  x2r  corresponds  to  the  output  of  the  motor  at  its  pulley. 
Beyond  the  pulley,  there  are  belt  and  shafting  losses  before  we 
arrive  at  the  useful  power  given  to  the  lathe.  So  beyond  the 
active  mechanical  output  x2r  there  are  the  friction  losses  of  the 
diaphragm  before  we  arrive  at  the  useful  acoustic  power  given  to 
the  air.  The  mechanical  efficiency  of  the  diaphragm  or  the  motor 
at  the  resonant  frequency  /o  is 

(122)  r7'0  =  ^7=-^-7. 

In  the  case  considered,  this  mechanical  efficiency  is  0.74 
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Proceeding  in  the  manner  indicated  above,  the  gross  active  power 
delivered  by  the  diaphragm  can  be  measured  from  the  motional- 
impedance  circle,  taken  to  power  scale,  in  terms  of  the  electric  and 
hysteretic  components.  Commencing  with  a  low  frequency,  the 
electric  power  supply  increases  up  to  a  point  near  b,  Fig.  54,  where 
the  projection  perpendicularly  on  the  OR  axis  is  a  maximum.  The 
hysteretic  supply  is  negative ;  or  the  magnetic  circuit  absorbs  more 
active  power  than  it  yields,  up  to  the  point  b  where  Pha  =  0.  At 
this  point,  all  of  the  mechanical  power  comes  from  the  circuit 
as  PR',  or  at  Ob 

(123)  x2r"  =  PR'  abwatts. 

Beyond  the  frequency  of  b,  the  hysteretic  active-power  changes 
from  negative  to  positive;  or  the  magnetic  circuit  absorbs  less 
power  with  freed  than  with  damped  diaphragm.  This  is  because 
the  total  magnetic  flux  <f>,  Fig.  47,  has  become  smaller  than  <f>{  due 
to  the  testing  current  alone.  The  reduced  alternating  flux  entails 
a  reduced  hysteretic  loss,  and  the  saving  is  available  for  giving 
active  power  to  the  diaphragm. 

At  the  diameter  Op,  the  resonant  point,  the  mechanic  output 
is  a  maximum.  At  Oh  on  the  X  axis,  the  active  electric  power 
vanishes,  and  the  mechanical  output  is  supported  entirely  by 
hysteretic  power,  i.e.,  bjr  the  saving  in  hysteretic  loss  when  free 
over  the  loss  in  the  damped  condition.  At  higher  frequencies 
than  this,  the  hysteretic  power  not  only  supplies  the  mechanical 
output  P"ma,  but  also  restores  active  power  to  the  circuit. 

The  vector  equation  (119)  expresses,  in  algebraic  terms,  a  par- 
ticular proposition  concerning  power  in  the  motional-power  circle. 
There  is,  however,  an  interesting  general  proposition  of  the  same 
type,  which  states  that  a  planevector  at  a  given  slope  X  a°  is 
vectorially  equal  to  a  vector  of  the  same  magnitude  at  a  slope  of 
\  (2  /3°  +  a°)  diminished  by  a  vector  of  2  sin  /3  times  the  same 
magnitude  at  a  slope  of  X  (90°  +  a  +  /3).  This  proposition  is 
presented  in  Appendix  X. 

The  gross  efficiency  rj"0  of  the  receiver  at  the  resonant  frequency 
is  the  ratio  of  the  gross  active  mechanical  power  x02r"  of  PR'0  to 
the  active  electric  input  PR".  R'0  =  \Z'0\  the  size  of  the  diam- 
etral impedance.     We  have  therefore 

(124)  *  o-pW'W'-W 
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The  net  efficiency  770  at  the  resonant  frequency  will  be  the  product 
of  the  gross  efficiency  and  the  mechanical  efficiency  7]'0,  that  is 


(125) 


Vo 


In  the  instrument  considered,  the  gross  efficiency  i?"o  was 
140/257.3  =  0.544,  the  mechanical  efficiency  77 '0  =  0.74,  and  the 
net  efficiency  770  =  0.40,  all  taken  at  the  resonant  frequency  /0.  In 
the  free-impedance  diagram  of  Fig.  41,  the  gross  efficiency  at  reso- 
nance is  the  ratio  of  the  size  of  the  diameter  bO'  to  the  size  of  the 
horizontal  vector  00' .  The  gross  efficiency  can  therefore  always  be 
obtained  from  the  free-impedance  diagram.  The  net  efficiency 
cannot  be  determined,  however,  without  knowing  the  mechanical 
efficiency,  or  the  ratio  of  r/r".  This  calls  for  additional  measure- 
ments, as  described  in  Chapter  X.  It  should  also  be  remembered 
that  a  receiver,  in  ordinary  use,  is  pressed  against  the  ear  of  the 
listener,  and  is  therefore  in  an  intermediate  condition  between  free 
and  damped.  Consequently,  the  gross  efficiency  of  a  receiver  in 
the  ordinary  service  condition  is  less  than  when  free. 
Although  the  power  analysis  of  a  receiver,  deduced  as  above 
described  from  the  motional-impe- 
dance circle,  is  satisfactory  from  a 
practical  standpoint,  yet  it  is  in  a  cer- 
tain sense  a  fictitious  procedure.  When 
we  invoke  the  aid  of  hysteretic  power 
to  explain  why  a  receiver  behaves  as  a 
motor  over  that  part  of  the  motional- 
impedance  circle  where  its  motional  re- 
sistance is  negative  (from  k  to  b, 
Fig.  41),  we  are  setting  up  a  convenient 
fiction.  The  receiver  cannot  actually 
save  active  power  when  free  over  what 
it  consumed  when  damped,  and  liberate 
the  saving  in  motion.  It  is  proper, 
therefore,  to  analyze  the  actual  con- 
ditions more  strictly,  even  though  we 
do  not  employ  the  strict  analysis  in 
practical  applications. 

Power  in  a  Magnetic  Circuit.  —  It  is 
Fig.  55.     Vector  diagrams  of  R  knQwn  ^     h       [n  &  gi       le  &  _c 

power  in  electric  and  mag-  l  . 

netic  circuits.  circuit,  an  rms.  emf.  E  ab volts  in  the 
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standard-phase  direction  OE,  Fig.  55,  propels  a  rms.  current  of  I 
abamperes  in  the  phase  direction  01,  the  emf.  exerts  power  on  the 
current  which  may  be  represented  by  the  vector  OP  =  EI  abwatts 
drawn  in  the  direction  01.  The  real  part  of  this  vector  Op  is  the 
active  power  =  El  cos  a  abwatts,  and  is  the  average  rate  of  ex- 
pelling energy  from  the  circuit,  as  well  as  the  maximum  cyclic 
rate  of  active  power  development.  The  imaginary  component  pP 
is  the  reactive  power  EI  sin  a  abwatts,  and  is  the  maximum  cyclic 
rate  of  shifting  energy  from  one  part  of  the  circuit  to  another. 

In  a  similar  manner,  if  a  magnetic  circuit  has  a  rms.  mmf .  J*" 
gilberts  applied  to  it,  it  may  be  kept  in  the  standard-phase  direc- 
tion 03-.  The  rms.  magnetic  flux  0  thereby  produced,  lags  by 
an  angle  a°.  The  magnetic  current  is  the  time  rate  of  change  of 
this  flux,  which  being  assumed  as  sinusoidal,  is 


(127) 


„      8d>        . 


maxwells 

second 


This  is  a  vector  «  times  the  magnitude  of  0  and  advanced  90° 
ahead  of  0.  The  power  exerted  by  the  mmf.  J?  on  the  magnetic 
current  0  is  a  vector  in  the  direction  of  ./and  is 
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=  4^  =  JTV 
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abwatts  Z . 


This  vector  is  represented  as  O'P'  in  Fig.  55.  Its  real  component 
is  O'p'  =  (/-£"</>  sin  a)/2  abwatts,  and  is  the  active  power  expended 
in  expelling  energy  from  the  magnetic  cir-  j; 
cuit.  In  a  simple  magnetic  circuit  with 
only  a  primary  winding,  the  expulsion 
occurs  as  heat  in  hysteresis  and  eddy  cur- 
rents. The  imaginary  component  p'P'  is 
(/-F0  cos  a)/2  abwatts  and  is  reactive 
power  engaged  in  supplying  energy  to  the 
magnetic  circuit  to  the  amount  of  ^/8  th 
ergs  per  cu.  cm.,  where  32  is  the  local  in- 
stantaneous flux  density,  and  n  the  local 
permeability. 

In  Fig.  56,  following  the  above  proced- 
ure, 0^1  is  the  standard  phase  direction 
of  the  mmf.  ^  in  the  telephone  receiver, 
and  0</>j  the  phase  direction  of  the  mag- 
netic flux,  lagging  /3°  behind  Jv     Oa,  in 
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E.OXIO'1 


Abwatts 

Fig.  56.  Vector  power 
delivered  to  magnetic 
circuit  at  1028  cycles 
per  sec.  Diaphragm 
damped. 
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leading  quadrature  to  Ofa,  is  the  vector  power  delivered  to 
the  magnetic  circuit  with  the  diaphragm  damped.  At  the  refer- 
ence frequency  /  =  1028  ~,  this  power  is  9816  abwatts  or  981.6 
microwatts.  Of  this  power  Oa!  =  4196  are  consumed  thermally 
in  the  magnetic  circuit,  and  a'a  =  8875  abwatts  are  utilized  in 
storing  and  releasing  magnetic  energy. 

Figure  57  indicates  the  corresponding  vector  power  relations 
when  two  mmfs.  J*j  and  J^  are  simultaneously  impressed  on  the 
magnetic  circuit.  At  the  reference  frequency  1028  ~,  the  re- 
sultant mmf.  is  OJ*",  2.174  gilberts,  lagging  27°. 9  behind  J*j  (see 
Fig.  44).  The  displacement  mmf.  is  0&x,  1.735  gilberts,  143°.9  be- 
hind J£.  The  resultant  flux  00,  lags  0  or  25°.3  behind  Of.  The 
magnetic  current  is  OS,  90°  ahead  of  00,  or  64°. 7  ahead  of  0&. 
The  product  j0co  is  24260  Z  64°. 7  maxwells  per  second. 


Fig.  57.     Vector  diagram  of  rms.     MMFs.,  fluxes  and  resultant  currents 
in  magnetic  circuit  —  diaphragm  free. 

We  now  have  a  diagram  closely  resembling  that  pertaining  to  a 
simple  alternating-current  circuit  connecting  an  alternator  with  a 
synchronous  motor,  and  supplying  a  current  /  to  it  through  a  total 
impedance  Z.  The  mmfs.  -£j,  J^,  and  J5"  correspond  respectively 
to  the  emfs.  of  the  alternator  E,  the  motor  e,  and  of  the  circuit, 
where  E  +  e  =  IZ.  The  magnetic  current  OS  corresponds  to  the 
electric-circuit  current.  In  the  electric  circuit,  the  vector  generator 
input  is  EI,  the  motor  vector  output  is  el,  and  the  power  expended 
in  the  circuit  is  PZ  =  (E  +  e)I.  So  in  this  case,  the  vector  mag- 
netic-circuit power  input  is  P"t  —  J^/0/2  =  6438  Z  36°. 8  ab- 
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watts,  or  Ob,  Fig.  58,  the  vector  magnetic-circuit  output  is  Pm 
= . -jrx  /0/2  =  3349  Z  0°.7  abwatts  or  Oa,  Fig.  58,  and  the  power 
expended  in  the  magnetic  circuit  is  P"  =  J*/</>/2  =  4199  Z  64°. 7. 
Here  Pm  is  net  mechanical  power  defined  by  the  formula 


(128)     Pr 


xH 


xAr  +  j'(mco  -  s/co)J 


abwatts  Z 


and  P"  is  power  employed  in  sending  the  magnetic  flux  through 
the  magnetic  circuit,  according  to  the  relation 


(129) 


P"  = 


J>4> 


abwatts  Z 


(130) 


W&\ 


abwatts  Z 


Of  this  power,  1800  abwatts  are  consumed  thermally,  and  3797 
abwatts  are  utilized  for  storage.  The  square  of  the  rms.  velocity, 
re2,  being  16.74  at  /  =  1028  ~,  and  the  net  mechanical  resistance 
r  being  199  dynes  per  kine,  the  net  active  mechanical  power  Pma  is 
3332  abwatts,  which  is  in  satisfactory  agreement  with  Oa',  Fig.  58. 


Magnetic  cct:  Output 
5156 


2X10J 


Fig.  58.     Vector  diagram  of  magnetic-circuit  power  —  diaphragm  free. 

Figure  58  therefore  presents  the  formal  relations  of  magnetic- 
circuit  power  in  the  system  at  the  assigned  frequency.  The 
motional  power  is  obtained  from  the  vectors  of  Figs.  54  and  56 
through  the  relation 

(131)  P'e  =  P'\  -  Pt  abwatts  Z, 

or  the  electric   vector   power  Oa  of  the   motional-power    circle 
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(Fig.  54)  is  obtained  by  subtracting  the  damped  magnetic-circuit 
power  Pt  (Fig.  56),  from  the  free  magnetic-circuit  input  power  P"t 
(Fig.  58).  The  vector  diagram  is  given  in  Fig.  59.  The  result  is 
(132)     P'e  =  5108  \  70°.2  =  957  -  j  5018  abwatts  Z 

which  is  in  conformity  with  Oa,  Fig.  54. 


Fig.  59.     Vector  diagram  of  motional  power  in  magnetic  circuit  — 
diaphragm  free. 

Figure  60  is  a  scalar  diagram  of  the  various  powers  described 
above,  given  as  ordinates  against  impressed  frequency  as  abscissas. 
P"ma  is  the  gross  mechanical  active  power  expended  as  x2r",  and 
reaching  a  maximum  of  5827  abwatts  at  /0.  Pma  is  the  net  me- 
chanical active  power  expended  as  x2r  and  reaching  a  maximum  of 
4323  abwatts,  also  at  /0.  P'ra  is  the  displacement  power  x2r' 
and  is  the  difference  between  the  above,  or  1504  abwatts  at  /0. 
P'ea  is  the  active  electric  power  of  the  motional  circle,  reaching  a 
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maximum  of  4800  abwatts  at  a  frequency  a  little  above  1000  ~, 
and  falling  to  zero  at  about  1030  ~,  Pha  is  the  hysteretic  active 
power,  which  supplies  P"ma  when  the  electric  power  fails,  since  the 
saving  of  active  damped  power  in  the  magnetic  circuit  when  the 
diaphragm  is  freed  is  —  Pha. 

Summary  of  Data  determinable  from  the  Motional-Impedance 
Circle.  —  Summing  up  the  analysis  of  this  chapter,  it  may  be 
stated  that  the  normal  motional-impedance  diagram  of  a  tele- 
phone receiver  is  a  circle  through  the  origin  of  coordinates.  Mo- 
tional-impedance circles  of  different  receivers  differ  in  three 
particulars;  namely,  (a)  in  their  diametral  impedance  Z'0.  The 
sizes  R'0  of  these  diametral  impedances  have  been  found  to  vary 
from  about  1  ohm  in  a  low-resistance  imperfect  receiver,  to  over 
4000  ohms,  in  a  high-resistance  sensitive  instrument.  (6)  In  the 
depression  angle  2  0  of  the  circle  diameter.  This  depression 
angle  has  been  found  to  vary  from  20°  to  120°,  approximately,  in 
different  instruments,  (c)  In  the  distribution  of  frequencies 
around  the  circle,  upon  which  depend  the  value  of  the  damping 
constant  A  and  of  the  resonance  sharpness  A  of  the  diaphragm. 


900  950  1000  1050  1100  1150  1200 

Frequency  Cycles  per  Second 

Fig.  60.  Magnetic-circuit  motional-power  distribution  at  different  frequen- 
cies. P"ma,  gross  mechanical  active  output;  P'ea,  active  electric  power  in- 
creases; Pha,  change  of  active  hysteretic  power;  P'ra,  active  mechanical 
power  expended  against  r'  in  displacement;  Pma,  net  mechanical  output 
free.     P"ma  =  P'ea  -  P^  =  P'ra  +  Pma 
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From  a  measurement  of  the  d.-c.  resistance  Rx  of  a  telephone 
receiver,  and  its  motional-impedance  circle  at  a  known  testing- 
current  strength,  various  constants  of  the  instrument  can  be 
evaluated,  as  set  forth  in  Table  IX  A.     There  are  fifteen  entries 

TABLE  IX  A 
Constants  of  a  Telephone  Receiver.     Determinable  from  its 
Motional-Impedance  Circle 


Defining 

Symbol 

Name  of  Constant 

Unit 

Equation 
in  Text 

ft 

Direct-current  resistance 

ohms  or  abohms 

_ 

R\=\Z'»\ 

Diametral  resistance  of  circle 

ohms  or  abohms 

124 

R'o/Ri 

Motional-resistance  ratio 

numeric 

124 

2/3 

Depression  angle  of  circle  diameter 

degrees 

— 

13 

Lag  angle  of  magnetic  flux 

degrees 

Fig.  45 

/o 

Frequency  of  apparent  resonance 

cycles/sec. 

33,  89 

coo 

Angular  vel.  apparent  resonance 

radians/sec. 

32,89 

A 

Damping  constant  of  diaphragm 

hyps/sec 

113 

A8 

Resonance  sharpness  to  sustained  a.c. 

numeric 

205 

A0 

Resonance  sharpness  to  decaying  oscil- 

lations 

numeric 

207 

U 

Time  of  decay  in  amplitude  to  1/e 

seconds 

115 

P"m 

Gross  vector  mechanical-power  output 

abwatts 

117,  119 

Pe 

Electric  vector  power  input  to   dia- 

phragm 

abwatts 

116,  119 

Ph 

Hysteretic  vector  power  input  to  dia- 

phragm 

abwatts 

118,  119 

v"o 

Gross     efficiency    of    diaphragm    at 

resonance 

numeric 

124 

in  the  list  and  it  is  remarkable  that  so  much  information  concern- 
ing the  electrical  and  mechanical  conditions  of  a  telephone  receiver 
should  be  obtainable  by  so  simple  a  procedure.  The  fundamental 
constants  A,  m,  r  and  s  are  not  however  found  in  the  Table  and 
means  for  their  determination  are  reserved  for  the  next  Chapter. 


CHAPTER  X 

METHODS  FOR  DETERMINING  THE  FUNDAMENTAL  CONSTANTS 
OF   A   RECEIVER 

Introduction.  —  As  has  been  shown  in  the  last  chapter,  there  are 
various  quantitative  properties  or  constants  of  a  telephone  receiver 
which  can  be  evaluated  from  its  motional-impedance  circle.  The 
four  fundamental  constants  of  a  receiver  from  a  dynamical  stand- 
point are  A,  m,  r"  and  s" ,  as  already  defined.  The  data  obtainable 
from  the  motional  impedance  in  relation  to  these  four  constants 
may  be  repeated  here  for  closer  examination 

(133)  co0  =  y/s"/m  rad.  per  sec. 

(134)  A  =  r" /{2m)  hyp.  per  sec. 

(135)  Z'0  =  A2/r"  abohms  Z . 

These  three  equations  are  inadequate  to  furnish  the  values  for  the 
four  unknown  fundamental  constants  A,  m,  r" ,  and  s" ';  so  that  a 
fourth  independent  relation  must  be  supplied  from  some  other 
measurement  or  test.  A  number  of  different  methods  have  been 
either  suggested  or  tried  for  providing  the  fourth  equation;*  but 
only  two  have  been  found  to  give  satisfactory  results,  namely: 

(1)  By  loading  the  diaphragm  with  a  known  mass  at  its  center 

and  repeating  the  motional-impedance  test  in  this  condi- 
tion. 

(2)  By  measuring  the  amplitude  of  maximum  cyclic  displace- 

ment over  the  poles,  at  the  frequency  of  resonance. 
Method  (2)  is  the  one  here  advocated,  as  method  (1)  has  not  been 
found  to  give  uniformly  reliable  results. 

Method  (i)  of  Loading  the  Diaphragm. —  If,  after  the  motional- 
impedance  circle  of  a  receiver  has  been  measured  in  the  usual 
way,  the  diaphragm  is  loaded  by  fastening  a  small  concentrated 
mass  of  m'  gm.  to  the  center  with  wax,  and  the  motional-impedance 
circle  is  then  measured  afresh,  formula  (133)  becomes 


(136)  .„,  =  ^ 


rad.  per  sec, 


*  Kennelly  and  Affel,  Bibliography  58. 
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on  the  assumption  that  the  addition  of  the  load  m'  has  not  appreci- 
ably altered  the  distribution  of  amplitudes  over  the  surface  of  the 
vibrating  diaphragm;  so  that  the  equivalent  mass  m  of  the  dia- 
phragm remains  the  same  in  the  loaded  and  unloaded  states. 
This  assumption  cannot  always  be  justified,  as  the  load  tends  to 
alter  the  mass  factor.  The  smaller  the  load,  the  less  the  disturb- 
ance in  m  is  likely  to  be;*  but  with  very  small  loads  the  formulas 
become  insensitive  and  liable  to  error.  From  (133)  and  (136), 
we  find 

(137)  m--?^-,  gm. 

wo —  wor 

The  value  of  m  thus  derived,  being  introduced  into  (133),  gives  s" , 
and  introduced  into  (134)  gives  r".  Finally,  the  latter  value  of 
r"  used  in  (135)  gives  A. 

A  series  of  measurements  made  in  this  manner  on  a  standard 
bipolar  type  of  receiver  using  loads  from  0.98  to  2.998  gm.  are 
reported  in  one  of  the  papersf  already  published  on  this  subject. 
As  the  results  were  not  very  satisfactory,  they  are  not  repeated 
here.  It  seems  quite  likely,  however,  that  by  keeping  to  small 
loads  not  exceeding  0.5  gm.  say,  a  suitable  technique  could  be 
developed  with  this  method. 

Method  (2)  of  Measuring  the  Amplitude  at  Resonance.  —  Using 
formula  (96)  we  have  at  the  resonant  frequency 

(138)  IZ'o  =  Ax0  =  juoAxo  abvolts  Z 


(139)      A  =  IZ'°  =  IZ'°  =  ImZ'°  =  1  ImZ'°  I  \  8°         abvolts/ 
xo        juoxo      jWrw0      l^o^mol  kine       ' 

here  Z'0  is  the  vector  diametral  motional  impedance  at  resonance, 
Xo  is  the  rms.  amplitude  of  the  diaphragm  over  either  pole  at 
resonance,  Im  =  V2  /  the  maximum  cyclic  current  at  standard 
phase  or  zero  slope  and  xm0  =  V2  x0  the  maximum  cyclic  ampli- 
tude at  resonance.  The  rms.  resonant  velocity  xm0  is  taken  as 
lagging  8°  behind  /,  the  measured  rms.  testing  current;  so  that 
the  slope  of  A  is  —  8°.  If  we  can  measure  xm0,  we  can,  after  ob- 
taining Z'0  and  coo  from  the  motional-impedance  circle,  determine 

*  Dr.  R.  L.  Jones  has  reported  having  obtained  satisfactory  results  with  this 
method  of  loading  in  cases  where  the  total  added  mass  m  did  not  exceed  0.3  gm. 
t  Bibliography  58,  pages  438-442. 


FUNDAMENTAL    CONSTANTS  117 

the  value  of  the  vector  force  factor  A,  expressed  either  in  abvolts 
per  kine,  or  in  dynes  per  abampere.     Then  from  (98),  we  have 

(140)  r"  =  ~=  ~T^>  dynes  Per  kine- 

This  gives  the  gross  mechanical  resistance  of  the  diaphragm 
to  motion,  in  terms  of  the  force  factor  A  and  the  diametral  vector 
motional  impedance  Z'0.  Since  the  slopes  of  A2  and  Z'0  are  each 
equal  to  —  2  0°,  their  ratio  is  the  real  quantity  r" . 

Next  using  (113)  and  (134),  after  finding  A  from  the  motional- 
impedance  circle,  we  have 

(141)  m  =  —  gm. 

Finally,  by  (89)  or  (133),  having  identified  w0  from  the  diametral 
angular  velocity  of  the  motional-impedance  circle,  we  find 

/i  *o\  //  9  dvnes 

(142)  s    =  wa>o2  — 

cm. 

The  four  last  equations  completely  determine  the  four  funda- 
mental dynamic  constants  of  the  receiver. 

We  may  now  proceed  to  evaluate  the  subsidiary  constants  X,  p, 
N',  r' ,  r,  s  and  £?o.  We  first  ascertain  the  total  number  of  turns 
A7  in  the  winding  of  the  receiver.  Then,  from  the  damped-impe- 
dance  diagram  Fig.  34,  we  draw  in  the  vector  reactance  Jf,  making 
an  angle  0  with  the  OX  axis.  The  angle  /3  can  be  found  from  the 
graph  of  the  damped  impedance,  Fig.  33,  using  the  slope  of  the 
tangent  at  resonance;  or  better  still,  by  taking  half  the  depression 
angle  ROP  of  the  motional-impedance  diameter  Fig.  38.  This 
gives  the  mean  vector  inductance  X  from  the  relation 

(143)  X  =  —  abhenries  Z . 

CO 

It  must  be  remembered  that  this  relation  is  only  true  to  a  first 
approximation,  owing  to  the  secondary  effects  of  frequency  change 
on  the  magnetic  circuit,  and  that,  as  shown  by  comparing  Tables 
VIII  and  IX,  there  will  be  some  discrepancies  between  the  ob- 
served values  of  impedance  and  those  computed  from  JC  and 
Fig.  35.     We  then  have,  by  (77), 

.-..X  A  abamperes 

(144)  v  =  x         -^ — 
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Since  A  and  =^have  the  same  slope,  p  will  be  a  real  quantity.    The 
equivalent  number  of  turns  N'  from  (74)  is 

(145)  N'  =  pN. 

We  can  then  use  (82)  to  find  r',  the  virtual  resistance  to  displace- 
ment at  resonance: 

(146)  r,  =  m^      ^. 

Since  only  real  quantities  appear  on  the  right  hand  of  this  equation 
r'  is  also  a  real  quantity. 

Neglecting  changes  in  r'  due  to  change  in  w,  we  then  have, 
from  (81), 

//        /  dynes 

(147)  r~r"-r'  -^- 

The  virtual  stiffness  coefficient  of  displacement  s'  may  now  be 
found  from  (83) ;  and  using  this  value,  we  find 

,,   ,     ,  dynes 

(148)  s  =  s"  +  s'  -£_. 

The  normal  permanent  magnetic  flux  density  in  the  air  gaps  is 
found  from  (73)  and  (74) 

(149)  JSb  =  2  irpN  gausses. 

The  Amplitude  Measurer.  —  One  amplitude  measurer,  i.e., 
the  amplitude  explorer  of  Figs.  7,  8,  and  9,  has  already  been  de- 
scribed. This  instrument,  however,  is  not  only  needlessly  elabo- 
rate for  the  purpose  of  finding  the  amplitude  over  the  poles,  but 
also  has  the  disadvantage  of  requiring  the  cap  to  be  removed  from 
the  diaphragm  under  test.  A  simpler  and  more  convenient  form 
of  optical  amplitude  measurer  is  shown  in  Figs.  61  and  62. 

Strictly  speaking,  the  amplitude  of  diaphragm  vibration  should 
be  measured  over  one  or  both  of  the  poles;  but  in  practice  it  is 
convenient  and  practicable  to  measure  the  amplitude  at  or  near 
the  center  of  the  diaphragm  in  the  middle  of  the  cap  opening. 
The  error  involved  is  probably  small. 

A  minute  triangular  mirror  M,  Fig.  61,  of  thin  silvered  glass, 
about  1  mm.  in  length  of  edge,  is  fastened  by  shellac  or  hard  wax, 
at  about  its  geometric  center,  to  a  little  phosphor-bronze  strip, 
about  4  mm.  long.  The  strip  is  soldered  at  each  end  to  the  elastic 
prongs  of  a  brass  fork,  as  shown.     This  strip  should  be  fixed  with 
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Fig.  61.     Amplitude  measurer. 


Fig.  62.     Photographic  view  of  amplitude  measurer  applied  to  a  telephone 
receiver. 
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sufficient  tension  to  make  sure  that  the  mirror  fastened  thereon 
will  have  a  suitably  high  natural  frequency  of  vibration,  so  that  it 
will  keep  in  contact  with  the  vibrating  diaphragm  to  which  it  is 
applied.  If  the  strip  is  too  slack,  the  triangular  mirror  will  not 
keep  in  contact  with  the  rapidly  vibrating  diaphragm,  and  partake 
of  all  its  up  and  down  motions.  The  brass  fork  R  is  supported 
in  a  frame  on  a  bridge  F  fastened  securely  to  the  receiver  cap.  A 
fine-thread  screw  A,  working  in  the  collar,  against  the  pressure  of 
the  spiral  spring  shown,  enables  the  fork  R  to  be  advanced  or  with- 
drawn, without  twisting,  through  a  short  distance  perpendicularly 
to  the  surface  of  the  diaphragm.  The  milled-head  screw  A  carries 
a  pointer,  over  the  surface  of  a  stationary  graduated  semi- 
circular scale  S.  By  giving  to  the  screw  an  observed  number  of 
degrees  of  twist,  the  distance  of  advance  of  the  fork  and  stirrup 
can  be  readily  found,  from  the  pitch  of  the  screw.  In  the  instru- 
ment shown,  the  screw  has  24  threads  to  the  inch;  so  that  one  turn 
=  1.06  mm.  The  position  of  the  pointer  on  the  scale  S  can  be 
read  easily  to  1/2°  and  estimated  to  1/10°.  A  half  degree  ad- 
vances the  fork  and  strip  1.06/720=  1.47  n,  and  an  estimated 
tenth  degree  =  0.29  m;  so  that  the  advance  of  the  strip  carrying 
the  mirror  can  be  estimated  to  a  fraction  of  a  micron. 

One  of  the  triangular  points  of  the  mirror  M  is  brought  into 
contact  with  the  diaphragm,  in  such  a  manner  that  the  phosphor- 
bronze  strip  is  thereby  twisted  at  its  center,  through  an  angle 
of  say  45°.  This  twist  supplies  a  suitable  couple  of  forces  to  the 
mirror,  so  that  it  will  tend  to  keep  in  contact  with  the  diaphragm. 
The  exact  angle  of  contact  fortunately  does  not  need  to  be  known; 
nor  does  the  geometry  of  the  strip  and  mirror  come  into  the  analy- 
sis, provided  that  the  strip  is  suitably  taut. 

Technique  for  Measuring  the  Amplitude  at  Resonance.  —  The 
amplitude-measurer  frame  is  fastened  to  the  receiver  in  the 
general  manner  indicated  in  Fig.  62,  but  not  specifically  as  there 
shown.  As  was  found  by  unfortunate  experience,  and  as  will  be 
described  in  Chapter  XII,  it  is  objectionable  to  have  the  clamping 
pressure  of  the  frame  brought  on  to  the  cap  at  two  opposite  screw 
feet,  as  is  indicated  in  Fig.  62.  It  is  important  that  the  clamping 
pressure  should  be  distributed  around  the  cap  by  the  insertion  of  a 
pair  of  brass  clamping  rings,  one  below  and  the  other  above  the 
edge  of  the  cover.  The  clamping  screws  then  press  these  rings 
together,  and  the  rings  distribute  the  pressure  around  the  cover. 
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The  receiver  with  clamped  amplitude-measurer  is  now  supported 
fairly  rigidly  on  one  side,  as  in  Fig.  62,  so  that  a  beam  of  light  from 
an  arc  lamp  may  fall  on  the  little  mirror  M,  and  be  reflected  thence 
to  a  graduated  scale  at  a  distance  of  not  less  than  1  meter.  The 
path  of  the  beam  is  indicated  in  broken  lines  in  Fig.  61.  It  is 
convenient  to  mount  the  entire  apparatus  in  a  sound-reducing 
chamber  with  padded  walls,  and  to  keep  this  chamber  darkened 
during  the  measurements.  The  reflected  beam  of  light  is  then 
brought  to  the  center  of  the  graduated  scale,  after  the  mirror  M 
has  been  advanced  by  the  screw  A  into  suitable  contact  with  the 
diaphragm  D.  The  adjusted  and  measured  alternating  testing 
current  is  then  admitted  to  the  coils  of  the  instrument,  and  the 
diaphragm  is  allowed  to  vibrate  under  its  influence;  this  causes  the 
reflected  beam  of  light  to  expand  into  a  luminous  band  on  the 
graduated  scale.  The  distant  edges  of  this  band  can  be  made 
distinct  by  attending  to  the  optical  system.  With  (say)  2  milli- 
amperes  passed  through  a  receiver  of  the  75-ohm  type,  the  band 
is  likely  to  be  very  small,  even  with  a  magnification  factor  of  10,000, 
except  near  resonance,  when  it  rapidly  widens.  By  careful  adjust- 
ment, the  frequency  of  the  testing  current  is  varied  until  the 
band  of  light  reaches  its  maximum  length,  which  is  then  recorded. 
Half  this  length  is  taken  as  the  resonant  luminous  amplitude. 

The  testing  current  is  now  cut  off,  and  the  spot  of  light  is  brought 
to  rest  on  the  graduated  scale.  The  instrument  has  now  to  be 
calibrated.  This  is  done  by  successively  advancing  the  screw 
through  a  few  short  distances,  as  measured  by  the  position  of  the 
pointer  P.  This  causes  the  spot  of  light  on  the  scale  to  be  dis- 
placed by  corresponding  successive  shifts.  A  calibration  curve  is 
then  plotted  between  spot  displacements  on  the  scale,  versus 
advances  of  the  screw  A.  It  is  clear  that  the  deflection  of  the  spot 
of  light  on  the  scale  is  due  to  the  relative  motion  of  the  toe  of  the 
mirror  M  on  the  diaphragm  and  the  phosphor-bronze  strip  which 
holds  it.  When  the  alternating  current  is  brought  to  resonance, 
the  diaphragm  moves  the  toe  of  the  mirror  cyclically  through  the 
distance  xm  cm.  and  produces  a  certain  measured  luminous  deflec- 
tion, the  phosphor-bronze  strip  and  fork  F  being  kept  fixed.  In 
the  calibration  test,  the  screw  is  advanced  in  a  succession  of  dis- 
placements xc  cm.  with  the  diaphragm  kept  fixed,  and  a  series  of 
measured  luminous  deflections  is  secured.  Thus  the  resonant  value 
of  Xno  can  be  evaluated  against  the  calibrated  displacement  xc. 
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The  pressures  exerted  by  the  toe  of  the  mirror  M  on  the  dia- 
phragm are  ordinarily  less  than  100  dynes  at  maximum  cyclic 
displacement.  This  pressure  adds  to  the  gross  frictional  resist- 
ance r",  and  tends  slightly  to  reduce  the  amplitude  of  vibration. 
'Consequently,  the  amplitude  is  likely  to  be  a  little  less,  for  a  given 
testing-current  strength,  with  the  amplitude-measurer  applied, 
than  with  the  diaphragm  free.  This  source  of  error  can  be  elimi- 
nated, however,  by  repeating  an  electric  measurement  of  the 
motional  impedance  at  resonance,  after  the  amplitude-measurer 
has  been  applied.  If  the  vibration  amplitude  is  reduced  (say) 
5  per  cent  by  the  pressure  of  the  mirror;  then  the  diametral  mo- 
tional impedance  Z'0  will  also  be  reduced  5  per  cent.  The  proper 
correction  for  xm0  freed,  can  be  obtained  in  this  manner  without 
repeating  the  whole  series  of  free-impedance  tests. 

The  strip  usually  stands  well  up  to  its  duty  for  some  time; 
but  the  test  is  severe  on  the  little  exploring  mirrors.  They  are 
apt  to  break  in  service,  especially  during  the  a.-c.  applications. 
It  is  desirable  to  have  additional  mirrors  in  reserve. 

Experimental  Comparisons  of  Velocity  and  Motional  Impedance. 
—  We  have  already  seen  in  formula  (96)  that  the  motional 
impedance  at  any  impressed  frequency  is  directly  connected  with 
the  vibrational  velocity  by  the  relation 

A  A 

(150)  Z'  =  j  •  x  =  ju  j  •  x  abohms  Z 

A  A 

(151)  =  j-  •  xm  =  jio  =-  ■  zm  abohms  Z . 

Lm  *-m 

This  means  that  the  size  of  the  motional  impedance  at  any  im- 
pressed frequency  is  directly  proportional  to  the  velocity,  and  also 
to  co  times  the  maximum  cyclic  displacement  xm.  If,  therefore, 
we  observe  xm  as  well  as  Z',  in  a  series  of  free  and  damped  impe- 
dances, and  if  our  theory  is  correct,  when  we  plot  the  scalar  uxm,  or 
inferred  maximum  cyclic  velocity,  against  frequency,  we  should 
obtain  the  same  curve  as  that  found  by  plotting  the  size  of  Z' 
against  frequency.  This  has  been  done  satisfactorily  with  two 
different  receivers.  One  set  of  results  is  indicated  in  Fig.  63. 
Here  the  upper  curve  is  the  graph  of  the  observed  motional-im- 
pedance size,  at  different  frequencies  between  400  ~  and  1500  ~, 
for  a  particular  bipolar  receiver  described  as  B.  The  lower  curve 
joining  the  black  dots  is  the  graph  of  the  inferred  corresponding 
i  velocities  uxm  from  measurements  of  xm.     The  little  white  circles 
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on  or  near  this  curve  indicate  what  the  graph  should  be  if  the 
proportionality  to  the  motional  impedance  by  formula  (151)  were 
strictly  maintained.     The  agreement  is  seen  to  be  satisfactory. 
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Fig.  63.     Resonance  curves  of  diaphragm  velocity  and  motional  impedance, 
for  receiver  B. 

The  same  results  are  also  indicated  in  the  motional-impedance 
diagram  of  receiver  B  in  Fig.  64.  Here  the  vector  motional  im- 
pedances Z'  are  shown  at  or  near  the  circular  locus.  The  cor- 
responding inferred  velocities  wxm  are  also  shown  lying  on  a  smaller 
circular  locus.  The  phases  of  these  velocities  were  not  observed 
in  this  case,  but  are  taken,  for  comparison,  as  coincident  with  the 
phases  of  Z',  the  corresponding  motional  impedance.  Actually 
(151)  shows  that  the  phase  of  xm  should  lie  /3°  ahead  of  Z' . 

Table  X  gives  the  particulars  for  four  different  receivers,  A,  B, 
C,  and  D,  analyzed  at  about  the  same  time  by  the  same  observer 
(Mr.  Affel)  with  the  motional-impedance  method.  Of  these,  A  and 
B  were  tested  in  two  different  ways,  namely,  by  the  technique  de- 
scribed in  this  chapter,  measuring  the  polar  amplitude  xmn  at  reso- 
nance, and  also  by  finding  the  amplitude  distribution  over  the  dia- 
phragm at  resonance,  with  the  explorer  described  in  connection  with 
Figs.  7,  8,  and  9.  The  equivalent  mass  m  and  the  corresponding 
equivalent  mass  factor  m/M  was  thus  obtainable  in  two  different 
ways.  As  shown  in  Table  X,  the  agreement  between  them  is  to  8  per 
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TABLE  X 
Data  Secured  on  Particular  Receivers     (Affel) 


Receiver  Number 

A 

B 

C 

D 

Type 

Bell  Bip. 

Bell  Brp. 

Bell  Bip. 

Watch 
Case  Bip. 

Data 

Area  of  each  Pole  cm.  X 

cm 

1.14  X  0.199 

1.40X0.225 

1.14  X  0.199 

1.15  X  0.18 

Distance  separating 

poles  cm 

0.686 

0.85 

0.686 

1.10 

External  diam.  of  diaph. 

cm 

5.52 

5.40 

5.52 

5.57 

Diameter  of   clamping 

circle  cm 

5.00 

4.94 

5.00 

4.95 

Thickness  of  diaphragm 

over  japan  cm.       .     . 

0.0399 

0.031 

0.031 

0.0244 

Wt.  of  diaphragm,  gm.  . 

5.979 

4.1S1 

4.397 

3.365 

Direct-current  Resistance 

of  coils,  ohms  at  20°  C. 

87.1 

73.0 

86.7 

1079 

Test  Data 

Temperature    of    Test 

Deg.  C 

26.7° 

27.8° 

20° 

20° 

Current  through  Rec. 

abamps.  rms.  I      .     . 

0.000  202 

0.000  200 

0.000  204 

0.000  116 

Resonant  Freq.  of  Rec. 

eye. /sec. /o        .     .     . 

993 

1020.4 

1015 

898.5 

Resonant  Ang.  Vel. 

rad/sec.  w0    •     ■     •     • 

6240 

6412 

6378 

5646 

Motional-Impedance 

Circle    diameter    ab- 

ohms.     R'u  .     .     .     . 

80.2  X  109 

70  X  109 

140  X  109 

367  X  109 

Max.  Amplitude  of  Reso- 

nance  cm.  X  10~4 

(Microns).    xm .     .     . 

7.53 

7.19 

10.35 

6.64 

Velocity    of    Diaph.   at 

Resonance  cm. /sec. 

(max.  cyclic).    xm  .     . 

4.70 

4.62 

6.6 

3.75 

Decrement    per    sec.  A 

(Mean) 

61.2 

236 

149 

356 

Calculated  Data 

Equivalent    Mass    of 

Diaph.  m,  (gms.)  .     . 

2.41 

0.557 

0.902 

0.986 

Equivalent  Mass  Factor 

0.49 

0.17 

0.245 

0.387 

Equivalent     Mass  Fac- 

tor   by     Exploration 

Method 

0.53 

0.18 

Equivalent     Elasticity, 

s",  dynes  per  cm.  .     . 

94.0  X  10s 

22.9  X  10fi 

36.7  X  106 

31.44  X  10* 

Equivalent   Diaph.  Re- 

sistance r",  dynes  per 

kine 

295 

262.3 

268 

702 

per  abampere    .     .     . 

4.87  X  106 

4.28  X  106 

6.12  X  106 

16.05  X  106 

Mean  Angle  of  Lag  0  de- 

grees    

29.7 

37.3 

25.3 

37.0 
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cent  in  the  case  of  A,  and  to  6  per  cent  in  the  case  of  B,  which  may 
be  considered  satisfactory.     In  both  cases,  the  mass  factor  by  ex- 
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Fig.  64.     Motional  impedance  and  maximum  cyclic  velocity,  receiver  B. 

ploration  of  amplitudes  was  the  greater.  In  measuring  small 
amplitudes  near  the  edge  of  the  diaphragm  by  the  optical  method, 
there  is  often  a  tendency  to  overestimate  them,  and  so  to  raise  the 
apparent  average  amplitude  square  and  equivalent  mass.     Of  the 
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two,  the  motional-impedance  and  single  polar-amplitude  method 
is  probably  the  more  reliable.  The  instrument  designated  as  C  in 
Table  X  is  the  one  which  has  had  its  behavior  more  fully  analyzed 
in  this  and  preceding  chapters,  in  connection  with  Figs.  33  to  64. 
The  computed  data  for  this  instrument  are  recorded  in  Table  XI, 
which  is,  in  the  case  of  C,  an  extension  of  Table  X. 
TABLE  XI 

Collected  Numerical  Data  Concerning  the  Analyzed  Receiver 

Mechanical  Data 

Dimensions  of  each  polar  surface,  cm.  X  cm 1.14  X  0.199 

Area  of  each  polar  surface,  S  sq.  cm 0.227 

Distance  separating  poles,  cm 0.686 

Diameter  of  diaphragm,  cm 5.52 

Diameter  of  clamping  circle,  cm 5.0 

Thickness  of  diaphragm  over  japan,  cm 0.031 

Gross  weight  of  diaphragm,  gm 4.40 

Net  weight  of  diaphragm  (within  clamping  circle),  M  gm.  3. 68 

Approx.  number  of  turns,  including  both  spools,  N     .     .  1300 

Length  of  mean  flux  path  in  perm,  magnet,  excluding  pole 

pieces,  L  cm 18.5 

Electrical  Test  Data 

D.  C.  resistance  at  20°  C,  R,  abohms 

Vector  inductance  at  resonant  frequency,  jC§  abhenries  Z 
Testing  current  in  receiver  winding,  /  rms.  abamperes 
Frequency  of  apparent  resonance,  /0  cycles  per  sec.     .     . 
Angular  vel.  of  "  "         w0  radians  per  sec. 

Size  of  motional  impedance  circle  diameter,  R'0  abohms 
Slope  of         "  "  "  "         2/3  degrees   . 

Slope  of  permeance  at  resonance,  /?  degrees 

Max.  eye.  vibration  amplitude  at  resonance,  xm0  cm. 
Effective  "  "  "         "  x0    rms.  cm. 

Max.  eye.  velocity  of  diaph.  center  at  resonance,  xmQ  kines 
Effective         "        "      "  "      "  "         *o       " 

Quadrantal  frequencies,  .A  f2  cycles  per  sec 

Quadrantal  ang.  velocities,  «i  a>2  radians  per  sec.  .  .  . 
Damping  factor  of  diaphragm.  A  hyps,  per  sec.  .  .  . 
Resonant  Sharpness  A0  =  a>0  /-^  numeric        

Computed  Electromagnetic  Data 
Vector  force  factor,  A  dynes  per  abampere  £ ,  or  abvolts 

per  kine  Z 

Equivalent  polar  mass,  mi  gm 

Mass  factor,    ni\/M  numeric 

Gross  elastic  coefficient  of  diaphragm,     s"  dynes  per  cm. 
Virtual        "         "           "  displacements'     "       "     " 
Net          "             "           "  diaphragm,     s       "       "     " 
Gross  mechanical  resistance  of  diaphragm,  r"  dynes  per  kine 
Virtual      "                 "           "  displacement,  r'    "       "       " 
Net            "                 "           "diaphragm,      r     "       "       " 
Equivalent  No.  of  turns  per  cm.  of  displacement,  N'  gil- 
berts per  cm 

Ratio  of  numbers  of  turns,  p  =  N'/N  abamperes  per  cm 
Equivalent  mmf.  of  permanent  magnet,  J*"0  gilberts    . 
Total  useful  polar  flux,  $0  maxwells  per  pole      .     . 
Average  useful  polar  flux  density,  «25b  gausses     .     . 


86.7  X  109 

3.65  X  107  \25°.3 

2.04  X  10-" 

1015 

6378 

140  X  109 

-  50°.6 

-  25°.3 

10.35  X  10-" 

7.32  X  10-" 

6.6 

4.66 

991,  1039.5 

6227,  6532 

149 

42.8 

6.12  X  106  \  25°.3 

0.902 

0.245 

36.7  X  10s 

0.928  X  106 

37.63  X  106 

268 

68.8 

199 

218 

0.168 

181 

311 
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0.5*2  Z  25°.3 

1.71  s  \  25°.3 

3.334  Z  0° 

5.73  \ 

25°.3 

2.50  X 

25°.3 

1249  \ 

25°.3 

0.544 

0.74 

0.40 

Equivalent  magnetic  reluctance  of  entrefers,  ^?0  oersteds 

Equivalent  magnetic  permeance,  ^o  (oersteds)-1    .     .     . 

Effective  mmf.  of  testing  current  I,  J*i  rms.  gilberts  . 

Effective  flux  in  mag.  cet,  due  to  current  /,  <fa  rms.  max- 
wells  

Effective  flux  density  in  entrefers  due  to  Current  /,  ^ 
rms.  gausses 

Tractive  force  on  diaphragm  due  to  current  /,  Ft  dyneS 
vmf.  rms 

Gross  efficiency  of  receiver  at  resonance,  -q"  =  R'o/R" 
=  140/257.3,  numeric 

Mechanical  efficiency  of  diaphragm  at  resonance,  tj'o  = 
r/r"  numeric        

Net  efficiency  of  receiver  at  resonance,  tj0  =  v'o  •  v"o 
numeric 


TABLE  XI  A 

Data  Computed  for  the  Frequency  of  1028  ~  with  the  Testing  Cur- 
rent of  2.04  Milliamperes.    «  =  6458 

Effective  mmf.  due  to  testing  current,  J^  rms.  gilberts  Z     .  3.334  Z  0° 

Effective  mmf.  due  to  displacement,  J*x  rms.  gilberts  Z  .  .  1.735  \  143°. 9 
Effective  resultant  mmf.  vector,  •/*"=  J*i  -\-  &x  rms.  gilberts  Z  2.174  \  27°.9 
Effective  flux  in  magnetic  circuit  due  to  current  /,  <f>t  rms. 

maxwells  Z 5.73  ^  25°.3 

Effective  flux  in  magnetic  circuit  due  to  displacement,  <$>x 

rms.  maxwells  Z        2.98  \  169°.2 

Effective  resultant  flux  vector  in  mag.  circuit,  <t>  =  <fo  +  <j>x 

rms.  maxwells  Z 3.757  \  53°.2 

Effective  resultant  magnetic  current,  y  =  <f>  rms.  maxwells 

per  sec.  Z 24260  Z  64°.7 

Gross  mechanical  impedance  of  diaphragm,  z"  =  r"  +  jx" 

dynes  per  kine  Z 268  +j  146  =  305.2  Z  28°.6 

Net  mechanical  impedance  of  diaphragm,  z  =  r  +  jx  dynes 

per  kine  Z       ...........  199  +)"  2.5  =  199      Z  0°.7 

Effective  diaphragm  velocity,  x  rms.  kines 4.091  X  10~4 

Mean  square  of  diaphragm  velocity,  x-  kines2 16.74 

Net  mechanical  output,  Pm  =  &x-4>/<iir  =  x2z  abwatts  Z 

3349  +j"40  =  3349  Z  0°.7 
Power  expended  in  magnetic  circuit,  diaphragm  free, 

p"  =  jr.  ^/4„-  abwatts  Z 1795  +  j  3797  =  4199  Z  64°.7 

Magnetic-circuit   power  input,   diaphragm  free, 

P"i  =  JF,.^/4ir  abwatts  Z 5156  4-;'  3856  =  6438  Z  36°.8 

Magnetic-circuit  power  input,  diaphragm  damped, 

Pi  =-?V0i/47r  abwatts  Z 4196  +  j 8875  =  9816  Z  64°.7 

Electric  power  of  motional-power  circle,  Pe  abwatts  Z 

957  -i5018  =  5108  \  79°.2 
Hysteretic  power  of  motional-power  circle,  Ph  2  sin  /3  abwatts  Z 

=  0.855  X  5108  \  143°.9       ....    -  3537  -J2591  =  4369  \  143°.9 
Gross  mechanical  output  motional-power  circle, 

pm"  =  pe>  -  ph.2  sin  0  =  x2z"  .     .     .     .     4484  —j 2445  =  5108  ^  28°.6 

With  reference  to  other  windings  of  same  useful  volume  but 

different  resistance 

Motional-impedance  Ratio  Z'0/^u_numeric  Z 1.62  \  50°.6 

Unit-resistance  force  factor  A/VRh   dynes  X  abohms^/ab- 

volts  Z       20.8  \  25°.3 
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Effect  of  Size  of  Wire  in  Receiver  Winding  on  Receiver  Con- 
stants. —  If  the  coils  of  a  given  telephone  receiver  are  allotted  a 
fixed  volume  or  winding  space,  we  may  consider  the  effects  pro- 
duced by  filling  this  winding  space  with  different  sizes  of  insulated 
wire.  If  the  ratio  of  bare  to  insulated  wire  diameters  is  variable, 
the  matter  becomes  very  complicated.  The  matter  is  greatly 
simplified,  however,  if  we  make  the  assumptions  —  which  are 
justifiable  as  first  approximations  over  a  certain  range  of  wire  sizes 
—  that  the  ratio  of  bare  to  insulated  wire  diameters  remains  con- 
stant, and  that  the  unfilled  space  in  the  winding  also  remains 
constant.  Under  these  assumptions,  the  volume  and  weight  of 
copper  in  the  winding  space  will  remain  unchanged;  although  the 
size  of  wire,  number  of  turns,  and  d.-c.  resistance  of  the  winding 
may  be  suitably  varied. 

Under  these  conditions,  if  we  reduce  the  wire  diameter  one-half, 
the  total  number  of  turns  N  will  be  quadrupled,  and  the  d.-c. 
resistance  R\,  at  constant  temperature,  will  be  increased  sixteen 
fold.  If  we  neglect  changes  in  electric  skin-effect,  or  a.-c.  density, 
over  the  cross-section  of  the  wire,  as  the  diameter  is  changed,  the 
a.-c.  resistances  of  the  winding  will  be  also  increased  sixteen  fold. 
The  effect,  with  constant  current  /,  will  be  to  increase 

N,  A,  &t,  x,  x  and  <j>u 
each  four  times,  leaving 

J*"o,  1R,  P,  f?,  r,  r',  r",  s,  s',  s",  m,  and  (3 
unchanged.     The  quantities 

£,  X,  JT,  Z,  Z'0,  Pe,  and  Pm 
will  all  be  increased  sixteen  times  (neglecting  variations  in  r')  or  in 
direct  proportion  to  the  d.-c.  resistance.  Consequently,  the  ratio 
of  net  active  mechanical  power  output  x2r  to  the  d.-c.  power-loss 
PR  i  will  remain  substantially  unchanged  for  all  values  of  R  i 
within  the  range  for  which  the  assumption  of  constant  copper  in  the 
winding  space  holds  true.  On  this  theory,  changing  the  winding 
of  a  receiver,  other  things  remaining  the  same,  increases  both  the 
gross  and  net  mechanical  output  in  proportion  to  the  resistance, 
for  a  fixed  exciting-current  strength  /;  but  for  a  given  amount  of 
PRi  d.-c.  power-loss  in  the  winding,  these  outputs  remain  sub- 
stantially constant. 

Impedance  Ratio  and  Efficiencies.  —  Since  Z'0,  the  maximum 
or  diametral  value  of  the  vector  motional-impedance  increases, 
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according  to  this  theory,  directly  with  the  d.-c.  resistance  of  the 
winding,  the  motional-impedance  ratio  (at  resonance)  Z'Q/R] 
should  be  constant.  This  motional-impedance  ratio  is  an  impor- 
tant characteristic  of  a  receiver.  For  receivers  of  the  same  resist- 
ance, since  we  have,  by  (139), 

(152)  .f o  =  -7  ■  Z'0  kines  Z , 

the  resonant  vibratory  velocity  that  can  be  imparted  to  the  dia- 
phragm over  the  poles  is  proportional  to  the  resonant  values  of 
the  motional  impedance  for  constant  excitation.  It  follows  that 
where  maximum  velocity  at  a  single  and  resonant  frequency  is 
desired,  the  size  of  the  diametral  motional  impedance  is  a  criterion 
of  the  sensibility  of  the  receiver.  With  receivers  of  different  re- 
sistance, the  ratio  of  R'o/Ri,  or  motional-resistance  ratio,  is  to  a 
first  approximation,  a  comparative  criterion  of  the  same  kind.  In 
making  the  tests,  the  testing-current  should  be  preferably  in- 
versely as  the  square  root  of  the  d.-c.  resistance,  i.e.,  by  assump- 
tions given  above,  inversely  as  the  number  of  turns  in  the 
windings.  This  will  keep  the  a.-c.  mmf.  J^  the  same  in  instru- 
ments of  the  same  construction  but  of  different  windings,  and  will 
keep  the  a.-c.  density  in  the  wire  the  same.  In  the  case  of  receiver 
C,  the  motional-impedance  ratio  was  140  \  50°.6  -J-  86.7  Z  0° 
=  1.62\50°.6. 

The  force  factor,  as  we  have  seen,  increases  as  the  square  root  of 
the  resistance  in  instruments  of  the  same  construction  that  differ 
only  in  size  of  wire.  In  such  instruments,  the  force  factor  may  be 
divided  by  the  square  root  of  the  d.-c.  resistance,  in  order  to  bring 
it  to  a  comparative  basis,  namely,  the  force  factor  for  unit  resist- 
ance, or  the  force  factor  in  an  ideal  instrument  that  had  one  ab- 
ohm  of  d.-c.  resistance.  In  the  case  of  instrument  C,  this  unit- 
resistance  force  factor  would  be 

6.12  X  106\25°.3  -h  V86.7  X  109Z0° 

=  6.12  X  10°  \25°.3  -r-  2.945  X  105  Z  0° 
=  20.8  \  25°.3 

Similarly,  from  (149),  the  ratio  p  in  a  given  instrument  should 
vary  inversely  as  the  square  root  of  the  d.-c.  resistance,  or  inversely 
as  the  number  of  turns  in  the  winding.  The  equivalent  number  of 
turns  N'  should,  by  (145),  be  independent  of  the  size  of  wire  in 
the  winding.     The  displacement  resistance  r',  by  (82),  should  be 
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unaffected  by  the  size  of  wire  according  to  our  theory.  Con- 
sequently the  mechanical  efficiency  at  resonance, 

v'o  =  -77 , 

should  be  likewise  unaffected.  By  the  same  reasoning,  neither 
the  gross  efficiency  at  resonance, 

„   _  R'o 

v  °~r;> 

nor  the  net  efficiency,  r?0  =  v'ol"o,  should  be  affected,  to  a  first 
approximation,  by  changing  the  size  of  wire. 

It  may  be  observed  from  Fig.  48  that  the  gross  efficiency  at 
resonance  tends  to  be  increased  by  an  increase  in  the  lag  angle  /3°, 
other  quantities  remaining  constant.  The  value  of  /3°  is  commonly 
in  the  neighborhood  of  30°;  but  it  has  been  found  to  exceed  54° 
in  at  least  one  case.  Cases  have  been  reported  in  which  the  gross 
efficiency  at  resonance  exceeds  1.0.  The  net  efficiency  cannot,  of 
course,  reach  1.0,  even  at  resonance,  and  it  usually  falls  off  rapidly, 
as  the  resonant  frequency  is  departed  from.  The  motional- 
impedance  circle,  as  we  have  already  seen,  always  indicates 
apparent  gross  or  resonance /o",  as  affected  by  the  displacement 
force  fx,  and  gives  a  gross  efficiency  V-  The  net  values  can  only 
be  found  by  reduction. 

Amplitude  Measurer  for  Increased  Precision.  —  Figure  65  gives 
a  plan,  side  elevation,  and  end  elevation  of  an  amplitude  measurer 
of  greater  sensitiveness  and  precision  than  that  obtainable  with  the 
instrument  already  described  in  connection  with  Figs.  61  and  62. 

A  light  rectangular  brass  frame  FF,  F'F',  is  pivoted  on  a  vertical 
axis  through  steel  points  pp.  A  brass  strap  QQ,  fastened  across 
the  frame,  supports  the  brass  stirrup  by  the  clamp  screw  B.  The 
tension  on  the  phosphor-bronze  strip  rr  (6.7  mm.  long,  0.28  mm. 
wide,  and  0.02  mm.  thick)  is  capable  of  being  adjusted  by  the 
screw  C.  This  strip  carries  the  triangular  mirror  m,  about  0.7 
mm.  in  length  of  edge,  0.15  mm.  thick,  and  weighing  about  0.7  mg. 
The  receiver  to  be  tested  is  not  shown  in  Fig.  65,  but  screws  W  are 
indicated  for  securing  the  receiver  on  to  the  base,  with  its  axis 
horizontal.  The  tip  of  the  mirror  m  is  presented  to  the  diaphragm 
near  the  center  and  over  a  pole.  It  is  brought  into  contact  with 
the  diaphragm  by  the  use  of  the  screw  A,  with  19  threads  per  cm. 
The  index  arm  P  moves  over  a  circular  scale,  partly  indicated  in 
the  side  elevation,  and  divided  to  single  degrees. 
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The  optical  system  used  with  this  improved  amplitude  measurer 
is  seen  in  Fig.  66.  It  differs  from  that  already  described  in  connec- 
tion with  Fig.  12,  by  having  a  cylindrical  lens  C  in  the  path  of  the 
reflected  beam,  near  to  the  translucent  scale  L'L',  so  as  to  collect 
the  light  into  a  relatively  narrow  line  on  that  scale.  When  using 
the  full  optical  system,  a  magnification  factor  of  25000  was  obtain- 
able; so  that  1  micron  range  of  diaphragm  vibration  produced 
25  mm.  length  of  luminous  band  on  the  scale  L'L'.  For  less  sensi- 
tive measurements,  an  opaque  scale  was  inserted  at  N,  reducing 
the  magnification  factor  about  three  times. 

Paralletinq  lens 


rf     Mirror 


Cylindrical  lens 


# 


■^Translucent 
scale 


Distance  from  slit  to  mirror  m  =  lll.-5~cm. 

Distance  trom  mirror  to  scale  ~  o~7o~  cm. 

Dis  ranee  from  lena  L  (focal  length  39. 4  cm  J  to  mirror  m  =  S.3  cm. 

Distance  from  cylindrical  lens  C  to  scale  =  S9  cm. 

Cylindrical  lens  C:  focal  length  SO.S  cm,  length  ZO.Hcht,  /face  2.Sfcm. 

Width  of  slits  O.  I  cm. 

Distance  from  mirror  m  to  scale  N  =  IS9  cm. 

Fig.  66.     Optical  system  used  with  amplitude  measurer. 

Summary.  —  It  has  already  been  pointed  out  at  the  end  of  the 
last  chapter,  that  there  are  various  constants  of  a  telephone 
receiver  which  can  be  determined  directly  from  its  motional- 
impedance  circle,  when  the  testing-current  strength  and  the  d.-c. 
resistance  of  the  instrument  are  known.  A  list  of  those  constants 
has  been  given  in  Table  IX  A  on  page  114.  If,  in  addition,  the 
maximum  cyclic-vibration  amplitude  of  the  receiver  diaphragm 
over  one  of  the  magnetic  poles,  at  the  frequency  of  apparent 
resonance,  xm0,  is  measured,  also  the  total  mass  M  of  the  dia- 
phragm within  the  clamping  circle,  and  the  total  number  of  turns 
N  in  the  winding,  the  following  additional  constants  of  the  instru- 
ment can  be  evaluated. 
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TABLE   XI  B 

Constants  of  a  Telephone  Receiver  Obtainable  from  Amplitude 
Vibration  Measurements  at  Resonance  in  Addition  to  the 
Motional-impedance  Circle 


Defining 

Symbol 

Name  of  Constant 

Unit 

Equation 
in  Text 

A 

Vector  force  factor 

fabvolts/kine  Z  or 
\dynes/abampere  Z 

139 

r" 

Gross  mechanical  resistance  of  dia- 

phragm 

dynes /kine 

140 

m 

Equivalent  mass  of  diaphragm 

gm. 

141 

s" 

Gross  elastic  coefficient  of  diaphragm 

dynes/cm. 

142 

jC 

Mean  vector  inductance  of  winding 

abhenries  Z 

143 

V 

Displacement  current  turns  ratio 

abamperes/cm 

144 

N' 

Equivalent  displacement  turns 

numeric 

145 

r' 

Mechanical  resistance  to  displace- 

ment 

dynes/kine 

146 

r 

Net  mechanical  resistance  of  dia- 

phragm 

dynes /kine 

147 

s 

Net  elastic  coefficient  of  diaphragm 

dynes/cm 

148 

^ 

Permanent  mag.  flux  density  [in  air 

gaps 

gausses 

149 

JP 

Vector  permeance  of  mag.  cct. 

oersteds-1 

77 

m/M 

Polar  equivalent  mass  coefficient 

numeric 

26 

A/VRi 

Unit  resistance  force  factor 

dynes  abohms5/ 

abvolts  Z 

Particular  Case  of  Determining  the  Intrinsic  Constants  of  a 
Receiver,  from  Measurements  of  «0,  A,  Z'0,  xm0  and  Im.  —  We 
may  take  the  case  of  Bell  receiver  Type  C,  of  Tables  X  and  XI, 
pages  124  and  126,  with  the  following  observed  data: — co0  =  6378, 


A  =  149,      Z'0  =  140  X  109  \  50°.6, 

Im  =  2.884  X  10-4.     Then,  by  (139), 

2.884  X  10-4  X  140  X  109 


2"m0 


10.35  X  10-4,      and 


6378  X  10.35  X  10~4 


\  25°.3  =  6.12  X  106  X  25°.3 


By  (140), 


Next,  by  (141), 


6.122  X  101 
140  X  109 

268 


268. 


2  X  149 


0.902 


Finally,  by  (142), 

s"  =  0.902  X  63782  =  36.7 
These  values  are  found  in  the  Tables. 
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CHAPTER  XI 
INFLUENCES   THAT   AFFECT   THE   CONSTANTS   OF   A    RECEIVER 

Introduction.  —  Among  the  influences  which  notably  affect  the 
constants  of  a  telephone  receiver  are  (1)  the  clamping  of  the  cap  or 
cover,  (2)  the  temperature,  (3)  the  air-chamber  and  the  air  within 
it. 

Variations  in  the  Clamping  of  the  Cap.  —  Tests  of  receivers, 
made  before  and  after  a  removal  and  replacement  of  the  cap,  were 
found,  at  times,  to  differ  considerably.  This  led  to  an  investiga- 
tion of  the  influence  of  screwing  on  the  cap  with  differing  degrees 
of  tightness.  The  caps  were  of  the  same  molded  composite  ma- 
terial as  the  receiver  cases.  A  lever-clamping  device  was  designed 
and  constructed,  as  shown  in  Fig.  67.     It  consists  of  a  brass  rod 


Fig.  67.     Method  of  applying  cap  torque. 


AB,  with  a  known  sliding  weight  applied  at  a  measured  horizontal 
distance  R.  The  rod  terminates  in  a  brass  fork  containing  notches, 
which  engage  with  pins  PP  screwed  into  the  cover.  The  receiver 
is  clamped  by  its  case  or  shell  in  a  horizontal  position.  The  cap 
is  then  screwed  on  slackly,  and  the  final  screwing  up  is  completed 
under  the  measured  torque.  The  instrument  is  then  tested  for 
motional  impedance  under  these  conditions.  The  torque  applied 
in  each  instance  is  expressed  in  gram-perpendicular-meters;  i.e.,  in 
grams  weight  acting  vertically  at  a  horizontal  radius  arm  of  one 
meter.     (See  page  207.) 
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The  effects  of  varying  the  screwing-on  torque  upon  the  motional- 
impedance  circle  are  indicated  in  Fig.  68.     The  particular  instru- 
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Fig.  63.     Motional-impedance  circles  with  different  cap  adjustments. 

ment  used  in  these  tests  was  that  designated  as  B  in  Table  X,  but 
with  a  different  dia- 
phragm from  that 
employed  in  the  tests 
of  Table  X.  It  will 
be  seen  that  with 
zero  torque,  i.e.,  with 
the  cap  merely  laid 
horizontally  on  the 
diaphragm,  but  not 
screwed,  the  mo- 
tional-impedance cir- 
cle has  the  smallest 
diameter,  and  is 
nested  within  the 
others.  The  resonant 
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Fig.  69.     Curve    showing    relation    between    mo- 
tional-impedance circle  diameter  and  cap  torque, 
frequency  of  the  diaphragm  was  859  ~.     As  the  screwing-on  torque 
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was  increased,  the  diameter  R'0  of  the  motional-impedance  circle 
(Fig.  69)  is  seen  to  increase,  in  nearly  simple  proportion,  until  a 
torque  of  250  gm.-perp. -meters  is  attained.  Beyond  this  torque, 
there  is  very  little  effect  on  the  circle  diameter.  After  the  torque 
reached  250  gm.-p.-m.,  no  appreciable  effect  is  visible  on  the  res- 
onant frequency  of  this  instrument.  The  size  of  Z'0,  the  diametral 
motional  impedance,  is  plotted  in  Fig.  69  against  the  screw-torque. 
At  the  time  these  torque  tests  were  made,  the  method  of  ampli- 
tude measurement  had  not  been  developed.  Hence  an  exact 
determination  of  all  four  constants  A,  m,  r",  and  s"  throughout 
this  series  is  not  possible.  If,  however,  we  assume  that  the  equiv- 
alent mass  m,  and  gross  stiffness  coefficient  s"  remained  constant, 
since  their  ratio  /o2  remained  constant,  the  only  variables  would 
have  been  A  and  r",  which  are  plotted  in  Fig.  70  against  cap-torque. 

It  will  be  seen 
that  the  value  of 
the  force  factor 
A  remained  near- 
ly  unchanged 
throughout  the 
series,  varying 
only  between  5.75 
and  5.1  mega- 
dynes  per  abam- 
pere.  The  gross 
mechanical  resist- 
ance r"  of  the 
diaphragm  dimin- 
ishes, however, 
considerably,  and 
nearly  in  a  straight 
line,  from  600 
dynes  per  kine  at 
20   gm.-p.-m.,   to 

100  2C0  300  400  90  A        f]vnpt,        npr 

CAP  TORQUE  GM.  P.  METERS  Z6U        dyneS        PeF 

Curves  showing  values  of  A  and  r"  for        kine  at  250  gm-- 
different  cap  torques.  p.-m.,     with     but 

little  reduction  beyond  this  torque.  It  is  supposed  that  this  re- 
duction occurred  in  the  virtual  displacement  resistance  r'  rather 
than  in  the  mechanical  resistance  r. 
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It  was  found  that  a  noticeable  effect  of  screwing  on  the  cap 
tightly  was  to  increase  the  air  gap  between  the  diaphragm  and  the 
poles.  It  is  easy  to  understand  that  the  permanent  magnetic  flux 
flexes  the  diaphragm  towards  the  poles,  when  the  diaphragm  is 
laid  on  the  lower  clamping  ring.  The  application  of  cap  pressure, 
under  the  influence  of  screwing-on  torque  to  the  upper  clamping 
ring,  tends  to  flatten  the  diaphragm  and  to  diminish  the  flexure, 
thus  somewhat  increasing  the  polar  air  gaps. 

The  increase  in  air  gap  accompanying  increase  in  torque  was 
measured,    up    to    a  f 

certain  point  in  the 
earlier  part  of  the 
torque  range,  by  the 
device  shown  in  Fig. 
71.  Here  the  mi- 
crometer-head depth- 
gauge  D  is  applied  to 
the  upper  surface  of 
the  diaphragm  from 
a  temporary  brass 
frame  FF  attached  to  the  shell  at  SS 


Fig.  71. 
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Fig.    72.      Curve    showing    relation    be- 
tween air  gap  in  receiver  B  and  the  cap 
adjustment. 


Method  of  air  gap  measurement. 

As  circular  degrees  of  twist 
were  given  to  the  cap,  the 
depth  gauge  showed  that 
the  center  of  the  diaphragm 
moved  slightly  away  from 
the  poles.  The  precision  of 
the  method  was  not  suffi- 
cient to  enable  the  test  to 
be  carried  over  the  whole 
range  of  screwing-on  torque. 
The  results  are  indicated  in 
Fig.  72.  They  show  that 
the  air  gap  increased  by 
0.17  mm.  as  the  torque  in- 
creased from  0  to  about 
16  gm.-p.-m.,  and  roughly 
in  simple  proportion  as  far 
as  14  gm.-p.-m. 

It    seems    reasonable   to 
suppose    that    the    virtual 
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displacement  resistance  r'  might  be  increased  when  the  polar  air 
gap  was  reduced.  At  all  events,  the  screw-on  tests  with  this  re- 
ceiver indicate  that  the  tightness  of  clamping  may  have  a  marked 
influence  on  its  characteristic  behavior  and  constants.  It  is  de- 
sirable that  a  receiver  should  be  tested  with  its  cap  screwed  on 
tightly.  In  this  instrument,  the  greatest  Z'0  and  resonant  sensi- 
tiveness were  attained  with  the  greatest  clamping  torque  and 
pressure  tried. 

Effect  of  Variations  in  Temperature.  —  In  order  to  ascertain  the 
influence  of  temperature  upon  the  characteristics  of  a  receiver,  a 
large  electric  oven  was  used,  in  which  the  receiver  was  placed  at 
a  conveniently  controlled  temperature.  A  number  of  motional- 
impedance  circles  were  observed,  at  oven  temperatures  from  16° 
C.  to  50°  C,  all  other  conditions  being  maintained  constant.  It 
was  found  that  two  effects  were  produced  with  rise  of  temperature, 
namely : 

(1)  A  reduction  in  resonant  frequency,  amounting  to  about 
2.5  cycles  per  second,  per  degree  C.  rise. 

(2)  A  slight  reduction  in  circle  diameter,  which,  however,  was 
not  always  noticed. 

TABLE  XII 

Temperature  Effect  on  Receiver  Characteristics 


Condition  of  Cap 
Adjustment 

Temperature  deg. 
C 

Resonant  Fre- 
quency cyc/sec. 

/o 

Resonant  Ang. 
Vel.  rad/sec.  «o 

Motional  Impe- 
dance circle 
diam.  ohms  R'0 . 


Series  A 

Series  B 

Series  C 

Tight 

Tight 

Loose 

Loose 

Loose 

Tight 

Tight 

19°.3 

47°.0 

16°.0 

46°.0 

31°.5 

51°.0 

36°.0 

886.7 

834.9 

827 

742 

788 

817.3 

852.5 

5575 

5248 

5200 

4666 

4956 

5140 

5360 

88.2 

72.0 

52.0 

4S.0 

45.5 

70.5 

70.0 

Tight 
22°.0 

867.5 
5450 

71.0 


The  results  obtained  are  given  in  Table  XII.     They  are  given  in 
the  sequence  of  observation. 


CONSTANTS    OF    A    RECEIVER 


139 


The  reasons  for  the  effects  of  temperature  on  the  receiver  char- 
acteristics indicated  above  have  not  been  analyzed.  They  might 
be  attributed  to  temperature  changes  in  the  mechanical  elasticity 
constants  of  the  diaphragm,  or  to  expansional  effects  in  the  struc- 
ture, or  to  both  causes. 

It  is  evident,  therefore,  that  the  influence  of  temperature  on  a 
telephone  receiver's  characteristics  may  be  very  appreciable.  Care 
should  be  taken  to  maintain  the  temperature  of  the  instrument 
constant  during  any  set  of  observations.  With  this  object  in 
view,  it  was  customary  to  conduct  the  tests  with  the  instrument 
inside  the  large  closed  oven,  but  with  the  heat  shut  off. 

Effects  of  Variations  in  Air-chamber  between  Diaphragm  and 
Cap.  —  In  order  to  ascertain  the  influence  of  the  air-chamber  over 
the  diaphragm  of  the  ordinary  receiver,  a  special  cap  was  used, 
in  which  the  air-chamber  could  be  varied  by  altering  the  position 
of  a  friction-tight  cylindrical  plug,  of  the  same  diameter  as  the 
clamping  circle.  Motional-impedance  circles  were  observed  under 
these  conditions,  with  the  results  given  in  the  following  table. 


TABLE  XIII 
Motional-impedance  Circles  with  Changes  in  Cap  Air-chamber 


Air-chamber 

Thickness 

Circle-diameter 
Ohms 

Resonant  Frequency 
Cycles  Per  Sec. 

Normal,  0.5  mm. 

139 

872 

Large,         5  mm. 

150 

892 

Infinite,  Plug  Removed 

155 

927 

The  effect  of  a  shallow  air-chamber  over  the  diaphragm,  as 
compared  with  an  open  diaphragm,  was  to  lower  the  resonant 
frequency  slightly,  and  to  reduce  the  circle  diameter.  The  effects 
upon  the  four  fundamental  constants  of  the  instrument  were  not 
analyzed.  The  effect  was  evidently  to  alter  somewhat  the  ratio 
of  s/m  and  to  increase  the  value  of  r".  That  is  to  say,  the  gross 
resistance  r",  with  open  diaphragm,  was  apparently  increased 
about  10  per  cent,  when  the  ordinary  shallow  air-chamber  was 
provided  with  the  narrow  central  circular  orifice.  This  does  not 
necessarily  mean,  however,  that  the  amplitude  at  the  center  was 
less  with  the  cover  on  than  with  the  cover  withdrawn.  It  would 
be  interesting  to  make  further  investigations  along  this  line. 


140 


ELECTRICAL   VIBRATION   INSTRUMENTS 


Effects  of  the  Atmosphere  and  Atmospheric  Pressure.  —  In 
order  to  ascertain  the  influence  of  the  ordinary  atmospheric  pres- 
sure upon  the  characteristics  of  a  receiver  diaphragm,  the  bipolar 
receiver  C  was  suspended  in  the  glass  bell  jar  of  an  air  pump,  the 
two  wires  to  the  receiver  being  carried  through  a  seal  at  the  top 
of  the  jar.  One  motional-impedance  circle  was  then  obtained 
with  full  atmospheric  pressure  in  the  ordinary  way,  and  another 
after  the  pressure  had  been  reduced  by  the  pump  to  about  1  cm. 


MOTIONAL  RESISTANCE,  OHMS 
-40     -20       0        20      40       60       80     100     120    140    160 


Fig.  73.    Motional-impedance  circles  of  receiver  C  in  air  and  in  vacuo. 

of  mercury.  The  two  circles  are  shown  in  Fig.  73.  The  vibration 
amplitude  at  resonance  was  measured  when  the  receiver  was 
under  full  air-pressure.  It  was  not  practicable,  with  the  particular 
apparatus  at  hand,  to  measure  the  amplitude  in  vacuo.  It  is 
therefore  somewhat  uncertain  as  to  whether  the  equivalent  mass 
m  of  the  diaphragm  was  the  same  in  both  tests.  It  will  be  seen, 
however,  that  by  the  removal  of  the  air  pressure,  /3  was  diminished 
from  26°. 5  to  24°. 5,  the  resonant  frequency  was  reduced  from 
1020.4  ~  to  956.2  ~  and  the  diametral  size  of  motional  impedance 
increased  from  116  to  177  ohms.     Assuming  that  m  remained 
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the  same  in  both  tests,  the  results  of  Table  XIV  are  found.  The 
removal  of  air  pressure  apparently  reduced  s  from  37  X  10°  to 
32.5  X  10fi.  The  force  factor  A  being  the  same  in  both  tests,  the 
gross  resistance  r"  fell  from  317.5  in  air  to  216.5  in  vacuo,  a  reduc- 
tion of  101,  or  31.8  per  cent.  It  is  supposed  that  nearly  all  of  this 
change  occurred  in  the  net  resistance  r,  and  that  but  little  change 
occurred  in  the  virtual  displacement  resistance  r'. 

TABLE  XIV 
The  Effect  of  the  Atmospheric  Pressure  on  Receiver  Character- 
istics 
Receiver  C.  (Affel) 


Condition  of  Receiver 

Temperature,  deg.  Cent 

Current,  abamperes.  rms.  /  .  . 
Resonant  Frequency,  cyc/sec.  f0  . 
Resonant  Ang.  Velocity,  rad/sec.  u. 
Impedance  Circle  Diam.    ohms  R'0 

Decrement  per  sec.  A 

Equivalent  mass  gm.    m    .     .     .     . 
Equivalent  Elasticity,  dynes/cm.    s' 
Equivalent  Resistance,  dynes/kine. 
Resistance  due  to  Air,  dynes/kine  . 
=  31.8%  of  total  resistance 


In  Vacuo 

18.5° 
0.000  05 

956 

6007 

177 

120 

0.902 

32.5  X  106 

216.5 

101 


In  Air 

18.5° 

0.000  05 

1020 

6409 

116 

176 

0.902 

37.0  X  106 

317.5 


If  all  of  the  change  occurred  in  r,  it  would  appear  that  the 
mechanical  output  into  acoustic  power  was  101  x2  abwatts.  Part 
of  this  would  be  delivered  to  the  air  chamber  below  the  diaphragm, 
and  only  the  remainder  to  the  air  above  the  diaphragm.  The 
subject  of  the  share  of  mechanical  output  x2r  that  takes  the  acoustic 
form  requires  further  investigation. 

At  frequencies  near  resonance,  the  Rayleigh  bridge  balance 
becomes  in  this  test  very  sensitive  to  variations  of  atmospheric 
pressure  within  the  air-pump  bell  jar.  From  an  examination  of 
the  balance  at  these  frequencies,  it  was  easy  to  ascertain,  without 
consulting  the  air-pressure  gauge,  whether  air  was  leaking  into  the 
exhausted  bell  jar.  It  seems  likely,  therefore,  that  variations  of 
barometric  pressure,  within  the  normal  range,  might  produce 
perceptible  changes  in  the  free  impedance  of  the  receiver  near 
resonance.  In  other  words,  a  motional-impedance  circle  should, 
for  precision,  be  accompanied  by  a  record  of  not  only  the  ambient 
atmospheric  temperature,  but  also  the  atmospheric  pressure.  In 
this  case,  there  was  an  average  change  of  not  far  from  one  ohm, 
(0.81  ohm.)  of  diametral  motional  impedance,  for  each  centimeter 
of  change  in  mercury  column  of  barometric  pressure. 


CHAPTER  XII 

SECONDARY  DISTORTIONS   OF   MOTIONAL-IMPEDANCE 
CIRCLES 

Introduction.  —  In  finding  the  motional-impedance  circles  of 
receivers,  it  happens  occasionally  that  internal  loops  or  internal 
circles  present  themselves  as  distortions  of  the  diagram.  The 
engineering  research  department  of  the  Western  Electric  Com- 
pany seems  first  to  have  discovered  such  cases,  in  1913.  They  were 
first  noticed  in  the  laboratories  of  the  Massachusetts  Institute  of 
Technology,  in  1915.  Distorted  diagrams  of  this  sort  appear  in 
Figs.  75  to  84. 

At  first,  these  distorted  circle  diagrams  presented  themselves 
in  but  a  small  percentage  of  the  motional-impedance  diagrams 
investigated.  They  were  looked  upon  as  curiosities  of  unknown 
origin,  and  were  set  aside  as  unguessed  riddles.  This  was  before 
the  method  of  amplitude  measurement  described  in  Chapter  X 
had  been  devised. 

Later,  in  the  researches  described  by  this  book,  these  parasitic 
loops  began  to  present  themselves  more  frequently.  At  one  period, 
more  diagrams  were  developed  with  internal  loops  than  without 
them.  It  became  necessary  to  study  them  as  a  pathology  of  the 
normal  motional-impedance  circle.  For  a  long  time,  these  para- 
sitic abnormalities  baffled  inquiry,  but  finally  their  origin  was 
brought  to  light.  It  was  found  possible  to  produce  them  arti- 
ficially, at  will.  Although  a  large  field  for  further  investigation 
lies  here  unexplored,  it  is  now  fairly  well  established  that  these 
parasitic  loops  in  the  circle  are  due  to  the  presence  of  secondary 
vibrational  systems,  mechanically  connected  to,  and  forming  a 
part  of,  the  primary  diaphragm  system.  The  secondary  system, 
whatever  may  be  its  geometric  and  physical  nature,  has  its  own  r, 
m,  and  s,  and  therefore  its  own  co0,  x0,  and  xm0.  It  receives  its 
vibrational  energy  from  the  primary  system,  and  since  the  mo- 
tional impedance  of  the  primary  sj^stem  is  measured,  the  diagram 
indicates  the  modifications  which  are  superposed  thereon  by  the 
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secondary  system.  Ordinarily,  these  secondary  superposed  modi- 
fications are  very  small,  except  in  the  vicinity  of  secondary  reso- 
nance. An  outline  theory  will  be  presented  in  this  Chapter,  based 
on  the  experimental  facts  of  these  internal  loop  distortions.     This 


S 


The  three  vectors  (current, 

diaphragm  velocity  and  count- 
er electromotive  force)  refer . 
to  Lissajous  figure  observa- 
tions which  were  made  ivhen 
the  current  and  diaphragm 
vibrational  displacements 
vvere  in  ±  caphase. 


Telephone:  Receiver 
B 

Impedance  Circle 
10   5     0  IO         20        30  ohms 


.5    O 


t-y    Circle 


3  cm/sec 


No   Load 


so  Resistance 


Fig.  74.     Undistorted  circles  of  motional  impedance  and  velocity. 

theory  is  closely  connected  with  the  theory  of  coupled  circuits, 
with  which  students  of  electricity  are  already  familiar.  Much 
remains  to  be  done,  however,  both  experimentally  and  analytically, 
before  the  theory  can  be  regarded  as  completely  established. 

Figure  74  is  a  motional-impedance  graph  OEDBC  from  measure- 
ments taken  by  Dr.  Taylor  on  receiver  B,  of  Table  X,  already 
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mentioned,  some  months  after  the  measurements  in  Table  X  were 
made.  The  diaphragm  used  in  connection  with  Fig.  74  was  not 
the  same  as  that  specified  in  Table  X.  The  inner  circle  in  Fig. 
74  is  a  vibrational  velocity  circle  of  x,  deduced  from  measure- 
ments of  the  central  amplitude  of  the  diaphragm,  with  the  aid  of 
the  amplitude-measurer  of  Fig.  62.  As  has  already  been  pointed 
out,  the  maximum  cyclic  velocity  locus  is  a  circle,  like  the 
motional  impedance,  although  these  two  quantities  x  and  Z'  are, 
as  we  have  seen,  dephased  by  j3°. 

It  will  be  noticed  that  the  motional-impedance  graph  OEDBC, 
Fig.  74,  is  a  smooth  circle,  all  the  observation  points  falling  nicely 
upon  its  circumference.  Nevertheless,  there  is  reason  to  believe 
that  this  graph  actually  contains  a  small  inner  loop  distortion, 
between  the  origin  0  and  the  lowest  indicated  frequency  of  857  ~. 
No  measurements  were  made  in  this  instance  below  857  ~ ,  and 
had  they  been  made,  it  is  probable  that  the  expected  distortion 
loop  would  have  been  almost  too  small  to  notice,  without  careful 
search  for  it. 

When  the  diaphragm  of  receiver  B,  as  used  in  the  test  of  Fig.  74, 
was  loaded  at  its  center  by  fastening  to  it  a  small  copper  washer, 
about  1  cm.  in  diameter  and  weighing  0.73  gm.,  a  repetition  of  the 
test  gave  the  motional-impedance  graph  shown  in  Fig.  75,  the  data 
from  which  are  as  follows: 

Z'0  =  92.5  \  76°.6,   /0  =  794.5  ~,   A  =  141,  A  =  7.18  X  106  \  38°.3, 
m  =  1.95,    r"  =  551,  s"  =  48.6  X  106. 

The  graph  shows  two  internal  loops  or  abnormalities,  one  a  little 
loop  near  691.9  ~,  well  defined,  however,  by  numerous  observa- 
tions, and  the  other  a  larger  loop  near  789.5  ~.  The  latter  proved 
to  be  a  casual  and  evanescent  visitor.  Since  it  did  not  appear  in 
the  subsequent  tests  to  be  described  forthwith,  it  may  be  left  out  of 
consideration  here.  It  suffices,  therefore,  to  notice  that  the  loop 
at  691.9  ~  had  an  inwardly  projecting  radial  length  of  about  2.5 
ohms,  and  occurs  in  the  circle  at  an  arc  distance  of  about  30°  from 
the  origin  0.  The  load  on  the  diaphragm  has  reduced  its  resonant 
frequency  from  958  ~  in  Fig.  74,  to  794.5  ~  in  Fig.  75. 

The  central  load  on  the  diaphragm  was  next  increased  from  0.73 
to  0.975  gm.  This  had  the  effect  of  bringing  the  resonant  fre- 
quency down  to  699.4  ~,  or  close  to  the  frequency  at  which  the 
abnormality  of  Fig.  75  appeared  (691.9  ~).     The  result  of  a  new 
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motional-impedance  graph  under  these  conditions  is  shown  in 
Fig.  76.  The  distortion  loop  is  now  central  at  697.2  ~,  and  has  a 
radial  length  of  42.5  ohms  on  the  motional-impedance  scale.  It  is 
evident  that  when  the  diaphragm  is  brought  nearly  into  resonance 


An  absorption  region  of  _ 

the  diaphragm  appears  at 
69l,9~     Being  far  removed 
from  resonance,  it  is  vert/ 
small. 

A  second  absorption 
region^  due  to  strain  imposed 
by  a  temporary  irregulanfy 
m  damping  appears  at 
789.5^. 


Telephone  Receiver  B. 

Load  at  Center,  0.?3gm 

Impedance  Circle 

10    5     0  \0  10         30  oWms 


Small   distortion,   rising 


resistance--™     ^      'M      ^       "       ,v       " 

Fig.   75.     Distorted  motional-impedance  circle, 
on  the  right. 

with  the  frequency  of  the  distortion  loop,  the  magnitude  of  the 
distortion  loop  is  greatly  enlarged,  and  it  is  brought  into  a  nearly 
diametral  position.  By  drawing  in  the  circumference  of  the  circle, 
as  it  would  appear  in  the  absence  of  distortion,  and  marking  on 
it  the  computed  positions  of  the  various  observed  frequencies,  it  is 
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seen  that  the  chords,  or  vector  differences,  between  the  distorted 
and  undistorted  points  of  the  same  frequency,  give  rise  to  the 

roughly  circular,  or  lily-pad  locus  a'  b'  c'  d' ti ,  when  referred 

to  the  origin  0.    This  showed  that,  at  least  to  a  first  approxima- 
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Fig.   76.     Distorted  motional-impedance   circle.     Distortion  nearly   central 
on  main  diameter. 

tion,  the  distortion  consists  of  a  negative  or  absorption  circle,  of 
the  same  general  character  as  the  main  motional-impedance  circle , 
but  which  is  swept  over  by  the  radius  vector  much  more  rapidly. 
The  hypothetical  constants  A,m,  r,  and  s  of  thk  absorption  circle 
were  capable  of  being  roughly  determined.     These  conclusions 
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were  supported  by  various  other  distorted  motional-impedance 
graphs  not  shown  here. 

By  still  further  increasing  the  load  at  the  center  of  the  dia- 
phragm to  1.3  gm.,  and  thus  bringing  the  resonant  frequency  /0 


_     From  the  Impedance  and 
Velocity  Circles  it  is  seen 
that,  if  the  Impedance      _ 
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Fig.  77.    Distorted  impedance  and  velocity  circles.    Distortion  loop  setting 
in  the  left. 

down  to  680  ~,  or  below  that  of  the  distortion  loop,  the  next  test, 
represented  in  Fig.  77,  showed  that  the  distortion  loop,  central  at 
704  ~,  has  moved  over  to  the  left-hand  side  of  the  diameter  OA, 
and  has  diminished  in  radial  length  to  about  OF  =  EC  =17 
ohms.     The  central  amplitudes  xm  of  diaphragm  vibration  were 
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also  measured  in  this  instance,  and  from  them  the  inner  circle  of 
vibrational  velocity  Oabcd  has  been  deduced.  This  also  shows 
the  same  distortion  at  e.  The  corresponding  distortional  motional- 
impedance  graph  of  vector  differences  OFG  is  indicated.  It  is 
approximately  circular.  It  may  be  noticed  that  the  angle  FOC 
is  roughly  equal  to  the  angle  CO  A,  or  that  the  vector  OC,  at  which 
the  distortion  is  central,  approximately  bisects  the  angle  AOF, 
between  the  diameters  of  the  main  and  absorption  circles. 

Finally,  the  load  at  the  center  of  the  diaphragm  was  slightly 
lowered  (to  1.2  gm.).  This  brought  the  resonant  frequency  a  little 
nearer  to  the  distortion  frequency.  The  loop  CE,  Fig.  78,  is  now  a 
little  larger,  OF  =  CE  =  21.5  ohms,  and  it  is  brought  back  a  little 
nearer  to  the  main  diameter  OA.  Incidentally,  a  small  new  and 
transient  distortion  makes  its  appearance  at  H. 

This  series  of  tests,  and  others  like  them,  show  that  one  and  the 
same  distortional  disturbance  in  a  motional-impedance  circle,  resi- 
dent near  700  ~,  was  made  to  appear,  by  suitable  adjustments  of 
the  main  diaphragm  resonant  frequency  f0,  first  as  a  small  loop  on 
the  upper  right-hand  side,  then  as  a  greatly  magnified  loop  at  or 
near  the  main  diameter,  and  finally  as  a  small  loop  on  the  upper 
left-hand  side.  The  absorption  graphs  are  roughly  circular,  and 
the  vector  to  the  undistorted  position  of  the  distortion  frequency 
approximately  bisects  the  angle  between  the  diameters  of  the  two 
circles. 

After  a  time  it  was  noticed  that  whenever  the  distortion  near 
700  ~  manifested  itself  in  the  motional-impedance  diaphragm, 
the  amplitude  measurer  of  Fig.  62  was  mounted  on  the  instru- 
ment, ready  for  use  in  determining  the  central  amplitude  xm. 
This  led  to  the  suspicion  that  the  two  clamping  screws  SS,  in  the 
brass  frame  F,  might  be  responsible  for  the  abnormality.  On 
actual  trial,  the  removal  of  the  screws  SS  was  found  to  remove 
the  distortion,  which  could  be  revived  by  the  reapplication  of  the 
screw  pressure.  It  thus  became  evident  that  the  application  of 
diametral  clamping  pressure  to  the  composition  cap  of  the  receiver 
warped  it  slightly,  and  interfered  with  the  uniformity  of  boundary 
vibration  around  the  clamping  circle.  It  is  supposed  that  the 
diaphragm,  under  the  diametral  clamping,  develops  a  secondary 
vibrational  system,  having  its  resonance  at  or  near  700  ~ ,  al- 
though the  mechanism  by  which  this  hypothetical  secondary  sys- 
tem is  developed  has  not  been  explained. 
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According  to  this  view,  it  should  only  be  necessary  to  attach  to  a 
properly  clamped  receiver  diaphragm  a  secondary  vibrational 
system,  with  its  own  r,  m,  and  s,  to  simulate  the  localized  distor- 
tional  behavior  of  an  irregularly  clamped  diaphragm. 
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With  this  object  in  view,  a  small  piece  of  bent  hard  copper  strip 
was  fastened  by  sealing  wax  to  the  center  of  the  diaphragm  of  the 
same  receiver,  as  shown  to  scale  in  Fig.  79.  The  weight  of  this 
spring  was  0.6  gm.  in  all,  of  which  the  freely  projecting  portion 
weighed  only  0.2  gm.     The  free  frequency  of  this  spring,  when 
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mounted  on  the  diaphragm,  was  adjusted,  by  trial,  to  approxi- 
mately 750  ~,  which  is  nearly  the  same  as  the  resonant  frequency 
/o  of  the  diaphragm  thus  loaded.  Figure  80  shows  the  motional- 
impedance  diagram  of  the  receiver  (B),  with  the  diaphragm  and 
spring  load.  It  will  be  seen  to  consist  of  a  large  reentrant  loop 
almost  forming  a  pair  of  linked  circles.     From  0  to  660  ~f  and 


Fig.  79.     Plan  and  longitudinal  section  of  the  test  receiver  with  secondary 
vibrational  system  attached  to  center  of  diaphragm. 

from  866  ~  back  to  0,  the  diagram  corresponds  very  closely  to  a 
single  circle,  which  is  ODAC,  the  supposed  undistorted  circle. 
At  753  ~,  the  actual  amplitude  OB  is  only  about  4  per  cent  of 
the  inferred  undistorted  diameter  OA.  The  receiver  in  this  test 
was  practically  quiet  at  753  <~,  but  gave  one  loud  tone  in  the 
neighborhood  of  675  ~,  and  another  loud  tone  in  the  neighborhood 
of  840  r^>.  It  is  evident  that,  in  this  case,  the  parasitic  distortion 
is  so  great  that  the  form  of  the  motional-impedance  diagram  is 
completely   changed.     There  are  now  two  maximum  motional 
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impedances,  one  near  676  ~  and  the  other  near  840  ~.  Nearly 
midway  .between  these,  the  motional  impedance  almost  vanishes 
at  OB. 
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The  amplitudes  of  vibration  of  the  spring-loaded  diaphragm  of 
Fig.  79,  as  deduced  from  the  motional-impedance  diagram,  Fig.  80, 
are  represented  as  ordinates,  in  microns,  against  frequencies  as 
abscissas,  in  Fig.  81.  It  will  be  seen  that  the  amplitude  almost 
vanishes  at  753  ~,  which  is  approximately  the  resonant  frequency 
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of  the  imdistorted  circle  ODA  C,  Fig.  80.  The  broken  line  ABCDE, 
Fig.  81,  is  the  inferred  maximum  cyclic-amplitude  curve  of  the 
undistorted  diagram,  and  the  double-humped  heavy  curve  is  the 
distorted  amplitude  curve.  The  peak  at  the  lower  frequency  of 
apparent  resonance  678  ~,  is  higher  than  the  peak  at  the  higher 
frequency  838  ~. 
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Fig.  81.     Relative  vibration  amplitudes  of  diaphragm  with  spring  attached. 


This  peculiar  property  of  a  tuned  spring-loaded  diaphragm  to 
be  silent  at  a  selected  frequency,  but  to  sound  loudly  at  a  relatively 
small  departure  from  that  frequency  on  either  side,  may  have 
useful  applications. 

The  natural  frequency  of  the  spring  load  was  then  altered  to 
about  913  ~,  leaving  the  natural  frequency /0  of  the  diaphragm  at 
712  ~f  a  little  below  its  preceding  value.  The  effect  of  this  change 
on  the  motional  impedance  diagram  is  shown  in  Fig.  82.  Here  the 
distortion  loop  is  reduced  in  diameter  nearly  one  half,  and  it  has 
moved  to  the  upper  left-hand  side  of  the  diagram.  At  712  ~, 
the  resonant  frequency  of  the  diaphragm,  there  is  no  appreciable 
disturbance  due  to  the  presence  of  the  secondary  system.  The 
distortion  is  confined,  for  practical  purposes,  to  that  portion  of  the 
diagram  which  lies  between  753.5  ~  and  968  ~. 

By  lowering  a  little  more  the  resonant  frequency  f0  of  the  dia- 
phragm to  698  ~,  leaving  the  secondary  system  unchanged,  the 
distortion  loop  was  brought  still  higher  on  the  left-hand  side  and 
its  diameter  further  reduced. 

It  is  evident  that,  in  order  to  develop  an  internal  secondary  loop, 
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the  secondary  vibrational  system  must  be  free  and  independent 
of  the  primary,  depending  only  on  the  latter  for  its  supply  of 
power.  Thus,  on  several  occasions,  a  receiver  diaphragm  has  been 
coupled  to  a  second  and  parallel  diaphragm,  by  a  rigid  aluminum 
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bar,  say  6  cm.  long  and  2  mm.  in  diameter,  connecting  their 
centers.  The  former  diaphragm  was  clamped  in  the  tested  re- 
ceiver, and  the  latter  in,  say,  the  vibration  explorer.  Under  these 
conditions,  the  double-diaphragm  combination  gave  an  undis- 
torted  motional-impedance  circle,  corresponding  to  the  m,  r,  and  s 
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of  the  composite  system.  It  appears  then  that  when  two  or  more 
diaphragms,  suitably  clamped  and  supported,  are  rigidly  connected 
at  their  centers,  they  have  only  one  degree  of  freedom,  and  will  be 


The  Amplitude  of  Vibration  is  represented  by  radial  distance  from  0  to  the  Curve. 


X0X,  axis  of  tigbtlu'clamped 
diaphragm  boundary. 

uOY,  axis  of  loosely  clamped 
diaphragm  boundary 

The  amplitude  of  vibration 
of  diaphragm  was  measured 
at  a  distance  of  1.93cm.  from 
rhe  center  at  intervals  of  15". 

The  experimental  conditions 
are  same  as  in  Fig.  IZ. 
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Fig.  83.     Amplitudes  of  vibration  around  imperfectly  clamped  diaphragm. 

unable  of  themselves  to  produce  a  distorted  motional-impedance 
circle. 

In  order  to  ascertain  what  change  in  the  distribution  of  vibra- 
tional amplitudes  might  occur  in  a  diaphragm  clamped  tightly 
across  one  diameter,  and  only  loosely  over  the  rest  of  its  circum- 
ference, the  same  receiver  B  was  mounted  in  the  vibration  explorer 
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of  Figs.  7,  8,  and  9.  These  figures  indicate  that  the  diaphragm 
is  there  supported  under  a  metallic  clamping  ring,  which  is  attached 
to  the  main  frame  by  four  machine  screws.  Two  of  these  screws, 
diametrically  opposite  to  each  other,  were  removed,  leaving  the 
diaphragm  clamped  under  opposite  points  only,  thus  simulating 
the  effects  of  the  clamping  screws  S,  S,  Fig.  62.  The  diaphragm 
had  a  central  load  of  0.975  gm.,  and  its  resonant  frequency  was 
approximately  584  ~.  The  impressed  frequency  was  held  at  this 
value  with  an  a.-c.  testing-current  strength  of  2.26  milliamperes 
through  the  instrument.  The  amplitude  of  vibration  was  then 
measured  at  24  angularly  equidistant  points,  15°  apart,  on  a  circle 
3.86  cm.  in  diameter,  concentric  with  the  clamping  ring,  whose 
diameter  was  5.24  cm.  The  results  obtained  are  shown  geometri- 
cally in  Fig.  83.  Here  the  axis  of  the  tightly  clamped  boundary  is 
horizontal  with  the  lines  of  text,  and  the  axis  of  the  loosely  clamped 
boundary  is  vertical.  It  will  be  seen  that  the  average  amplitude 
on  the  loose  axis  was  about  9  microns;  whereas  on  the  tight  axis 
it  was  about  7.6  microns,  so  that  the  amplitude  was  about  18  per 
cent  greater  on  the  loose  axis,  with  intermediate  values  in  the 
intervening  directions.  This  again  indicates  the  importance  of 
securing  uniformly  tight  clamping  around  the  boundary  of  a  tele- 
phone-receiver diaphragm,  in  order  to  secure  a  uniform  radial 
distribution  of  vibration. 

The  motional-impedance  diagram  for  this  case  is  given  in  Fig.  84. 
No  localized  distortion  loop  is  visible,  but  there  is  a  general  shrink- 
age of  impedance,  and  therefore  also  of  diaphragm  velocity,  over 
a  considerable  range  of  the  diagram  (559  ~  to  618  ~).  No  dis- 
tortion loop  was  obtained  at  any  time  in  the  tests  with  the  vibra- 
tion explorer  of  Figs.  7,  8,  and  9.  For  some  reason,  the  conditions 
in  its  use  did  not  favor  the  development  of  a  secondary  free 
vibration  system,  perhaps  because  the  cap  or  cover  was  metallic, 
and  not  of  composition  material. 

Summary.  —  Summing  up  the  experimental  facts,  therefore, 
two  kinds  of  distortion,  due  to  abnormal  vibration,  were  found  in 
the  tests  and  development  of  motional-impedance  circles.  Both 
were  due  to  imperfections  in  the  clamping  of  the  diaphragm.  One 
is  due  to  an  asymmetry  of  clamping,  without  the  development 
of  a  secondary  free  vibrational  system.  This  gave  rise  to  a  flat- 
tened motional-impedance  diagram,  without  internal  loops.  The 
other,  also  due  to  asymmetric  clamping,  happened  to  develop  in 
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some  way  a  secondary  free  vibrational  system.     This  gave  rise  to 

internal  loops  and  a  roughly  circular  secondary  absorption  diagram. 

Torsional-Pendulum  Model  for  Illustrating  Motional-Velocity 

Phenomena.  —  A  psychological  obstacle  to  the  use  of  the  motional- 
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velocity  circle  conceptions  is  their  abstract  quality,  and  their 
remoteness  from  concrete  apprehension.  Thus,  in  the  case  of  the 
telephone  receiver,  its  motional-velocity  circle  is  obtained  through 
the  medium  of  the  motional-impedance  circle,  as  determined  from 
electrical  measurements.     It  is  therefore  a  great  advantage  to  be 
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able  to  construct  a  motional-velocity  circle  from  direct  observa- 
tions on  a  simple  dynamical  model. 

A  useful  and  very  simple  dynamical  model  for  illustrating  the 
conditions  of  diaphragm  vibration  and  the  resulting  motional- 
impedance  circle  has  been  designed  and  constructed  by  Dr.  Taylor. 
It  is  indicated  in  Fig.  85.  It  consists  of  a  hollow  brass  cylinder  K0 
which,  in  the  particular  model  used,  has  a  mass  of  1215  gm.,  a 
radius  of  gyration  of  2.48  cm.,  and  a  moment  of  inertia  of  7470 
gm.-cm2.     This  is  suspended  by  a  brass  wire  of  diameter  0.76  mm. 
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Fig.  85.     Multiple  coupled  torsion  pendulum  model,  with  its  velocity  and 
amplitude  graphs. 

of  a  length  adjustable,  by  means  of  a  clamping  screw  W,  between 
10  and  40  cm.,  with  a  corresponding  oscillation  frequency  range  of 
0.6  to  0.3  ~.  The  logarithmic  decrement  being  very  small,  it 
oscillates  about  the  suspension-wire  axis  with  but  little  diminution 
of  amplitude  for  several  minutes.  In  the  model  used,  the  time 
constant  r0,  or  the  time  of  fall  to  1/eth  amplitude,  is  216  seconds. 
This  driving  cylinder  takes  the  place  of  the  a.-c.  generator  in  the 
case  of  the  telephone.  The  smaller  solid  brass  cylinder  Ki  has  a 
mass  of  26.8  gm.  and  a  moment  of  inertia  of  8.4  gm.-cm.2.  It  is 
suspended  from  the  driving  cylinder  by  a  smaller  wire  of  copper 
whose  length  is  usually  kept  constant  at  23  cm.,  and  whose  diame- 
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ter  is  0.13  mm.  This  driven  cylinder  corresponds  to  the  telephone 
diaphragm,  and  performs  oscillations  of  the  period  impressed  on  it 
by  K0.  The  driving  cylinder  Ko  is  so  much  larger  than  the  driven 
cylinder  K\,  that  the  reaction  of  the  latter  is  insignificant.  With 
Ko  and  Ki  in  action,  the  principal  dynamic  phenomena  of  the 
telephone  diaphragm,  and  its  velocity  circle,  can  be  observed, 
the  frequency  impressed  by  K0  being  adjusted  by  successive 
steps  through  a  considerable  range,  by  shortening  up  the  main 
suspension  wire  L0.  As  the  impressed  frequency  overtakes  and 
passes  the  natural  frequency  of  K\,  with  its  suspension  Lh  the 
phenomena  in  the  vicinity  of  resonance  are  reproduced.  The  K\ 
system  has  its  m,  r,  and  s,  substantially  in  the  same  manner  as 
the  systems  described  in  this  and  other  Chapters. 

Technique  of  Model.  —  In  operating  the  model,  the  cylinder  K0 
is  first  set  by  hand,  in  torsional  oscillation  about  the  suspension- 
wire  axis,  with  the  lowest  frequency  of  longest  suspension  L0,  and 
with  as  little  side  swing  as  possible.  The  initial  angular  amplitude 
of  K0  may  be  made  90°  or  more.  After  a  few  oscillations,  the 
coupled  pendulum  system  settles  down  to  a  substantially  steady 
state,  the  oscillations  of  Ki  having  the  same  frequency  as  those  of 
Ko.  The  oscillations  are  allowed  to  subside  naturally  under  the 
damping  constant  (A  =  0.00462  hyps  per  second)  until  a  conven- 
ient standard  amplitude  is  reached,  as  is  indicated  by  a  pointer 
P0,  upon  a  suitably  supported  angular  scale  S0.  When  this  hap- 
pens, the  eye  of  the  observer  at  O  can  observe  also  the  angular 
amplitude  of  Kh  as  well  as  the  angular  phase-difference  of  the  two 
elongations  at  P0So  and  PiSi.  The  decay  of  amplitude  is  so  slow 
that  these  conditions  repeat  themselves  very  closely  for  several 
oscillations  above  and  below  the  standard  amplitude  of  K0,  so  that 
the  observations  can  be  repeated  at  several  successive  oscillations 
to  obtain  an  average. 

The  oscillation  frequency  of  K0  is  then  increased  in  small  succes- 
sive steps,  by  shortening  up  the  suspension  L0,  and  the  observa- 
tions mentioned  above  are  repeated  at  each  step.  The  amplitude 
of  oscillation  of  K±  increases  rapidly  as  resonance  is  approached. 
In  the  model  used,  the  resonant  sharpness  is  A0  =  503,  but  this 
can  be  controlled  at  will,  by  applying  any  motional  resistance  to 
K\  which  is  substantially  proportional  to  the  velocity.  Figure  85 
gives  the  angular-amplitude  and  angular-velocity  circles  for  the 
model.    It  is  seen  that  the  semicircular  range  of  resonant  frequency, 
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as  computed  from  the  circle  diagram,  is  between  0.3692  ~  at  /i 
and  0.3707  ~  at  /2.  For  impressed  frequencies  below  this  range, 
the  oscillation  of  Ki  comes  nearly  into  cophase  with  K0.  On  the 
other  hand,  at  impressed  frequencies  above  this  range,  the  ampli- 
tude of  Ki  .comes  nearly  into  opposite  phase  with  K0.  At  reso- 
nance, the  oscillation  of  K\  is  in  quadrature  with  the  amplitude  of 
K0;  or  the  angular  velocity  of  Kx  will  be  in  cophase  OA  with  the 
vector  torsional  torque  or  vibromotive  torque  (vmt.)  exerted 
by  the  wire  on  K\.  This  vmt.  is  proportional  to  the  angular 
displacement  between  the  ends  of  Lh  and  the  observations  ob- 
tained must  be  corrected  to  constant  maximum  cyclic  vmt. 

A  student  working  with  the  model  in  the  manner  described 
above,  can  acquire  a  concrete  conception  of  a  motional-velocity 
circle,  based  upon  direct  observations  of  oscillations  executed  so 
leisurely  that  they  are  easily  observed  directly  by  the  eye,  without 
the  use  of  reflecting  mirrors  or  of  electric  apparatus.  Moreover, 
the  oscillations  are  sufficiently  large  to  be  perceived  directly  by  a 
large  class.  When  K\  oscillates  in  air,  the  motional  resistance  r 
seems  to  increase  somewhat  with  the  amplitude.  When  Kx  was 
allowed  to  oscillate  in  water,  the  motional  resistance  was  found 
to  be  more  nearly  constant. 

When  it  is  desired  to  study  the  phenomena  of  absorption,  a 
secondary  torsion  pendulum  LJZ.%  is  attached  to  K\.  It  is  then 
convenient  to  adjust  the  natural  frequency  of  the  secondary  pendu- 
lum Ki  into  approximate  coincidence  with  that  of  K\.  Under 
these  conditions,  the  phenomena  of  absorption,  at  or  near  reso- 
nance, can  be  observed  readily.  It  has  been  possible  in  this 
manner  to  check  the  causes  and  essential  characteristics  of  tele- 
phone-diaphragm absorption. 

The  Absorption  Loop  in  the  Motional-Impedance  Circle.  —  The 
following  theory  was  originated  on  a  purely  empirical  basis  to 
meet  the  peculiarities  of  absorption  loops,  like  those  of  Figs.  74  to 
78.  At  a  later  stage,  it  became  evident  that  the  theory  resem- 
bled that  of  inductively  coupled  a.-c.  circuits.  In  the  form  first 
published*  the  apparent  resistance  of  the  secondary  circuit  at 
resonance,  r0  or  (juco)2/r2,  was  replaced  by  r2,  the  secondary  resist- 
ance, which  was  an  unnecessary  limitation.  As  was  pointed  out 
by  Professor  Mori,f  it  is  advantageous  to  introduce  the  mutual 
inductance  p.  It  is  not  clear,  however,  what  mechanical  condition 
*  Bibliography  60.  t  Bibliography  86. 
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determines  the  value  of  n,  and  further  investigation  should  be 
directed  to  this  and  other  points. 

Electrical  Theory  of  Coupled  a.-c.  Circuits.  —  A  simple  primary 
ri,  £1,  Si  branch,  Fig.  86,  is  connected  across  a  pair  of  a.-c.  mains 
supplied  with  constant  voltage,  but  of  varied  frequency.  A 
simple  secondary  circuit  r2,  £2,  s2  is  linked  with  the  branch  through 
a  mutual  inductance  n. 


Fig.  86.     £RS  branch  across  constant      Fig  86  A.     £RS  branch  with  addi- 
potential     mains     with    associated  tional    impedance   za   to    replace 

secondary  circuit.  secondary  circuit. 

It  has  long  been  known*  that,  under  these  conditions,  the  pri- 
mary circuit  behaves  as  though  the  secondary  circuit  were  removed, 
and  a  new  impedance  za  were  inserted  in  the  branch,  as  shown  in 
Fig.  86  A.  We  may  call  this  the  virtual  absorption  impedance  of 
the  secondary  circuit,  as  developed  in  the  primary  circuit.  This 
impedance  is 

(153)  za=  -  ^-2  =  ^  ohms  or  abohms  Z , 

22  22 

where  w  is  the  impressed  angular  velocity  on  the  mains  in  radians 
per  second,  /i  is  the  mutual  inductance  in  henries  or  abhenries,  and 
22  is  the  impedance  of  the  secondary  circuit  considered  separately, 
in  vector  ohms  or  abohms,  according  to  the  system  of  units  em- 
ployed; moreover 

(154)  22  =  r2  +  j(£2w  —  s2/ui)  ohms  or  abohms  Z . 
The  current  in  the  primary  circuit  if  the  secondary  circuit  is 

removed  or  n  =  0  is 

TP  TP 

(155)  Ji  =  —  =  — r-TTp 7-^  amp.  or  abamp  Z . 

zi      r!-|-.7(£ico-Si/a>) 

*  Bibliography  11. 


DISTORTIONS   OF   MOTIONAL-IMPEDANCE    CIRCLES       161 
With  the  secondary  circuit  restored,  the  primary  current  is 

(it&\      t             E           E       E  —  Ea 
(156)      Ila  =        ,        =  —  =  — 

Z\   +  Za         Zia  Zi 

—  I\  —  I a  amp.  or  abamp.  Z , 

where  Ea  is  the  absorption  emf.  in  the  primary  circuit  due  to  the 
presence  of  the  secondary  circuit.  /„  is  the  virtual  current  in  the 
primary  due  to  the  presence  of  the  secondary  circuit.  From  the 
above  it  follows  that 


(157)                  Ea  =  Ila  za 

volts  or  abvolts  Z , 

and 

(158)           Ia  =  fa    =  IlaZ-a 

Z\                      Zi 

amp.  or  abamp  Z 

The  current  in  the  secondary  circuit  is  also 

(159)            i-i^-iff 

Zi                 ZiaZ2 

amp.  or  abam] 

Corresponding  Mechanical  Theory  of  Coupled  Systems.  — 
Turning  now  to  the  mechanically  coupled  system  of  Fig.  79, 
let  the  secondary  spring  vibration  system  have  constants  r^,  m2, 
and  s2;  while  those  of  the  primary  diaphragm,  considered  alone, 
have  constants  r\,  mi,  and  Si.  Let  the  system  have  a  mutual  mass 
n  gm.,  corresponding  to  the  mutual  inductance  n  henries  of  the 
electric  case;  then  the  absorption  effect  of  the  secondary  system 
on  the  primary  may  be  regarded  as  equivalent  to  an  absorption 
impedance  like  that  of  (153) : 

(160)  za  = mechanical  abohms  Z , 

^2 

and  the  vibratory  velocity  of  the  primary  system  at  constant 
impressed  vmf.  but  varied  frequency  will  be  like  (155),  when 
M  =  0: 

F  F 

(161)  x\  =  —  = : — -, 1-^  rms.  kines  Z  : 

Zi      Ti  +  jymico  —  Si/oj) 

and  when  /x  is  no  longer  zero, 

(162)  ±ia  =  -ir-  =  f  =  "~~^  =  ±i-xa 

=  Xi[ — r — )  =Xi{  —  )  =Xi{  1 -)  rms.  kines  Z, 

where  Fa  is  the  absorption  vmf.,  xla  is  the  velocity  of  the  primary 
system  in  the  presence  of  absorption,  Z\a  is  the  virtual  impedance 
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of  the  primary  system,  xa  is  the  virtual  vibratory  velocity  of  ab- 
sorption. The  vibratory  velocity  of  the  secondary  system  is  like 
(159): 

(163)    ±2  =  _  ;^  =  _  j^i  =  5      kines  z . 

Z2  Z\aZi         Z2 

The  virtual  vibratory  velocity  of  absorption  xa  is,  following 
(162), 

(164)  xa  =  Xl  -xla  =  ii(l-^)  =  xJ^)  =  ii(-^f-) 

=xla(^)  =  ^  kines  Z, 

VZt/  Zi 

and  the  virtual  absorption  vmf.  is  like  (157) 

(165)  Fa  =  Xia  za  =  %a  *i  dynes  Z . 

Formula  (162)  shows  that  the  distorted  velocity  xia  is  equal  to 
the  undistorted  velocity  x}  multiplied  by  the  vector  ratio 
Zi/(zi  +  zj.  It  is  evident  from  (160)  that  za  tends  to  be  large  at 
the  frequency  of  secondary  resonance: 

(166)  co(,  =  27r/02  =  V^M  "^P 
At  this  frequency  z2  =  r2,  and 

(167)  ra  =  — —  mechanical  abohms. 

r2 

If  this  also  happens  to  be  the  primary  resonant  frequency, 
Zi  =  ri  and  by  (164), 

(168)  £=  =  -r~-, 
xw      ri  +  ra 

or,  the  distorted  velocity  at  joint  resonance  will  be  in  phase  with 
the  undistorted  resonant  velocity,  but  will  be  reduced  in  the  pro- 
portion ri/(ri -f- ra),  where  ra  is  the  apparent  resistance  of  the 
secondary  circuit  at  secondary  resonance  or  Guw)2/72.  If  ra  is 
large  in  proportion  to  T\,  this  will  be  a  small  fraction,  or  the  vector 
velocity  will  be  diametral  to  the  undistorted  velocity  circle,  but 
will  be  greatly  reduced.  This  is  the  condition  of  Fig.  80.  If 
ra  =  Vr\  then  the  reduction  ratio  of  (168)  becomes  \/{p  +  1). 
In  Fig.  80,  p  is  over  20;  or  the  mechanical  resistance  of  the  second- 
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ary  system  is  over  20  times  that  of  the  primary.    At  co-resonance, 
the  secondary  velocity  becomes,  by  (163), 

(169)  -x*=j^--^-J^.xw 


r2     rx  +  ra       r2  n  +  ra 

=  —  '  »io  *  — ;— r  kmes  Z . 

r2  p+  1 

This  means  that  the  secondary  velocity  will  be  in  lagging  quad- 
rature to  the  undistorted  primary  velocity  and  may  be  large  in 
comparison  with  it,  if  nu/r2  is  large  by  comparison  with  p  +  1. 

If  the  resonant  frequency  of  the  secondary  circuit  /02  is  remote 
from  /01,  that  of  the  primary,  the  secondary  velocity  can  never 
become  large,  because  in  (163),  when  o>  =  W02  and  z2  reaches  its 
minimum  size  at  r2,  zu  remains  large,  on  account  of  the  large 
mechanical  reactance  in  the  unresonant  primary  system.  At 
secondary  resonance,  however,  the  value  of  xa  is,  by  (164),  equal 
to  the  undistorted  primary  velocity  X\  at  that  frequency  multi- 
plied by  the  vector  ratio  zj(zx  +  za).  This  will  usually  be  a  small 
ratio;  because  zx  will  be  large  in  the  primary  unresonant  circuit. 
The  slope  of  xa/xx  at  /02  will  be  the  slope  of  za/(zx  +  za).  But 
za  is  then  a  real  quantity  ra,  so  that  xa  will  lag  behind  xx  the  undis- 
torted velocity,  a  little  more  than  the  slope  of  zx  at  that  frequency; 
i.e.,  a  little  more  than  the  undistorted  velocity  lags  behind  the 
resonant  diametral  value.  This  means  that  in  Fig.  78,  for  ex- 
ample, OF  =  xa  should  lag  behind  OC  =  xx  a  little  more  than  OC 
lags  behind  OA  =  xm.  In  fact,  in  Fig.  78,  FOC  =  52°  and  CO  A 
=  49°  approximately.  This  is  the  theory  of  the  approximate 
equality  of  those  angles  already  discussed. 

The  theory  thus  explains,  by  (164),  why  a  distortion  loop  becomes 
so  much  smaller  as  it  departs  from  the  primary  resonant  frequency. 

Figure  87  is  a  computed  case  of  distortion  for  the  particular 
case  where  F  =  3000  dynes  rms.,  mi  =  2.5  gm.,  ri  =  800  dynes  per 
kine,  Si  =  50  X  106  dynes  per  cm.,  w2  =  4  gm.,  r2  =  300  dynes 
per  kine,  and  s2  =  80  X  106  dynes  per  cm.  Also  n  =  0.0671  gm. 
Here  the  angular  velocity  co0  =  4472  radians  per  second,  gives 
resonance  to  both  primary  and  secondary  systems.  At  this  fre- 
quency the  undistorted  velocity  would  be  xx  =  OE  =  3.75  kines  rms. 
at  zero  slope,  or  in  phase  with  the  impressed  vmf.  The  primary 
absorption  velocity  xa,  at  resonance  is  Oe'  =  1.023  kines  and  xla 
the  distorted  primary  velocity  is  Oe  =  2.727  kines.     As  the  im- 
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pressed  angular  velocity  is  varied  from  4350  to  4700  radians  per 
second,  the  primary  absorption  velocity  changes  from  Oa'  through 
Oe'  to  Oh'.  These  vectors  subtracted  from  OA,  OE,  OH  in  the 
undistorted  circle  give  rise  to  the  looped  path  a. .  .e. .  .h.     At  any 
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Fig.  87.     Computed  distorted  velocity  circle. 

point  such  as  C,  we  have  OC  —  Oc'  =  Oc,  corresponding  to 
±i  —  xa  =  Xia  by  (162).  This  looped  graph  of  primary  velocity 
in  the  presence  of  absorption,  would  correspond  to  the  graph  of 
the  primary  current  in  the  electric  system  of  Fig.  86  with  the 
corresponding  electric  constants. 
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Figure  88  gives  the  computed  graphs  for  the  same  pair  of  me- 
chanical systems  as  in  Fig.  87;  but  with  n  increased  to  0.25.  Here 
the  circle  OAB  . . .  GH  is  the  undistorted  primary  velocity  circle 
of  i-i  with  the  secondary  system  prevented  from  responding.  The 
internal  dotted  and  looped  curve  at  ab. .  .gh,  shows  xia,  the  primary 
distorted  velocity,  which  should  be  reduplicated  to  the  proper 


Fig.  88.     Vector  graphs  of  ii,  ia,  and  x\a  for  the  same  system  as  Fig.  87,  but 
with  n  =  0.25. 

scale  in  the  measured  motional  impedance.     The  heavy  curve 
a'b' . . .  g'h'  of  primary  absorption  velocity,  xa  is  also  given. 

Comparing  Figs.  87  and  88,  it  will  be  noticed  that  when  n  is 
small  compared  with  Vrnim2,  i.e.,  when  the  coupling  between 
the  primary  and  secondary  systems  is  loose,  the  graph  of  ±\a,  the 
distorted  primary  velocity,  tends  to  become  a  pure  circle  of  un- 
distorted velocity  xh  with  a  small  superposed  internal  loop  at  /«>. 
The  graph  of  absorption  velocity  xa  is  also  a  small  nearly  circular 
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loop  at  the  origin.  As  the  coupling  becomes  closer,  the  distorted 
velocity  approaches  the  condition  of  Fig.  86  with  a  double  internal 
loop;  while  the  graph  of  xa  is  of  lily-pad  shape  somewhat  asym- 
metric, and  with  the  edges  overlapping  on  the  left-hand  side  of  the 
origin.  This  family  of  X\a  lily-pad  graphs,  of  the  types  abc.  .  .gh, 
represented  in  Figs.  87  and  88,  and  algebraically  defined  in  (162), 
may  be  described  as  absorption  graphs  of  coupled -system  primary 
velocity,  or  current. 

Further  investigation  is  needed  for  a  direct  method  of  evaluating 
the  mutual  mass  n  and  for  determining  the  constants  of  the 
secondary  system. 


CHAPTER  XIII 
ACOUSTIC   IMPEDANCE 

In  preceding  Chapters  we  have  discussed  the  mechanical  im- 
pedance of  vibratory  systems  in  general,  and  of  telephone-receiver 
diaphragms  in  particular.  In  this  Chapter  we  shall  consider  that 
portion  of  the  mechanical  impedance  which  is  caused  by  the 
medium  —  ordinarily  air  —  in  which  the  diaphragm  vibrates,  and 
which  we  may  call  acoustic  impedance.*  It  is  the  energy  expended 
in  overcoming  this  impedance  which  manifests  itself  in  acoustic 
phenomena. 

Let  a  small  thin  rigid  disk,  or  circular  diaphragm  AB,  Fig.  89, 
fitting  without  edge  friction  into  a  smooth  cylindrical  tube  TT, 
T'T',  be  actuated,  through  the  axial  rod,  by  a  simple  vmf.  F  rms. 
dynes,  directed  along  the  axis  of  the  tube.  The  effect  of  this  vmf., 
neglecting  friction  of  the  air  on  the  walls  of  the  tube,  will  be  to  set 
up  an  alternating  velocity  x  cm.  per  second,  in  the  air  or  other 
fluid  contained  in  the  tube.  The  maximum  cyclic  amplitude  of 
vibration  xm  is  supposed  to  be  very  small.  The  fluid  filling  the 
tube  on  each  side  of  the  disk  may  be  compressible,  as  in  the  ordi- 
nary case  of  an  air  tube.  The  maximum  cyclic  velocity  xm  of  the 
fluid  in  contact  with  the  disk  must  be  the  same  as  that  of  the  disk 
itself.  In  the  assumed  case  of  a  rigid  disk,  this  velocity  would 
have  the  same  magnitude  and  phase  —  or  size  and  slope  —  at  all 
parts  of  its  surface.  The  magnitude  and  the  phase  of  this 
velocity,  for  a  given  impressed  vmf.,  will  depend  upon  the  im- 
pedance to  vibration  of  the  column  of  fluid  on  the  total  surface 
of  the  disk.  This  impedance  to  vibrational  velocity,  of  the  fluid 
in  a  tube  at  a  driving  section,  may  be  called  the  acoustic  impedance 
of  the  fluid  at  each  of  the  two  surfaces  of  the  disk. 

*  When  the  measurements  described  in  this  Chapter  were  made  and  first 
published  (1917,  Bibliography  87),  it  was  supposed  that  the  expression 
acoustic  impedance,  here  defined,  was  new.  The  expression  acoustic  impedance, 
however,  already  had  been  used  by  Prof.  A.  G.  Webster  and  published  by  him 
in  1919  (Bibliography  82a). 
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Acoustic  impedance  is  the  plane  vector  sum  of  acoustic  resistance 
and  acoustic  reactance.  In  a  frictionless  fluid,  acoustic  resistance 
absorbs  and  dissipates  the  energy  imparted  by  the  vmf .  Acoustic 
reactance  cyclically  stores  and  releases,  without  dissipation,  the 
energy  of  acoustic  vibration.  Acoustic  impedance  is  thus  a  par- 
ticular form  of  mechanical  impedance.  If  a  diaphragm  is  thrown 
into  vibrational  velocity  by  an  impressed  vmf.  and  is  in  contact 
with  a  fluid  on  either  or  both  of  its  surfaces,  the  mechanical  im- 
pedance of  the  diaphragm  will  be  partly  composed  of  acoustic 
impedance. 

Referring  to  the  simple  rigid  and  frictionless  diaphragm  of  Fig. 
89,  assumed  as  of  negligible  mass, 
the  mechanical  impedance  which 
it  develops  to  velocity  may  be 
entirely  acoustic.  If  we  denote 
the  acoustic  impedance  on  the 
sides  1  and  2  of  the  disk  as  Z\  and 
22  respectively,  with  their  sum 
equal  to  z;  then  the  vector  rms. 
vibrational  velocity  of   vibration 


w;;;/;/////W////;/;;////A\ 
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Fig.  89.  Diagram  of  longitudinal 
section  of  an  acoustic  tube  with 
vibrating  disk. 

at  the  disk  will  be 

(170)  x 


Zi  +  z2 


rms.  kines  Z, 


(171) 


Z\  +  22  =  Z  = 


acoustic  abohms  Z 
or  dynes  per  kine  Z  . 
If  the  two  sides  of  the  disk  are  entirely  symmetric  with  respect  to 
the  tube  and  the  vmf.,  then  Z\  and  z2  will  be  identical  vector  im- 
pedances.    In  any  case,  their  sum  z  will  be  a  single  definite  vector 
impedance. 

Acoustic-Impedance  Density.  —  The  acoustic  impedance  z  will 
manifestly  increase  as  the  cross-sectional  area  of  the  tube  is  in- 
creased. Neglecting  friction  at  the  walls  of  the  tube,  the  increase 
will  be  in  direct  proportion  to  the  area.  If  S  be  the  cross-sec- 
tional area  of  the  tube  in  sq.  cm.,  then  the  acoustic  impedance  per 
sq.  cm.  or  acoustic-impedance  density  ]  will  be  z/S  vector  acoustic 
ab  »hms  per  sq.  cm.  Or  if  we  employ  a  vibromotive  pressure 
intensity  p  =  F/S  to  actuate  the  disk;  then,  p  being  taken  as  of 
s  andard  phase  or  without  slope, 
V  _       V 


(172) 


5       Si  +  52 


rms.  kines  Z 
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,-p.„.  p  acoustic  abohms     , 

(173)  i  =  ji  +  ;2  =  ^  —  Z. 
v      '                a      °        ^      a;                      sq.  cm. 

The  dimensions  of  acoustic  impedance,  like  those  of  mechanical 
impedance,  are  MT~\  or  mass  per  unit  time  (force  divided  by- 
velocity).  The  dimensions  of  acoustic-impedance  density  are 
ML-*T~l,  or  MT~l/L2. 

As  thus  far  defined,  acoustic  impedance  involves  the  existence 
of  a  diaphragm  filling  the  cross-section  of  a  fluid-containing  tube. 
Although  this  is  perhaps  the  easiest  conception  of  the  matter,  the 
limitations  are  unnecessary.  Acoustic  impedance  may  be  conceived 
of  as  occurring  at  an  imaginary  surface  of  equal  velocities,  such  as 
the  cross-section  of  an  air  tube  in  the  absence  of  a  diaphragm. 
Moreover,  acoustic  impedance  is  not  necessarily  confined  to  a 
section  of  fluid  in  a  tube.     It  may  occur  in  a  region  of  any  shape. 

Acoustic  Impedance  over  the  Surface  of  a  Flexible  Diaphragm. 
—  We  have  hitherto  assumed  that  the  velocity  x  was  the  same  at 
all  parts  of  the  vibrating  disk  or  diaphragm.  In  any  actual  flexible 
diaphragm,  however,  such  as  a  telephone-receiver  diaphragm,  the 
vibrational  displacement  x,  and  the  velocity  x,  will  be  different  at 
different  distances  from  the  center  of  the  disk.  If  we  take  any 
elementary  area  dS  of  the  surface  of  the  disk,  at  which  the  velocity 
is  x  rms.  kines,  the  power  of  this  motion  is 

(174)  dP  =  x2  •  ]  ■  dS  abwatts  Z, 

where  x  is  taken  at  standard  phase  or  zero  slope.  Of  this  power, 
the  real  component  is  dissipated,  and  the  imaginary  part  con- 
served.    The  total  power  delivered  to  the  diaphragm  will  be 


(175) 


=  f  x2  ■  )  ■  dS  =  5  )  x2  ■  dS  abwatts  Z 


where  the  integration  is  carried  over  both  sides  of  the  diaphragm, 
and  the  impedance  density  is  assumed  as  uniform.  If  we  define 
the  scalar  mean  square  velocity  as 

(176)  x2=\\x2-dS  kines2, 

the  power  P  may  be  expressed  as 

(177)  P  =  x2fi  -  x2z  abwatts  Z, 
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Under  these  conditions,  the  acoustic  impedance  of  the  tube  at  the 
disk,  including  both  of  its  sides,  will  be 

F 

(178)  2  =  -  acoustic  abohms  Z . 

The  mean  square  ratio  (x/x0)2  =  (x/x0)2  of  the  average  to  the 
maximum  central  velocity  or  amplitude,  has  already  been  defined 
as  the  mass  factor  m/M  of  the  diaphragm.  The  acoustic  power 
of  the  diaphragm  will  then  be 

(179)  P  =  x2z  =  ^  x02z  =  -^  i02jS  ab watts  Z , 

or  will  be  equal  to  the  apparent  power  x02z  multiplied  by  the  mass 
factor  of  the  diaphragm.  If  the  actual  displacement  x\  over  a 
pole  is  observed,  and  the  polar  mass  factor  measured,  the  corre- 
sponding total  power  will  be  ±\2z  (mi/M). 

Relations  between  Acoustic  Impedance  and  Electric  Motional 
Impedance.  —  We  have  already  seen  by  formula  (97)  in  relation  to 
the  motional  impedance  Z'  of  a  telephone  receiver,  that 

Ax      A2 

(180)  Zf  =  -J-  =  —,  electric  abohms  Z , 

where  A  is  the  vector  force-factor  of  the  instrument,  x  the  vector 
rms.  velocity  of  the  diaphragm  over  a  pole  in  kines,  J  the  vector 
rms.  testing  current  in  abamperes  and  z"  the  gross  vector 
mechanical  impedance.  Consequently,  the  gross  mechanical 
impedance  is 

A2 

(181)  z"  =  -^,  =  A2Y'  mechanical  abohms  Z. 

z 

At  apparent  resonance,  the  motional  impedance  aquires  the  di- 
ametral value  Z'o,  with  the  same  slope  —  2/3°,  as  A ;  so  that  z" 
reduces  to  a  real  quantity,  the  gross  mechanical  resistance  of  the 
diaphragm.  At  any  impressed  frequency,  however,  we  can  find 
the  total  mechanical  impedance  of  the  diaphragm  from  (181),  if 
we  know  the  value  of  A,  and  we  can  find  the  motional  impedance 
Z',  or  its  reciprocal,  the  motional  admittance  Y'  at  that  frequency. 
It  has  also  been  shown  in  Chapter  X  that  the  total  gross  me- 
chanical impedance  z"  of  the  diaphragm  is  made  up  of  (1)  the 
virtual  mechanical  impedance  of  displacement  in  the  magnetic 
field,  (2)  the  net  mechanical  impedance  of  the  diaphragm,  and 
(3)  the  acoustic  impedance  behind  as  well  as  (4)  in  front  of  the 
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diaphragm.  If  we  denote  these  components  by  zV)  z,  zh  and  z2 
respectively,  we  have: 

(182)  z"  =  zv  +  z  +  zx  +  22  mechanical  abohms  Z , 

or  the  gross  total  mechanical  impedance  is  the  vector  sum  of  these 
four  components,  two  of  which  are  acoustic. 

The  virtual  mechanical  impedance  of  displacement  varies  with 
the  impressed  frequency  by  (82)  and  (83) 

(183)  2,  =  M  =  r'+i!'  =  ?M}sin/3_ffkycos/3 

CO  CO  CO  CO 

=  r'  -f-  jx'  mechanical  abohms  Z . 

The  mechanical  resistance  r'  is  usually  taken  as  constant  to  a  first 
approximation,  and  the  elastic  reactance  s'/co  is  inversely  pro- 
portional to  the  impressed  frequency. 

The  net  mechanical  impedance  of  the  diaphragm  is 

(184)  z  =  r  +  j  (moo  —  s/co)  =  r  +jx  mechanical  abohms  Z . 
The  acoustic  impedance  in  the  air-chamber  behind  the  diaphragm 
is 

(185)  Zx  =  rx  +  jxx  mechanical  abohms  Z, 

where  rx  is  the  acoustic  resistance  of  the  chamber,  and  jxx  its 
acoustic  reactance.  Similarly,  the  acoustic  impedance  of  the  air 
in  front  of  the  diaphragm  will  be 

(186)  z<i  =  r2  +  jx2  mechanical  abohms  Z  ; 

Xx  and  x2  are  functions  of  the  frequency  of  the  same  general  type 
as  x.  The  resistance  rx  and  r2  are  assumed  to  be  constant  and 
unaffected  by  the  frequency,  for  a  given  environment.  The  total 
gross  mechanical  impedance  is  thus 

(187)  z"  =  r"  +  jx"  =  (r'  +  r  +  n  +  r2) 

+  j  (x'  +  x  +  Xi+  x2)  mechanical  abohms  Z . 

Method  of  Evaluating  the  Acoustic  Impedance  z2.  —  There  are 
two  methods  available  for  evaluating  z2,  the  acoustic  impedance 
of  the  air  in  front  of  the  receiver  diaphragm: 

(1)  By  measuring  the  motional  impedance  Z'  of  the  receiver 
at  constant  impressed  current  strength  /  and  at  constant  im- 
pressed angular  velocity  «,  but  with  adjusted  acoustic  load.  Under 
these  conditions  z,  zv,  and  Z\  will  all  remain  constant;  but  since  z2 
is  altered,  the  gross  vector  sum  z"  is  altered  correspondingly. 
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This  causes  the  motional  impedance  Z'  of  the  instrument  to  be 
changed  in  a  measurable  manner.  From  the  electrically  measured 
changes  in  Z',  the  changes  in  z"  and  therefore  in  z2,  are  determined. 

(2)  By  keeping  the  acoustic  load  z2  constant  as  well  as  I,  but 
by  varying  the  impressed  value  of  w.  This  will  involve  changes 
in  the  gross  mechanical  impedance  z"  that  can  be  determined 
from  corresponding  measurements  of  the  motional  impedance, 
using  the  technique  described  in  relation  to  Figs.  30  and  31.  The 
variations  in  zv,  z  and  Z\  caused  by  variation  of  u  must  then  be 
allowed  for,  from  independent  information  as  to  their  behavior. 
The  change  in  z2  can  then  be  evaluated. 

Method  (1)  is  the  simpler.  It  gives  measured  values  of  acoustic 
impedance  at  constant  frequency  and  varied  load.  Method  (2), 
or  some  equivalent,  is  necessary  when  we  have  to  measure  the 
change  in  acoustic  impedance  under  varied  impressed  frequency. 


Eto-N. 


^m- 


Fig.  90.     Side  elevation  and  plan  of  acoustic  tube  conductor. 


Application  of  Method  (i)  to  the  Measurement  of  the  Acoustic 
Impedance  of  the  Air  Column  in  a  Tube  of  Varied  Length.  —  A 

straight  smooth  fiber  tube  87.8  cm.  long,  of  3.1  cm.  internal  di- 
ameter, and  3.9  cm.  external  diameter,  was  supported  horizontally, 
by  metallic  strips  packed  with  felt,  over  a  wooden  base  BB, 
Fig.  90.  The  tube  TT  was  brought  into  contact  with  the  cover  of  a 
regular  form  of  bipolar  telephone  receiver  R,  as  is  shown  in  detail 
by  Fig.  91.  The  axis  of  the  tube  was  in  line  with  the  axis  of  the 
receiver.  A  hard  rubber  piston  PP  slides  freely  in  the  tube,  and 
can  be  set  at  any  desired  position  within  it,  by  means  of  the  pro- 
jecting brass  rod  r.  The  telephone  receiver  R  is  clamped,  by 
means  of  a  metallic  strip,  on  a  wooden  pedestal  rising  from  the 
base  BB.     The  composition  cap  or  cover  of  the  receiver  had  its 
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opening  enlarged,  as  is  seen  in  Fig.  91,  :n  order  to  connect  more 
easily  with  the  tube  TT. 

The  electric  impedance  of  the  receiver  was  measured  in  the 
Rayleigh  bridge  of  Fig.  30.  The  current  in  the  receiver  was  kept 
constant  at  1.5  milliamperes  in  some  tests,  and  at  2  milliamperes  in 
others.  The  current  detector  in  the  bridge  wire  was  a  pair  of 
medium-resistance  head  telephones. 

A  single  series  of  damped  impedances  served  for  the  evaluation 
of  the  motional  impedance  of  the  instrument  under  any  conditions 
of  free  impedance  at  the  same  temperature.    Figure  92  shows  the 


Fig.  91. 


Longitudinal  section  of  air  tube  and  details  of  telephone  receiver 
fastenings  to  the  same. 


motional-impedance  circle  of  the  instrument  at  20°  C.  It  will  be 
seen  that /o  =  930.6  ~,/i  =  912  ~,  f2  =  953  ~;  so  that  A  =  41  tt 
=  129.  The  diametral  impedance  is  Z'0  =  158  \  55°. 6  ohms; 
so  that  j8  =  —  27°. 8.  The  d.-c.  resistance  of  the  instrument  at 
this  temperature  was  86.4  ohms.,  so  that  its  motional-impedance 
ratio  was  Z'0/Ri  =  1.83  \  55°. 6.  The  vector  force-factor  A  was 
5.138  X  106  \  27°.8. 

Variations  of  Free  Resistance  and  Reactance  with  Load.  —  The 
receiver  having  been  connected  to  the  fiber  tube  as  shown  in 
Figs.  90  and  91,  its  resistance  and  inductance  were  measured  in 
the  same  Rayleigh  bridge,  as  the  length  of  air  column  in  front  of 
the  diaphragm  was  varied  from  0  to  64  cm.  by  altering  successively 
the  distance  between  the  piston  P  and  the  beginning  of  the  tube, 
holding  the  frequency  at  /  =  921  ~,  and  I  =  1.575  milliamperes 
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rms.  The  results  obtained  are  indicated  in  Fig.  93.  It  will  be 
seen  that  both  the  apparent  resistance  R"  and  the  apparent  react- 
ance X"  go  through  regular  fluctuations  resembling  damped  sinu- 
soids, as  the  length  of  air  column  is  increased.     The  values  of 
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Fig.  92.     Motional  impedance  circle  of  telephone  receiver  used  with  the  tube. 


damped  resistance  and  reactance  for  the  same  temperature  (20°  C.) 
are  indicated  in  the  figure  at  Rd  and  Xd,  respectively. 

If  we  plot  the  simultaneous  motional  resistances  R"  —  R'  and 
reactances  X"  —  A^'  of  Fig.  93  vectorially,  we  obtain  the  motional- 
impedance  diagram  of  Fig.  94.  It  will  be  seen  that  it  consists  of  a 
spiral  succession  of  roughly  circular  loops  becoming  smaller  as  the 
length  of  air  column  is  increased.  Since  the  impressed  frequency 
was  here  constant  throughout,  the  changes  in  the  motional  impe- 
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dance  of  this  receiver  are  entirely  attributable  to  changes  in  the 
acoustic  impedance  z2  as  the  air  column  length  is  varied. 

The  numbers  marked  on  the  spiral  of  Fig.  94  are  the  air-column 
lengths  in  cm.  It  will  be  seen  that  at  L  =  0  cm.,  with  the  piston 
within  1.5  mm.  of  the  diaphragm,  the  motional  impedance  was 
12.5  \  75.4  ohms.  This  value  was  nearly  repeated  at  L  =  19  cm. 
At  L  =  10  cm.,  however,  the  motional  impedance  had  increased 
to  142.8  \  42.1  ohms.  The  spiral  curve  has  a  pitch  of  18.7  cm., 
which  corresponds  to  half  a  wave  length  of  sound  in  the  air  of  the 


LENGTH    OF    AIR, COLUMN 

Fig.  93.      Curves  of  apparent  resistance  an  reactance  of  receiver  when 
attached  to  air  column  of  successively  varied  length  (Kurokawa). 

tube  at  921  ~,  for,  since  the  velocity  of  sound  in  air  is  34,430  cm. 
per  sec.  at  20°  C,  the  wave  length,  X  =  34,  430/921  =  37.38  cm. 
It  is  evident  from  the  preceding,  that  in  order  to  secure  con- 
sistent results  in  such  measurements,  the  frequency  must  be  care- 
fully maintained  constant.  A  small  change  in  impressed  fre- 
quency may  affect  the  wave  length  very  appreciably,  and  so  distort 
the  diagram  of  motional  impedance.  The  measurements  are  very 
sensitive  to  small  acoustic  changes.  The  frequency  selected  should 
be  near  to  the  resonant  frequency  /0.  If  the  frequency  used  is 
remote  from  apparent  resonance,  the  mechanical  reactance  of  the 
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diaphragm  will  be  so  large  that  changes  in  the  acoustic  impedance 
z2  will  not  alter  the  total  gross  mechanical  impedance  z"  materi- 
ally, and  so  will  not  make  appreciable  changes  in  the  electric  mo- 
tional impedance  Z'.  If,  however,  the  system  is  tested  at  a  steady 
frequency  near  to  apparent  resonance,  the  reactance  of  the  system 
will  be  small,  and  small  changes  in  z2  may  be  expected  to  produce 
relatively  large  observable  changes  in  Z' . 
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Fig.  94.     Motional  impedance  diagram  of  receiver  at  constant  impressed 
frequency  (921  ~)  with  varying  length  of  attached  air  column. 


Technique  for  Converting  Motional  Impedance  into  Mechanical 
Impedance.  —  In  order  to  utilize  the  motional-impedance  diagram 
of  Fig.  94  for  deriving  the  acoustic  impedance  z2  in  front  of  the 
diaphragm,  we  may  use  (181)  and  obtain  the  graph  of  motional 
admittance  Y'.  This  means  that  we  must  find  the  reciprocal 
graph  to  that  of  Fig.  94.  At  each  vector  position  on  the  curve, 
we  use  the  reciprocal  of  the  size  with  the  negative  slope,  in  accord- 
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ance  with  (50).  In  this  way  we  construct  a  motional-admittance 
curve,  also  a  spiral  in  this  case.  Multiplying  this  motional-ad- 
mittance graph  by  the  vector  A2  =  26.4  X  1012  \  55. °6,  by  suit- 
ably altering  the  scale  of  sizes  and  rotating  it  bodily  clockwise 
through  55°. 6,  we  obtain  the  graph  of  gross  mechanical  impedance 
in  Fig.  95.  This  is  also  a  contracting  spiral.  The  heavy  curve 
connects  points  of  observation,  while  the  broken  curve  refers  to  a 
computed  graph  to  be  discussed  later.     Thus  in  Fig.  94,  the  vector 


is»       ZooS       HoS       3Z00 


Fig.  95.  Graph  of  total  mechanic  impedance  on  receiver  diaphragm 
obtained  by  inverting  the  graph  of  Fig.  94,  and  multiplying  by  A^.  Heavy 
curve  connects  observation  values.  The  dotted  curve  represents  the  com- 
puted values. 


0-18  measures  Z'  =  26  X  109  \  92°.6  electric  abohms.  The 
reciprocal  is  Y'  =  0.03846  X  10~9  Z  92°.6  abmhos.  Multiplying 
by  A2,  we  obtain  1.015  X  103  Z  37°  mechanical  abohms,  or  dynes 
per  kine.     The  axis  of  the  spiral  is  the  broken  line  OABCDE. 

The  operation  of  inverting  a  motional-impedance  diagram  into  a 
motional-admittance  diagram  is  somewhat  tedious.  It  would  be 
advantageous  to  avoid  this  step  if  possible,  by  measuring  the 
motional  admittance  in  the  first  instance  directly,  instead  of  the 
motional  impedance.     As  yet,  however,  no  technique  for  measure- 
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ment  of  motional  admittance  has  been  worked  out  satisfactorily. 
Such  a  motional-admittance  graph  would  be  a  total  mechanical- 
impedance  graph  to  a  suitably  altered  scale,  after  being  rotated 
through  the  angle  2  /3°. 

Analysis  of  Fig.  95  indicates  that  the  impedance  OA  mechanical 
abohms  is  the  total  internal  mechanical  impedance  (zv  +  z  +  Zi) 
at  this  frequency.  In  other  words,  if  the  acoustic  impedance  z2 
in  front  of  the  diaphragm  could  be  completely  removed,  the  total 
mechanical  impedance  remaining  in  and  behind  the  diaphragm 
would  be  the  vector  impedance  OA.  This  would  correspond  to  a 
vector  motional  impedance  Oa  =  165  \  48°.  1  in  Fig.  94.  Hence 
Oa  is  the  inferred  motional  impedance  for  the  case  of  removal  of 
all  acoustic  load  from  the  front  of  the  diaphragm.  Consequently, 
if  we  transfer  the  coordinate  axes  parallel  to  themselves  from  the 
origin  0  to  the  point  A,  Fig.  95,  we  obtain  the  corresponding  graph 
of  pure  acoustic  impedance  z2.  The  spiral  locus  0,  1,  2,  4.  .  .  62 
is  then  the  spiral  of  vector  acoustic  impedance  of  the  tube  acoustic 
conductor  with  its  distant  end  sealed  at  distances  of  0,  1,  2,  4,  .  .  . 
62  cm.  from  the  diaphragm,  or  more  strictly,  from  a  plane  1.5  mm. 
in  front  of  the  diaphragm,  where  the  tube  may  be  considered  as 
beginning. 

The  spiral  acoustic  impedance  of  Fig.  95,  taken  with  the  origin 
of  coordinates  at  A,  conforms  fairly  well  with  the  expression  (see 
Appendix  IX). 

acoustic  abohms 

or  dynes  per  kine  Z , 


(188)  z0  tanh  8A 


where  z0  is  the  surge  impedance  of  the  tube;  or  the  acoustic  im- 
pedance offered  to  this  frequency  by  an  indefinitely  great  length  of 
the  tube,  and  8A  is  the  position  angle  at  the  sending  end  A  of  the 
tube,  as  its  length  is  varied.  The  deduced  value  of  z0  is  187  \ 
5°.2;  or  AZ  in  Fig.  95.  This  point  Z  is  thus  the  inferred  inner 
terminus  of  the  spiral  EDCB,  if  the  tube  were  prolonged  indefi- 
nitely. The  hyperbolic  angle  8A  appears  to  be,  in  hyperbolic  radians: 

(189)     8A  =  j  L(0.000  706  +  j  0.107)  +  (0.0974  +  j  097)  [ 

hyps  Z, 
=  (0.000  706  L  +  0.0974)  +  j(0.107  L  +  0.97) 

the  length  of  the  air  column  being  L  in  cm.  and  the  underscored 
numbers  being  in  quadrants  of  arc.     This  expression  is  borrowed 
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from  the  theory  of  long  a.-c.  line  conductors.*  Following  that 
theory,  the  linear  hyperbolic  angle  of  the  tube  is  a  =  0.000706  + 
j  0. 107  hyps,  per  cm.  The  amplitude  of  vibration  x  on  such  a  tube 
of  great  length,  would  fall  to  1/eth  in  a  distance  of  1/0.000706 
=  1416  cm.  The  per-unit  loss  of  amplitude  in  1  cm.  is  0.000706. 
The  loss  of  phase  in  1  cm.  is  0.107  quadrant  or  9°. 63.  The  acoustic 
wave  length  is  4/0.107  =  37.38  cm.  The  apparent  group  velocity 
of  the  acoustic  waves  is  v  =  4  X  921/0.107  =  34  430  cm.  per  sec. 
If  the  tube  were  completely  sealed  by  a  perfectly  sound-reflecting 
piston,  it  would  correspond  acoustically  to  an  electric  a.-c.  con- 
ductor, freed,  or  perfectly  insulated,  at  its  far  end,  and  the  position 
angle  8A  of  the  home  end  A  would  be  increased  by  tt/2  circular 
radians,  or  1.0  quadrant.  In  this  case,  the  piston,  which  is  neither 
tightly  fitting  nor  perfectly  reflecting,  appears  to  add  a  circular 
or  imaginary  hyperbolic  angle  of  0.97  quadrant,  and  in  conjunction 
with  imperfection  or  acoustic  resistance  at  the  A  junction  between 
telephone  and  tube  it  adds  a  real  hyperbolic  component  of  0.0974 
hyps.,  equivalent  to  138  cm.  of  tube. 

The  dotted  spiral  in  Fig.  95  indicates  the  computed  locus  ac- 
cording to  (188).  The  agreement  between  the  heavy  spiral  of 
observations  and  the  dotted  spiral  of  formula  (188)  is  seen  to  be 
fairly  satisfactory.  At  the  time  when  the  observations  were 
made,  the  above  theory  of  analogy  between  an  acoustic-tube 
conductor  and  an  electric-line  conductor  had  not  been  reached. 
It  has  been  pointed  out,  however,  by  Fleming  f  and  Fitzgerald  J, 
and  also  more  recently  by  Brille  §  and  Drysdale  1 1 ,  that  an  analogy 
exists  between  sound  waves  along  air  tubes  and  electric  waves 
along  conducting  lines. 

According  to  this  analogy,  therefore,  the  plugged  tube  of  varied 
length  offered  an  acoustic  impedance  similar  to  the  electric  im- 
pedance of  a  uniform  alternating-current  line  of  varied  length,  put 
to  ground  in  each  case  at  the  distant  end,  through  a  certain  leak  or 
high  resistance.  At  each  quarter  wave  of  tube  lengthening,  the 
impedance  of  the  tube  crosses  the  axis  of  z0  and  reaches  alternately 
a   high   and   low   value.     Thus   at  C,  where  L  =  37.7  cm.,  the 

*  Bibliography  38  and  71. 
f  Bibliography  13. 
\  Bibliography  61. 
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acoustic  impedance  AC  is  a  maximum  and,  according  to  (188), 
(190)        237.7  =  187  \  5°.2X 

tanh  j  (0.0266  +  j  403)  +  (0.0974  +  j  097)  | 
=  187  \  5°.2  tanh  (0.124  +  j  5) 
=  187  \  5°.2ctnh  0.124 
=  187  X  5°.2  X  8.106  =  1517  \  5°.2 

acoustic  abohms  Z . 

The  quarter  wave  length  being  37.4  cm.,  the  acoustic  impedance 
should  be  a  maximum  at  L  =  0.30,  19.0,  37.7,  and  56.4  cm.,  and 
should  fall  on  the  axis  of  z0  at  E,  D,  C  and  B  respectively,  while 
it  should  be  a  minimum  at  L  =  9.65,  28.35,  and  47.05  cm.  At 
these  points  the  acoustic  impedance  should  also  lie  on  the  same 
axis  but  nearer  to  A.  All  of  these  requirements  are  seen  to  be 
moderately  well  met  in  the  diagram  of  Fig.  95. 

It  is  thus  possible,  by  making  purely  electrical  measurements 
of  the  motional  impedance  of  a  telephone  receiver,  to  arrive  at  the 
corresponding  variations  in  acoustic  impedance,  when  the  acoustic 
load  is  varied,  at  constant  impressed  frequency.  In  the  case  of 
an  air  tube  of  varied  length,  the  acoustic  impedance  appears  to 
follow  substantially  the  same  quantitative  behavior  as  the  electric 
impedance  of  an  alternating- current  line  of  correspondingly  varied 
length.  A  large  field  for  electro-acoustic  investigation  lies  open 
in,  this  direction.  An  outline  theory  of  acoustic  wave  transmis- 
sion along  a  tube  under  certains  assumptions  is  offered  in  Appen- 
dix IX,  following  the  indications  just  mentioned. 

In  the  case  of  a  uniform  electric  line,  we  can  always  determine 
the  position  angle  8A  and  the  surge  impedance  z0,  by  successively 
grounding  and  freeing  the  line  at  the  distant  end,  and  measuring 
the  corresponding  impedances  Zf  and  Zg  at  the  home  end  A .  The 
ratio  of  these  two  vector  impedances  is  tanh2  8A  and  their  product 
is  z02.  In  the  case  of  a  tube  or  acoustic  line,  we  can  approximately 
free  the  line,  by  plugging  the  tube  with  a  smooth  hard  plug,  which 
is  designed  as  a  good  sound  reflector;  but  no  means  are  available 
for  "grounding"  the  acoustic  line.  With  the  tube  wide  open  at 
the  distant  end,  there  is  still  an  appreciable  acoustic  impedance  at 
and  beyond  the  open  end.  If  the  tube  opens  into  a  room  or  walled 
space,  this  terminal  acoustic  impedance  will,  in  general,  possess 
some  reactance  due  to  reflections  from  the  walls;  but  if  the  tube 
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terminates  in  the  open  air,  the  terminal  acoustic  impedance  is 
likely  to  have  only  a  small  reactive  component  or  slope.  If  the 
amount  of  the  terminal  impedance  a  of  a  tube  opening  out  of  doors 
could  be  accurately  and  easily  ascertained  from  the  geometry  of 
the  tube,  it  would  be  readily  possible  to  compute  8A  and  z0  from 
the  acoustic  impedance  Zf  with  the  distant  end  freed,  and  Za  with 
the  distant  end  open  to  the  free  air.  Until  a  can  be  satisfactorily 
predetermined,  it  will  be  necessary  to  find  5^  and  z0  by  indirect 
methods,  and  to  determine  a  from  the  differences  between  Zf  and 
Za.  Such  investigations  might  lead  to  satisfactory  experimental 
determination  of  a,  the  open-end  terminal  impedance  of  a  tube  of 
given  material  and  dimensions. 

Effects  of  Different  Apertures  at  the  Far  End  of  the  Tube  on 
the  Acoustic  Impedance  at  the  Sending  End. — Figure  96  shows 
several  motional-impedance  diagrams  for  the  case  of  a  fixed  length 
(87.8  cm.)  of  the  same  air  tube,  each  diagram  being  taken  at  a 
constant  impressed  frequency,  and  with  different  successive  sizes 
of  circular  aperture  in  the  plug  or  closure,  at  the  distant  end  of  the 
tube.  The  tube  was  closed  with  a  flat  slab  of  fiber  0.62  cm.  thick. 
Circular  holes  marked  Nos.  1,  2,  3,  and  4  on  the  diagram  were  cut 
in  different  parts  of  this  slab,  with  the  following  diameters:  No.  1, 
0.6  cm.;  No.  2,  0.95  cm.;  No.  3,  1.3  cm.;  No.  4,  1.6  cm.  and  No.  5, 
full  tube  aperture  (3.1  cm.);  i.e.,  with  slab  removed.  No.  0  rep- 
resents the  case  of  a  complete  closure  of  the  tube  by  the  unpierced 
slab. 

The  origin  of  all  the  diagrams  is  at  K,  Fig.  96.  At  the  constant 
frequency  of  850  ~,  the  successive  motional  impedances  of  the 
receiver  attached  to  the  tube,  with  successive  terminal  orifices 
0-5  are  K  0,  K  1,. .  .K  5.  The  ends  of  these  vectors  are  con- 
nected by  the  freely  drawn  curve  A  A.  Repeating  the  motional- 
impedance  measurements  at  the  successive  steady  frequencies  of 
901,  921,  949  and  1000  ~,  the  corresponding  vector  loci  with 
different  terminal  apertures  are  marked  on  the  curves  BB,  CC, 
DD,  and  EE. 

It  is  evident  that  the  motional-impedance  variations,  due  to 
varying  the  distant-end  orifice  of  the  tube,  are  greatest  on  the  long 
curves  CC  and  DD,  apparently  because  the  frequencies  pertaining 
to  them  (921  and  949  ~  respectively)  lie  nearest  to  the  resonant 
frequency  of  the  receiver,  when  loaded  with  the  tube  under  these 
conditions.     For  sensitiveness  in  the  measurement  of  tube  terminal 
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effects  in  the  receiver,  the  frequency  of  850  <~  was  manifestly  too 
low,  and  that  of  1000  ~  too  high.  Figure  96  thus  indicates  the 
importance  of  selecting  the  best  frequency  for  measurements  of 
this  nature. 

The  total  mechanical  impedances  z"  at  the  receiver  diaphragm 
in  the  various  measurements  recorded  in  Fig.  96,  are  presented  in 
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Fig.  96.  Motional  impedance  of  receiver  at  constant  impressed  frequen- 
cies, attached  to  air-tube  of  constant  length  (87.8  cm.)  with  apertures  of 
different  diameters  at  far  end  (Kurokawa). 

the  mechanical-impedance  diagrams  of  Fig.  97,  after  inversion  and 
multiplication  by  A2,  as  already  explained.  These  impedances 
are  vectors  expressible  in  mechanical  resistance  and  reactance,  as 
dynes  per  kine,  or  mechanical  abohms,  as  may  be  preferred.  Their 
origin  is  at  k.  The  vector  graph  A  A  of  Fig.  96  becomes  con- 
verted into  the  vector  graph  aa  of  Fig.  97,  BB  into  bb,  and  so  on. 
It  will  be  observed  that  the  most  sensitive  graphs  CC  and  DD 
of  Fig.  96,  give  rise  to  graphs  cc  and  dd  in  Fig.  97,  revealing 
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only  small  changes  in  total  mechanical  resistance;  but  relatively 
large  changes  in  mechan- 
ical reactance,  with  change 
of  tube  aperture.  On  the 
other  hand,  ee  at  1000  ~ 
includes  more  change  in 
mechanical  resistance  (230 
to  980  dynes  per  kine)  than 
in  mechanical  reactance 
(j  630  to  j  920  dynes  per 
kine).  This  indicates  that 
the  changes  in  acoustic 
load,  effected  by  altering 
the  tube  aperture  at  the 
distant  end,  may  prepon- 
derate in  mechanical  re- 
sistance, or  in  mechanical 
reactance,  depending  upon 
the  impressed  frequency, 
and    on    the    system     of 
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Fig.  97.  Total  mechanical  impedance  at 
receiver  diaphragm  by  inversion  from 
Fig.  96,  and  multiplying  by  A2. 


stationary  sound  waves  thereby  set  up  in  the  tube. 

Another  set  of  measurements  was  made  with  the  same  telephone 
receiver  and  fiber  tube,  plugged  at  certain  tube  lengths,  but  with 
a  row  of  holes,  like  those  of  a  flute,  bored  in  the  tube  wall.  The 
diameter  of  each  hole  was  6.5  mm.,  and  their  distance  apart,  be- 
tween centers,  4  cm.  Removable  plugs  were  inserted  in  these 
holes.  The  motional  impedance  of  the  receiver  was  found  to  be 
sensitively  affected  by  the  position  of  the  particular  plug  removed. 
The  results,  although  interesting,  have  not  been  analyzed,  and  are 
therefore  not  presented  here  in  quantitative  detail.  Theoretically, 
they  pertain  to  the  domain  of  casual  leaks  in  an  a.-c.  line  conductor. 
They  indicate,  however,  that  the  acoustic  impedance  of  the  air 
column  in  a  perforated  tubular  musical  instrument,  such  as  a  flute, 
undergoes  marked  variations  when  the  instrument  is  manipu- 
lated, as  in  playing.  Such  changes  of  acoustic  impedance  might 
be  measured  in  the  manner  described,  with  respect  to  a  telephone 
receiver  diaphragm  as  the  source  of  sound 

Motional  and  Acoustic  Impedances  of  a  Telephone  Receiver 
pressed  against  the  Ear.  —  When  a  telephone  receiver  is  freely 
exposed  to  the  air  in  a  large  room,  the  total  mechanical  impedance 
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on  its  diaphragm  is  the  total  internal  impedance  (z„  +  z  +  z{) 
plus  the  external  impedance  z2  of  the  air  in  front  of  the  diaphragm, 
including  the  cushion  under  the  cap.  The  ordinary  motional- 
impedance  circle  of  the  instrument  is  measured  under  these  condi- 
tions. When,  however,  the  receiver  is  pressed  against  the  ear, 
the  external  acoustic  impedance  z2  is  that  of  the  air  in  the  ear 
cavity,  as  well  as  under  the  cap  of  the  instrument.  The  free  and 
the  motional  impedances  of  the  instrument  under  these  conditions 
approximate  to  those  actually  presented  in  the  ordinary  telephonic 
use  of  the  device  as  a  receiver  of  speech,  or  when  the  receiver  is 
under  "ear  acoustic  load." 

RESISTANCE  ,  OHMS 


-     ^5 

__92£- 

~~~* 

0 

/so 

Vjoro 

Q 

^ 

\f:w 

_ 

nsrtr' 

\ 

\|070~ 

\ 

]08° 
1060^ 

m 

n80~ 

\ 

\ 

:/ 

H\ 

„«,~ 

S 

L 

V 

0~ 

\ 

----' 

.<* 

\ 

J 

\ 

/ 

\ 

./ 

r 

t^w. 

V 

y 

#~ 

»~ 

o  9 

80^ 

Fig.  98.     Motional  impedance  graphs  of  receiver  in  free  air  of  room,  and 
pressed  against  listener's  ear. 

Figure  98  gives  the  motional-impedance  circle  OABC  of  the  par- 
ticular receiver  used  in  these  ear  tests  and  which  was  similar  to  but 
not  identical  with  that  used  in  the  tube  tests  above  described.  The 
frequency  of  apparent  resonance  /0  in  free  air  was  969  ~,  when  the 
diametral  motional  impedance  was  Z'0  =  177  X  44°. 2  ohms.  This 
receiver,  when  held  against  the  ear  of  a  listener,  as  in  the  ordinary 
conversational  use  of  the  instrument,  gave  rise  to  the  smaller 
graph  ODEF,  which  departs  very  clearly  from  the  circular  form. 
The  exact  shape  of  this  graph  ODEF  is  not  considered  of  importance, 
however,  because,  if  the  instrument  was  placed  against  the  ear, 
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with  less  or  more  pressure,  or  if  it  was  centered  differently  on  the 
ear,  or  if  some  other  ear  was  selected,  the  shape  of  the  graph  would 
probably  be  altered  appreciably.  To  a  first  approximation,  how- 
ever, the  graph  ODEF  may  be  regarded  as  an  approach  to  the 
dotted  circular  motional  impedance  OGEH,  which  may  be  de- 
scribed as  the  motional  circle  of  reference,  with  the  instrument 
applied  to  the  ear.  It  may  be  observed  that  the  diameter  of  this 
circle  of  approximation  is  78.5  \  44°  ohms.  The  diameter  OE 
has,  therefore,  substantially  the  same  slope  as  the  free-air  motional 
impedance  diameter  OB,  but  has  been  reduced  in  length  somewhat 
more  than  50  per  cent.  The  frequency  of  apparent  resonance 
has  also  been  changed 
from  969  ~  to  1100  ~,  by 
applying  the  receiver  cap 
to  the  ear. 

M  echanical  -  Impedance 
Graph  corresponding  to 
Motional-Impedance  Cir- 
cle. —  Figure  99  gives  the 
corresponding  mechanical- 
impedance  graphs  for  this 
receiver  and  ear,  obtained 
from  Fig.  96  by  the  opera- 
tions of  inversion  and 
multiplication  by  the 
vector  A2,  as  already  de- 
scribed. The  straight  line 
abc,  parallel  to  the  re- 
actance axis,  corresponds 
to  the  motional-imped- 
ance circle  OABC  of 
Fig.  96,  taken  in  the  free 
air  of  a  room.  This  means 
that  the  total  mechanical 
impedance  of  the  receiver 
free  to  the  room,  was  a  con- 
stant mechanical  resist- 
ance r"  =  rv  +  r  +  rx  +  r2 
of  149  dynes  per  kine, 
plus  or  minus  a  mechanical  reactance  depending  on  the  impressed 
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Fig.  99.  Mechanical  impedance  of  receiver 
in  free  air  of  room,  and  when  pressed 
against  listener's  ear. 
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frequency.  At/o  =  969  ~,  the  frequency  of  apparent  resonance, 
the  mechanical  reactance  disappears,  leaving  the  resistance  of  149 
dynes  per  kine  as  the  residual  mechanical  impedance  of  resonance. 

It  is  important  to  observe  that  any  motional-impedance  circle 
of  a  telephone  receiver,  assumed  to  pass  regularly  through  the 
origin  of  coordinates,  corresponds  to  such  a  straight-line  locus  of 
total  mechanical  impedance  parallel  to  the  reactance  axis,  no 
matter  what  the  depression  angle  (2  jS°)  of  the  motional-impedance 
diameter  may  be.  The  application  of  the  vector  factor  A2,  in 
formula  (181),  cancels  out  the  diametral  depression.  In  other 
words,  all  motional-impedance  circles  of  telephone  receivers  cor- 
respond to,  and  are  convertible  into,  rectilinear  mechanical-im- 
pedance graphs  of  constant  mechanical  resistance,  neglecting  those 
influences,  described  in  Chapter  XI,  which  are  known  to  distort 
the  motional-impedance  graph  from  the  purely  circular  form. 
From  an  electric  viewpoint,  therefore,  the  motional-impedance 
circle,  like  that  of  Fig.  98,  is  the  primary  geometric  property  of  a 
telephone  receiver;  but  from  a  mechanical  viewpoint,  the  primary 
geometric  property  is  the  rectilinear  locus,  like  that  of  Fig.  99. 

If  the  motional-impedance  circle  of  approximation  OGEH  in 
Fig.  98,  is  accepted  for  this  receiver  applied  to  the  listener's  ear; 
then  the  dotted  straight  line  geh  of  Fig.  99  would  represent  the 
corresponding  mechanical-impedance  graph,  where  the  mechanical 
resistance  is  335  dynes  per  kine,  and  zero  reactance  is  found  near 
1100  ~.  The  curved  line  def  corresponds  more  nearly  to  the 
actually  recorded  motional-impedance  graph  ODEF,  Fig.  98.  The 
particular  shape  of  this  curved  graph  def  may  not,  however,  be 
relied  upon,  for  the  reasons  already  given. 

Figure  99  indicates,  therefore,  that  at  least  to  a  first  approxi- 
mation, the  acoustic  resistance  of  the  listener's  ear  in  this  measure- 
ment was  186  dynes  per  kine.  At  higher  frequencies,  this  resist- 
ance appears  to  increase.  There  is  room,  however,  for  much 
further  research  in  this  direction. 

Experiments  were  also  made  with  an  artificial  ear  *  composed 
of  paraffin  wax,  and  in  form  modeled  closely  after  an  anatomical 
model  of  a  human  ear.     A  motional-impedance  graph  made  for 

*  It  is  believed  that  an  "artificial  ear,"  consisting  of  a  flat  slab  of  some 
suitable  substance  selected  experimentally,  on  which  a  receiver  is  laid  face 
down,  had  been  used  in  the  telephone  laboratories  of  the  Western  Electric 
Co.,  at  New  York,  before  the  tests  here  presented  were  made. 
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the  same  telephone  receiver,  applied  to  this  artificial  ear,  agreed 
fairly  well  in  form  with  the  graph  for  the  actual  ear  ODEF,  Fig.  98. 
The  corresponding  approximate  circle  of  reference  had  a  diameter 
of  98  \  44°  ohms;  or  was  somewhat  larger  than  the  circle  OGEH 
of  Fig.  98,  corresponding  to  a  somewhat  lower  mechanical  resist- 
ance. It  may  be  noted,  however,  that  a  receiver,  when  applied 
to  a  model  ear  in  a  solid  substance  like  paraffin  wax,  does  not  fit 
to  it  as  closely  as  when  applied  to  the  human  ear.  The  imperfect 
fit  would  tend  to  lower  the  acoustic  resistance  by  offering  acoustic 
leakage. 

With  the  receiver  applied  face  downwards  upon  a  flat  slab  of 
glass,  the  motional-impedance  diagram  was  a  closed  curve  through 
the  origin,  roughly  circular  in  form.  The  approximating  circle 
of  reference  had  a  diameter  and  a  depression  angle  about  the  same 
as  when  the  measurement  was  made  with  the  receiver  open  to  the 
air  of  the  room.  The  frequency  of  apparent  resonance  was,  how- 
ever, raised  to  1090  ~. 

Application  of  Variable  Acoustic  Air  Column  to  the  Tuning  of 
Telephone  Receivers,  for  increasing  their  Sensibility.  —  If  a  tele- 
phone receiver  is  to  be  applied,  not  for  the  best  reproduction  of 
speech,  but  for  producing  as  loud  a  sound  as  possible  in  the  lis- 
tener's ear  with  a  very  feeble  exciting  current,  it  should  be  brought 
into  its  most  sensitive  condition,  by  bringing  about  agreement 
between  the  impressed  frequency  and  the  frequency  /0  of  apparent 
resonance  in  the  instrument.  Figure  63,  which  is  fairly  typical 
of  the  ordinary  receiver,  indicates  how  much  depends  on  the  tuning 
of  the  diaphragm  to  the  received  frequency.  That  figure  shows 
that  the  amplitude  of  vibration  produced  at  a  frequency  10  per 
cent  below  that  of  resonance  was  only  37.8  per  cent  of  the  resonant 
amplitude.  Since  the  intensity  of  sound  is  taken  as  proportional 
to  the  square  of  the  amplitude,*  a  ten  per  cent  departure  from  reso- 
nance gives  in  this  instrument  an  intensity  of  (0.378)2  =  0.143, 
or  only  one-seventh  that  obtained  at  resonance. 

When  the  impressed  frequency  is  under  control,  it  is  therefore 
desirable  to  employ  a  sharply  resonant  telephone  receiver,  as  an 
a.-c.  galvanometer,  and  to  adjust  the  frequency  by  trial  into  ac- 
cordance with  /o  for  the  instrument,  when  the  latter  is  pressed 
against  the  observer's  ear.  In  many  cases,  however,  the  test 
frequency  is  fixed  unadjustably.     It  then  becomes  desirable  to 

*  Lamb,  Bibliography  35. 
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effect  the  same  result  by  bringing  /0  for  the  instrument,  by  trial, 
into  agreement  with  the  test  frequency. 

By  reference  to  Figs.  93  and  94,  it  will  be  seen  that  for  the  given 
impressed  frequency  of  921  ~  on  the  receiver  connected  to  the  fiber 
tube,  a  variation  in  the  length  of  the  tube  by  a  quarter  wave 
length,  or  9.4  cm.,  altered  the  motional  impedance  from  a  maximum 
to  a  minimum,  or  vice  versa,  and  also  altered  the  maximum  cyclic 
velocity  of  the  diaphragm  in  the  ratio  of  more  than  8  to  1.  The 
maximum  cyclic  amplitude  must  therefore  have  been  altered  in 
the  same  ratio;  so  that  the  intensity  of  the  sound  emitted  by  the 
diaphragm  in  its  immediate  vicinity  would  be  increased  in  the 
ratio  of  more  than  64  to  1.  From  this  it  will  be  evident  that  when 
such  a  tube  of  adjustable  length  is  inserted  between  the  telephone 
cover  and  the  listener's  ear,  as  by  the  insertion  of  an  ear  tube  in 
the  plug  P,  Fig.  90,  the  loudness  of  the  sound  emitted  by  the  re- 
ceiver, under  steady  excitation,  can  be  adjusted  by  altering  the 
tube  length.  In  other  words,  the  tube 
length  can  be  tuned  to  maximum 
sensitiveness  at  the  ear.  Observations 
made  in  this  way  have  shown  that  this 
method  of  tuning  is  applicable  at  least 
over  a  certain  range  of  impressed  fre- 
quency. Thus,  if  the  impressed  fre- 
quency is  900  ~,  and  the  receiver  on 
||i  j  I   i  I  }  )T^])     the   observer's   ear  has  an  apparent 

VaU'v  \  ■  l'l  I  \ui  resonant  frequency  of  1000 ~,  an  in- 
serted adjustable  tube  may  make  it 
possible  to  lower  the  resonant  fre- 
quency to  900  ~.  There  is  a  good 
opportunity  for  further  work  in  the 
convenient  application  of  this  principle 
to  specified  service  conditions. 

Application  of  the  Motional-imped- 
ance Method  to  the  Measurement  of 
Added  Mechanical  Resistance  in 
Fluids.  —  We  have  already  referred  in 
the  last  chapter  to  some  effects  of 
changes   in  atmospheric  density  upon 

ical  vibratory  resistance.       phragm  of  a  telephone  receiver.    The 
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results  obtained  led  to  some  tests  for  ascertaining  the  mechanical 
resistance  offered  by  small  circular  aluminum  vanes  of  various  dia- 
meters fastened  by  a  small  metallic  tie-rod  to  the  center  of  the 
diaphragm,  as  shown  in  Fig.  100.  The  small  vane  was  in  each  case 
held  at  its  center,  coaxial  with  the  diaphragm,  and  with  its  plane 
parallel  to  that  of  the  diaphragm.  In  changing  from  one  size 
of  vane  to  another,  the  mass  of  the  tie-rod  was  so  altered  as  to 
maintain  the  resonant  frequency  of  the  loaded  diagram  sub- 
stantially unchanged,  and,  therefore,  also  the  total  equivalent 
mass.     The  results  are  given  in  Table  XV. 

TABLE  XV 
Table  of  Vane  Mechanical  Resistance  to  Vibration  (Affel) 


Test 
No. 

Added 

Mass  of 

Vane  & 

Rod.  Gms. 

Resonant 

Frequency 

Cyc./Sec. 

/o 

Vane  Area 
Sq.  Cm. 
on  One 

Surface 

Impedance 
Circle 

DlAM.  OHMS. 

Z'o 

Decre- 
ment 
per 
Sec. 
A 

Equivalent 
Total  Me- 
chanical 
Res.  t. 
Dynes/Kine 

Extra 
Res. 

1 

3.00 

704 

0 

26.5 

157 

1370 

— 

2 

3.11 

689 

5 

21.2 

167 

1490 

120 

3 

3.18 

685 

10 

17.0 

173 

1570 

200 

It  would  appear  from  the  results  in  the  table,  as  far  as  they  go, 
that  the  extra  mechanical  resistance  of  a  circular  disk  vibrating 
perpendicularly  to  its  plane  in  ordinary  atmospheric  surroundings, 
was  about  20  dynes  per  kine  for  each  sq.  cm.  of  disk  area  (wa2). 

A  few  similar  measurements,  made  with  circular  disk  vanes 
immersed  in  water  instead  of  in  air,  gave  results  of  roughly  500 
dynes  per  kine,  per  sq.  cm.  of  disk  area,  or  some  25  times  the  me- 
chanical resistance  in  air.  In  this  case  it  was  found  that  the  water 
not  only  added  mechanical  resistance,  but  also  an  appreciable 
extra  mass  (about  0.5  gm.  per  sq.  cm.  of  disk  area)  to  the  vibrating 
system. 

These  measurements  are  cited,  not  as  giving  definite  values,  but 
as  indicating  directions  in  which  the  motional-impedance  methods 
may  be  applied  to  research  on  the  behavior  of  vibrating  systems. 

On  Applications  of  the  Motional-impedance  Method  to  Archi- 
tectural Acoustics.  —  When  the  free  impedance  of  a  telephone 
receiver  is  measured  with  the  axis  of  the  instrument  horizontal, 
and  with  its  cover  facing  a  wall  of  the  room  at  not  too  great  a 
distance,  it  is  found  that,  near  the  frequency  of  apparent  resonance, 
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the  electric  impedance  of  the  instrument  is  affected  by  its  distance 
from  the  wall.  Holding  the  frequency  steady,  this  impedance  is 
found  to  vary  if  the  instrument  is  moved  nearer  to,  or  further 
from,  the  wall  which  it  faces.  This  means  that  the  acoustic  im- 
pedance, at  the  diaphragm,  of  the  air  in  front  of  the  instrument,  is 
affected  by  the  distance  from  the  wall,  in  relation  to  the  wave 
length  of  the  emitted  sound.  The  amount  of  variation  of  electric 
impedance,  or  the  sensibility  of  the  measurement  to  small  me- 
chanical displacements,  depends  upon  the  sharpness  of  resonance 
of  the  diaphragm.  It  seems  likely  that  this  method  of  measure- 
ment is  capable  of  being  applied  to  architectural  acoustics,  for 
example,  in  determining  the  sound-reflection  coefficient  of  drap- 
eries. For  such  purposes  a  telephone  receiver  should  be  selected 
with  a  small  gross  mechanical  resistance  in  its  diaphragm,  and 
with  a  small  damping  constant  A,  i.e.,  with  a  large  sharpness  of 
resonance.  Such  an  instrument  would  have  a  relatively  large 
motional-impedance  circle,  and  a  small  change  of  impressed  fre- 
quency would  carry  the  vector  over  the  entire  resonant  range,  or 
from  one  quadrantal  point,  through  resonance  over  to  the  other. 
Relatively  feeble  reflected  sound  waves  falling  on  the  diaphragm 
would  thus  appreciably  affect  the  motional  impedance  and  enable 
the  corresponding  acoustic-impedance  variation  to  be  measured. 

This  effect  of  reflected  sound  waves  on  the  motional  impedance 
was  first  noticed  and  described  in  measurements  made  and  pub- 
lished in  1912.*  It  was  found  at  that  time  that  with  a  sharply 
resonant  telephone  receiver  lying  on  the  testing  table,  not  only 
the  bridge  balance,  but  also  the  emitted  sound,  were  affected  by 
walking  about  the  room  in  front  of  the  instrument.  These  effects 
were  most  noticeable  in  the  case  of  an  experimental  bipolar  receiver 
having  an  unusually  low  value  of  A;  i.e.,  about  20,  and  a  resonant 
sharpness  A0  of  approximately  323.  This  instrument  had  its  dia- 
phragm clamped  between  metallic  circles,  instead  of  the  usual 
circles  of  molded  insulating  material.  Its  motional-impedance 
ratio  Z'o/Ri  was,  however,  only  0.436  \  26°. 5  which  does  not 
speak  highly  for  its  sensitiveness  to  current  flow  at  resonance. 
The  acoustic  changes  in  its  electric  impedance  were,  nevertheless, 
of  such  a  nature  as  to  suggest  that  by  using  a  similarly  sharply 
resonant  receiver  of  good  design,  still  larger  acoustic  reflection 
effects  could  be  secured. 

*  Bibliography  40. 


CHAPTER  XIV 

INFLUENCE  OF  THE  DIMENSIONS  OF    THE  DIAPHRAGM    UPON 
ITS   CONSTANTS 

Introduction.  —  It  was  shown  by  Lord  Rayleigh*  that  the  natural 
or  free-vibration  frequency//,  of  a  circular  plate  diaphragm,  such  as 
is  used  in  a  telephone  receiver,  is  directly  proportional  to  the  thick- 
ness, and  inversely  proportional  to  the  area  of  the  plate  within 
the  clamping  circle.  This  is  on  the  assumption  that  the  material 
of  the  plate  remains  uniform  and  homogeneous;  and  that  all  other 
conditions  remain  constant.  The  resonant  frequency  to  forced 
vibrations,  f0,  of  such  a  plate  is  only  very  slightly  above  the  free- 
vibration  frequency  //  under  ordinary  conditions,  and  the  two 
may  be  regarded,  for  practical  purposes,  as  identical.  Conse- 
quently, we  should  expect  that  in  one  and  the  same  telephone 
receiver,  using  the  same  clamping  circle  and  clamping  conditions, 
the  resonant  frequency  /0  should  increase  directly  with  the  thick- 
ness of  the  plate.  The  elastic  constant  s  may  be  expected  to 
follow  the  equation 

,.~,x  7    b3  dynes 

(191)  s  =  ks-2  -^ , 

v       '  a2  cm. 

where  b  is  the  thickness  of  the  plate  in  centimeters,  a  is  its 
clamp  radius,  and  ks  is  an  elasticity  constant  of  the  material  clamp, 
affected  by  the  kind  of  clamping. 

The  equivalent  mass  m  should  also  follow  the  equation 

(192)  m  =  kmba2  gm. 

where  km  is  a  density  constant  of  the  material  (gm/cc),  affected 
also  by  the  mass  ratio  m/M .     On  these  premises 

(192)  *-*■-£-$  (-)'• 

v       '  m      km    a4  \sec./ 

and 

,.~«a  ib  ZradA 

*  Bibliography  12,  Vol.  I,  p.  367  (1894). 
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where  the  constant 

Some  experiments  in  this  direction  were  made  at  the  Massachu- 
setts Institute  of  Technology,  and  at  Harvard  University,  by  Mr. 
C.  H.  Calder,  in  a  graduation  thesis,  during  1915,  the  work  being 
directed  by  the  author,  with  the  aid  of  Mr.  H.  A.  Affel.  Tests 
were  made  on  the  effect  of  changing  the  thickness  of  a  telephone 
diaphragm  upon  the  characteristics  of  the  instrument.  It  would 
have  been  very  desirable  to  have  determined  the  effects  upon  all 
four  fundamental  constants  A,  m,  r,  and  s;  but  at  that  time  the 
technique  for  determining  these  separately  had  not  been  com- 
pleted. The  tests  were  therefore  confined  to  determining  the 
motional-impedance  circle  with  each  thickness  of  diaphragm 
successively. 

The  same  receiver  and  cap  was  used  throughout  the  series  of 
tests,  and  was  of  a  standard  make.  It  had  a  d.-c.  resistance  of 
approximately  one  hundred  ohms  at  20°  C.  The  inner  diameter 
of  the  clamping  circle  was  5  cm.  The  tests  were  made  by  obtain- 
ing the  motional-impedance  circle  of  the  instrument,  over  a  range 
of  impressed  frequency  from  400  to  1500  cycles  per  second,  as 
furnished  by  a  Vreeland  oscillator.  The  different  diaphragms  were 
obtained  through  the  courtesy  of  the  Western  Electric  Co.  They 
were  of  standard  ferro-type  steel,  in  pairs  of  each  thickness,  one 
of  the  pair  being  japanned  and  the  other  unjapanned.  They  were 
all  of  the  same  diameter,  and  of  approximately  the  same  quality 
of  metal.  They  varied  in  metallic  thickness  from  0.14  mm.  to 
0.325  mm.,  in  five  steps;  viz.,  0.14,  0.16,  0.21,  0.23  and  0.325  mm. 

The  results  obtained  with  the  japanned  and  unjapanned  speci- 
mens of  the  same  metallic  thickness  differed  slightly,  but  not  in 
any  recognized  systematic  way;  so  that,  in  what  follows,  the  mean 
of  the  two  results  for  each  thickness  has  been  taken.  When  in- 
troducing a  new  diaphragm  into  the  receiver,  care  was  taken  to 
maintain  the  conditions  as  nearly  uniform  as  possible,  and  the  cap 
was  screwed  on,  in  each  instance,  with  substantially  the  same 
measured  torque. 

The  results  are  summarized  graphically  in  the  accompanying 
curve  sheet,  Fig.  101. 

Referring  first  to  the  curve  ABC  of  natural  frequency,  it  will  be 
observed  that  as  the  thickness  of  the  diaphragm  was  increased 
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from  0.14  mm.  to  0.325  mm.,  the  natural  or  resonant  frequency  f0 
varied  from  A,  at  970  ~,  through  B  at  900  ~,  to  C  at  1175  ~. 


Fig.  101.     Effects  of  changes  in  diaphragm  thickness  on  instrument 
characteristics. 

If  this  frequency  had  been  simply  proportional  to  tne  thickness, 
in  accordance  with  (193),  this  curve  should  have  been  a  straight 
line  from  the  origin  through  some  such  point  as  B. 
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A  reason  for  the  departure  from  the  simple  straight-line  law  is 
found  in  the  curve  DEFG  of  air-gap  thickness,  which  varied  from 
0.1  mm.,  with  the  thinnest  diaphragm,  to  nearly  0.32  mm.  with 
the  thickest.  These  air  gaps  were  measured  by  means  of  a  depth 
gauge,  after  the  diaphragms  were  set  in  place.  It  is  evident  that 
the  thin  diaphragms  were  bowed  in,  toward  the  center,  by  the 
magnetic  attraction  of  the  permanent  poles.  This  inward  bending 
not  only  distorts  the  diaphragm,  and  alters  the  magnetic-circuit 
conditions;  but  it  also  tends  to  make  them  behave  partly  like  a 
stretched  membrane,  rather  than  wholly  as  a  simple  plate.  The 
curve  ABC  indicates,  however,  a  tendency  to  follow  a  simple 
straight-line  law  through  the  origin,  towards  the  thicker  dia- 
phragms, which  suffer  the  least  bending  and  have  the  largest  air 
gaps. 

The  graph  HIJK  shows  the  "sensitiveness"  of  the  receiver  with 
the  various  successive  diaphragms.  The  ordinates  are  taken  equal 
to  the  diametric  sizes  R'0  of  the  respective  motional-impedance 
circles.  These  circles  are  reproduced  to  scale  in  the  left-hand  top 
corner  of  the  figure,  for  the  japanned  diaphragms  only.  It  will 
be  seen  that  for  the  thinnest  diaphragm,  the  maximum  diametric 
impedance  Z'0  is  40.6  ohms;  while  for  the  thickest  diaphragm, 
it  was  124.5  ohms.  The  largest  circle  and  greatest  Z'0  (155.5  ohms), 
is  found  at  the  intermediate  thickness  of  9  mils  or  0.23  mm.  This 
indicates  that  the  greatest  sensitiveness,  within  the  range  of  dia- 
phragm thicknessexplored,  was  at  this  particular  intermediate  stage. 

The  reciprocals  of  these  diametric  impedances  would  be  pro- 
portional to  the  respective  gross  mechanical  resistances  r",  assum- 
ing that  the  force  factor  A  remained  constant  throughout  the 
series.  The  gross  mechanical  resistance  includes  the  acoustic 
resistance,  the  internal  frictional  resistance,  and  the  displacement 
resistance  due  to  losses  of  energy  from  vibrations  in  the  permanent 
magnetic  field.  The  relations  to  diaphragm  thickness  of  these 
components  are  complicated.  They  need  much  more  investiga- 
tion to  be  rendered  simple. 

Finally,  the  broken  line  LMNP  represents  the  successive  ob- 
served "resonant  ranges"  of  the  instrument,  in  cycles  per  second, 
as  taken  from  the  motional  circles.  This  resonant  range  is  directly 
proportional  to  A  =  r"/(2  m),  the  damping  constant.  Theoreti- 
cally,* the  resonant  range  should  be  inversely  proportional  to  the 
*H.  0.  Taylor,  Bibliography  69. 
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thickness,  if  the  gross  resistance  r"  remained  constant.  Actually, 
with  r"  variable,  no  such  simple  relation  can  be  expected.  The 
graph  indicates,  however,  on  the  whole,  a  diminution  in  resonant 
range  and  in  A,  as  the  thickness  increases. 

In  a  general  way,  therefore,  the  increase  of  thickness  tends  to 
increase  the  resonant  sharpness  A  of  the  diaphragm.  (See  Chap- 
ter XVII.) 

It  may  be  observed  that  the  depression  angles  (2  /3)  of  the  di- 
ameters in  the  various  motional-impedance  circles  lie  fairly  close 
together,  and  do  not  depart  far  from  45°  throughout  the  series, 
which  included  the  measurement  of  more  than  fifty  motional- 
impedance  circles.     Only  five  of  these  appear  in  Fig.  101. 

It  may  be  inferred  from  these  results  that  within  the  range  of 
thicknesses  explored  (0.14  to  0.33  mm.)  the  theoretical  relations 
in  regard  to  /0  and  A  are  only  very  roughly  verified,  owing  to 
secondary  disturbances,  especially  those  associated  with  change 
in  air  gap.  It  would  be  desirable  to  repeat  the  series  of  tests  over  a 
wider  range  in  thicknesses,  analyzing  for  A,  m,  r,  and  s  throughout, 
with  some  compensatory  adjustment  to  maintain  nearly  uniform 
air-gap  lengths  in  all  cases. 


CHAPTER  XV 
OSCILLOGRAPHS 

Types  of  Oscillograph.  —  An  oscillograph  is  an  instrument, 
originally  developed  by  Blondel,*  for  recording  photographically 
the  wave  form  of  an  electric  current  or  impulse.  For  many  pur- 
poses of  investigation  or  analysis,  the  oscillograph  has  become  an 
indispensable  instrument  in  the  electrical-engineering  laboratory. 

There  are  two  kinds  of  oscillographs,  namely, 

(1)  Electromechanical  oscillographs,  in  which  the  electric  cur- 

rent to  be  studied  acts  magnetically  or  otherwise,  upon 
a  mechanical  vibratory  system,  whose  motion  is  photo- 
graphically recorded. 

(2)  Cathode-ray  oscillographs,  in  which  the  electric  current  to 

be  studied  acts  magnetically  or  otherwise  upon  a  beam  of 
cathode  rays  impinging  on  a  fluorescent  screen.  The 
motion  of  the  fluorescent  patch  on  the  screen  is  recorded 
photographically.  These  are  generally  known  at  present 
as  Braun  tubes. 

Oscillographs  of  the  second  type  have  the  advantage  of  being  for 
all  practical  purposes  inertialess,  and  therefore  free  from  errors  of 
inertia.  For  the  study  of  very  high  frequencies,  such  as  are  en- 
countered in  radio-communication,  these  cathode-ray  oscillographs 
are  essential.  On  the  other  hand,  the  operation  and  technique  of 
cathode-ray  oscillographs  are  not  nearly  so  simple  and  convenient 
as  those  of  electromechanical  oscillographs.  The  latter  are  in 
practically  universal  use  for  audio  frequencies,  i.e.,  frequencies 
up  to  but  excluding  the  fourth  order  (104  ~). 

Oscillographs  of  the  first  type  are  divisible  into  three  classes: 

(a)  Electromagnetic  oscillographs  with  bifilar  vibrators. 

(6)  Electromagnetic  oscillographs  with  unifilar  vibrators. 

(c)  Electrothermal  oscillographs. 

Class  (a)  is  the  one  used  in  the  vast  majority  of  cases,  and  is 
the  one  specially  considered  in  this  book.     Class  (o)  was  the  one 

*  Bibliography  20. 
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first  developed.  Class  (c)  employs  the  thermal  expansion  of  a  fine 
wire  carrying  the  current  under  analysis  to  deflect  the  mechanical 
vibratory  system. 


Fig.  102.  Sections  of  Duddell  double-oscillograph  galvanometer  through 
oil  bath,  showing  both  vibrators  in  position.  SS  polepieces  of  electromagnet 
C.     T  plano-convex  window,  K  oil-bath  thermometer. 

Figure  102  illustrates  a  well  known  British  form  of  oscillograph 
as  developed  by  Duddell,  and  made  by  the  Cambridge  Instrument 
Company.  Figure  103 
illustrates  a  well- 
known  American  form 
of  the  same  electro- 
magnetic bifilar  class, 
made  by  the  General 
Electric  Company. 
The  fundamental 
principle  of  operation 
is  the  same  for  both. 
One  or  more  bifilar 
vibrators  are  sup- 
ported in  a  powerful 
steady  magnetic  field. 
The  vibrators  consist 
of  a  pair  of  thin 
strong  parallel  wires 
or  strips  of  non- 
magnetic metal,  sup- 
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Fiu.  103.  General  Electric  Company's  triple 
oscillograph  galvanometer.  TS,  tension  screw. 
C,  clamping  screw.  W,  screw  for  horizontal 
adjustments.  aS',  screw  for  vertical  adjust- 
ments. JJ',  tinned  lips.  VT,  vibrator 
terminals.      MP,  field-magnet  terminal  pests. 


ported  under  tension  over  insulating  projections,  in  such  a  manner 
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that  the  electric  current  to  be  studied  passes  up  one  strip  and  down 
the  other.  The  two  strips  are  almost  always  arranged  to  lie  in 
a  vertical  plane  parallel  to  the  direction  of  the  steady  magnetic  field. 
A  tiny  mirror  is  fastened  across  the  two  strips. 

Figure  104  illustrates  a  bifilar  vibrator,  and  indicates  the  nature 


Term/na/s 


of  the  suspension.  AB  and  CD  are  the 
two  wires  or  thin  strips,  usually  of  phos- 
phor bronze  or  tungsten,  stretched  over 
grooves  in  insulating  projections.  At  one 
end,  the  loop  of  the  strip  passes  over  an 
insulating  pulley  carried  by  a  lever,  the 
tension  of  which  can  be  adjusted  by  a 
spring.  The  free  ends  of  the  strip  are 
fastened  tightly  to  insulated  terminals. 
The  small  mirror  is  at  m,  bridging  the 
strips  centrally  and  symmetrically.  The 
mirror  m  acts  as  a  rigid  mechanical  con- 
necting piece  between  the  strips,  and  also 
as  an  optical  indicator  to  the  central 
deflection  of  the  system  from  the  normal 
plane  ABCD.  The  mirror  is  designed  to 
give  a  minute  but  sufficiently  large  and 
clear  beam  of  reflected  light,  from  a  special 
luminous  source,  for  photographing  its 
motion.  It  must  add  as  small  a  mass  and 
moment  of  inertia  to  the  suspension  as  is  practicable,  and  must  not 
connect  the  two  strips  electrically.  The  proper  fulfillment  of  these 
conditions  calls  for  considerable  mechanical  skill  in  construction. 

When  an  alternating  electric  current  is  sent  through  the  vi- 
brator, one  of  the  strips  tends  to  move  in  the  magnetic  field  to- 
wards, and  the  other  away  from,  the  observer.  This  puts  a  torque 
upon  the  system.  The  phase  of  the  torque  will  be  the  same  as  the 
phase  of  the  current  at  any  instant,  in  the  absence  of  magnetic 
material  in  the  vibrator. 

The  suspension  is  ordinarily  arranged  to  be  supported  in  a  non- 
magnetic tank  of  oil,  or  other  damping  liquid.  A  glass  window 
in  the  oil  tank  allows  the  registering  beam  of  light  to  enter  and 
leave  the  face  of  the  immersed  mirror.  Polepieces  are  often 
placed  in  the  sides  of  the  tank  to  carry  the  powerful  magnetising 
flux  with  as  little  unnecessary  magnetic  reluctance  as  possible. 


Pulley  Controlled 

by  Spring 

Fig.  104.     Oscillograph 
vibrator. 
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Oscillograms.  —  An  oscillogram  is  a  photographic  record 
obtained  by  an  oscillograph.  As  ordinarily  obtained  from  the 
photographic  fixing  bath,  an  oscillogram  shows  a  black  line  traced 
by  the  moving  beam  of  light  over  the  photographic  film  which  has 
been  rendered  transparent  by  the  process.  This  negative  picture 
is  the  oscillogram,  as  usually  inspected  and  filed  away.  The  posi- 
tive print,  for  subjection  to  analysis,  shows  a  white  line  traced  on 
a  black  background. 


Fig.  105.  Oscillograms  of  a  rectangular  current-wave  impulse,  lasting 
0.0029  second,  as  recorded  with  a  vibrator  of  successively  varied  damping 
and  bluntness. 

Oscillograms  from  an  electromagnetic  standpoint  are  of  two 
kinds,  namely: 

(1)  Transient  oscillograms, 

(2)  Steady-state  or  steady  oscillograms. 

A  transient  oscillogram  is  a  record  of  a  transient  movement  of 
the  vibrator,  such  as  corresponds  to  the  passage  of  a  transient 
electric  impulse  through  the  vibrator.  Such  an  oscillogram  is  in- 
dicated in  Fig.  105.     The  impulse  here  recorded  is  a  sudden  single 
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impulse  impreceded  by  similar  cyclic  impulses.  The  wavy  line 
crossing  the  zero  at  A,  B,  G  and  H,  Fig.  105,  is  the  trace  of  a  cur- 
rent having  a  frequency  of  approximately  60  ^,  so  that  the  dis- 
tance BG  represents  a  lapse  of  1/120  =  0.00825  second.  The 
ripples  on  the  wave  line  indicate  the  presence  of  a  relatively  high- 
frequency  "tooth  harmonic"  in  the  otherwise  nearly  sinusoidal 
wave  of  time-marking  alternating  current. 

A  simple  commutator,  rotated  by  a  small  synchronous  a.-c. 
motor,  caused  another  vibrator  tracing  the  zero  line  ABGH  to 
deflect,  by  closing  its  circuit  on  a  storage  battery  through  a  high 
resistance  of  entirely  negligible  inductance.  The  current  wave 
impulse  was  therefore  very  nearly  of  rectangular  form,  both  at 
making  and  breaking.  The  duration  of  the  commutator  contact 
and  also  of  the  current-wave  impulse  is  seen  to  have  been  approxi- 
mately one-third  of  a  semicycle,  and  to  have  lasted  0.0029  second, 
or  nearly  3  milliseconds.  The  trace  produced  at  CDEF  is  that  of 
the  very  nearly  rectangular  current  wave,  as  recorded  by  the 
particular  oscillographic  vibrator  used,  which  was  immersed  in 
light  oil.  It  will  be  observed  that  the  vibrator  was  less  than 
critically  damped;  or  its  bluntness  (see  page  217)  was  less  than 
unity.     The  precise  value  of  B0  was  not  measured. 

In  the  oscillogram  No.  2,  at  abgh,  Fig.  105,  the  vibrator  was 
more  heavily  damped,  being  immersed  in  a  more  viscous  medium 
oil.  It  will  be  observed  that  the  recorded  impulse  cdef  is  more 
nearly  rectangular  than  before;  but  there  is  a  trace  of  overthrow 
or  residual  oscillation  at  /.  The  bluntness  B0  is  greater  than  in 
oscillogram  No.  1,  but  remains  less  than  unity. 

In  oscillogram  No.  3,  at  ab'g'h,  Fig.  105,  the  vibrator  is  still 
more  heavily  damped,  being  immersed  in  castor  oil.  Here  it  will 
be  seen  that  the  vibrator  was  ultr aperiodic,  or  B0  was  greater  than 
unity.  The  recorded  impulse  departs  considerably  from  the 
rectangular  wave  form. 

In  Fig.  105,  the  same  substantially  rectangular  type  of  current 
wave  impulse  is  recorded  in  three  distinctly  different  forms,  owing 
to  the  mechanical  properties  and  inertia  of  the  vibrator  in  the 
three  cases,  respectively.  It  is  shown,  in  Appendix  V,  that  no 
simple  mechanical  vibrator  can  be  expected  to  record  a 
rectangular  wave  impulse  correctly,  as  a  rectangular  wave.  It  can 
only  do  so  within  a  certain  degree  of  approximation,  depending  on 
its  free  angular  vibration  velocity  wf  and  its  oscillatory  bluntness  B0. 
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A  steady  oscillogram  is  one  in  which  the  vibration  recorded  is 
periodic  and  to  which  the  suspension  has  been  subjected  for  such 
a  number  of  cycles  that  its  motion  is  completely  cyclical.  A 
typical  steady-state  oscillogram  is  any  alternating-current  or 
alternating-voltage  wave  in  the  steady  state,  such  as  is  represented 
in  Fig.  106,  where  E  is  a  nearly  sinusoidal  wave  of  impressed  emf., 
and  I  is  the  lagging  current  thereby  established  in  a  star  group  of 
transformers.  In  this  oscillogram,  time  is  to  be  read  from  right 
to  left,  or  in  the  opposite  sense  to  that  ordinarily  employed.  At 
the  starting  point  on  the  right,  the  emf.  E  is  passing  through  zero 
towards  the  negative  values;  but  the  current  I  does  not  pass 
through  zero  until  about  20°  later  in  the  emf.  cycle. 


Fig.  106.  Rectangular  coordinate  oscillogram.  E,  im- 
pressed emf.  at  60  ~  with  small  ripple  at  tooth  fre- 
quency. /,  lagging  current,  supplied  to  group  of  trans- 
formers in  star  connection  with  triple-frequency  harmonic 
removed  and  with  a  strong  fifth-frequency  harmonic. 

Both  transient  and  steady  oscillograms  obtained  from  mechani- 
cal vibrators  are  subject  to  errors  of  inertia.  The  motion,  as  photo- 
graphed, does  not  correspond  completely  to  the  impulse,  owing 
to  the  inertia  of  the  moving  system.  The  error  is  liable  to  be  con- 
siderable in  transient  oscillograms,  especially  if  the  recorded  im- 
pulses are  swift  and  sudden.  It  is  also  likely  to  be  considerable 
in  steady  oscillograms  of  high-frequency  waves.  The  error  is 
commonly  small  in  steady  oscillograms  of  ordinary  power  fre- 
quencies, if  the  harmonics  are  few,  and  of  relatively  low  orders. 

It  is  proposed  to  consider,  in  this  and  the  following  chapter, 
the  nature  and  extent  of  the  errors  in  steady  oscillograms,  as  well 
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as  the  procedure  for  determining  them.  Incidentally,  however, 
these  considerations  will  be  applicable  in  part  to  transient  oscillo- 
grams. 

Oscillogram  Coordinates.  —  Oscillograms  may  be  prepared  and 
presented  to  either  (1)  rectangular  coordinates;  or  (2)  polar  co- 
ordinates. In  the  rectangular  coordinate  system,  which  is  the 
system  in  more  general  use,  the  horizontal  axis  parallel  to  the 
length  of  the  photographic  film  is  the  time  axis,  and  is  ordinarily 
read  from  left  to  right  in  the  direction  of  increasing  time.  The 
quadrature  component  is  that  of  wave  amplitude,  and  is  ordinarily 
read  as  positive  above  the  time  axis,  and  negative  beneath. 

In  the  polar  coordinate  system,  the  slope  or  angle  increases 
directly  with  time,  and  is  usually  read  in  the  counter-clockwise 
direction  with  increasing  time.  The  size  or  length  of  the  radius 
vector,  measures  the  instantaneous  amplitude.  Figure  107  is  an 
example  of  a  polar  oscillogram.  Figures  105  and  106  are  rect- 
angular oscillograms. 

In  the  ordinary  rectangular  oscillogram,  the  uniform  peripheral 
time  movement  of  the  recording  film  is  commonly  provided  by  a 
small  auxiliary  rotating  motor.  It  is  important  that  its  velocity 
should  be  uniform  during  the  photographic  exposure;  since  small 
deviations  in  uniformity  may  give  rise  to  serious  apparent  distor- 
tions of  wave  form.  An  oscillogram  is  in  a  certain  sense  a  test 
of  the  uniform  angular  velocity  of  the  auxiliary  driving  motor.  A 
sprocket-chain  drive  with  a  lumpy  link,  or  a  string  drive  with  a 
lumpy  knot,  may  be  responsible  for  distortions  in  the  oscillogram 
secured  through  their  use. 

In  the  polar  oscillogram,  the  uniform  rotation  with  time  is  also 
ordinarily  provided  by  an  auxiliary  rotating  motor,  concerning 
the  behavior  of  which  similar  remarks  apply. 

Figure  107  is  a  circular-zero  polar  oscillogram  of  emf.  and  of 
current,  as  produced  by  a  Chubb  rotary  oscillograph.  The  circle 
OOOO  is  the  zero  line  for  emf.  The  closed  curve  EQ  E  E2  E3,  inter- 
secting this  zero  circle  at  diametrically  opposite  points,  is  the 
photographic  trace  of  one  cycle  of  the  emf.  wave,  which  in  this  case 
was  nearly  sinusoidal.  At  any  point  on  this  emf.  wave,  the  radial 
distance  from  the  zero  circle  to  this  point  measures  the  emf.  at 
that  instant,  counting  radial  distances  outwards  from  the  center 
as  positive.  At  E0  and  E2)  the  emf.  passed  through  zero.  At  E, 
it  reached  a  positive  maximum,  and  at  E3  a  negative  maximum. 
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The  zero  line  for  the  current  wave  is  the  outer  circle  O'O'O'O'. 
The  closed  curve 
hlilih,  intersect- 
ing this  circle  at 
diametrically  op- 
posite points,  is  the 
current  wave.  The 
phase  lag,  or  time- 
phase  displace- 
ment, between  the 
zeros  of  emf.  and 
current  is  57°. 
The  current  passes 
through  zero  at  I0 
and  h.  It  reaches 
a  positive  maxi- 
mum at  Ip,  near  to 
the  descending  zero 
instant  of  the  emf. 
It  also  reaches  a 
negative  maximum 
at  Im,  near  to  the 
ascending  zero  of 
the  emf. 

The  emf.  and 
current  were  sup- 
plied in  this  case  to  a  large  60  ~  transformer  (4166  Kva),  at  a  fre- 
quency of  25  ~.  The  effective  emf.  was  5560  volts  rms.,  and  the 
effective  current  7.2  amperes.  It  will  be  seen  that  an  advantage 
in  favor  of  the  polar  oscillogram  is  that  a  phase  displacement  is 
presented  as  an  angle. 

Each  wave  on  such  a  circular-zero  polar  oscillogram  is  arranged 
to  be  copied  on  a  metallic  sheet  or  template.  The  outer  edge  of 
the  template,  when  properly  cut,  coincides  with  the  photographic 
curve  of  the  wave  on  the  oscillogram.  The  template  is  then 
mounted  on  a  Chubb  analyzer,  and  the  values  of  the  successive 
Fourier  components  in  the  wave  (see  Appendix  XIII),  are  then 
obtained  by  the  aid  of  a  mechanical  process.  By  applying  a  small 
driving  motor  to  the  analyzer,  the  procedure  has  been  made 
almost  entirely  automatic. 


Fig.  107.  Circular  zero  polar  oscillogram  of 
voltage  and  current  supplied  to  a  large  trans- 
former, operating  at  a  flux  density  of  14.1  kilo- 
maximum  cyclic  B. 
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In  the  case  of  Fig.  107,  the  harmonic  analysis  of  the  voltage 
wave  is  given  as : 


Order  op 

A 

B 

O 

Harmonic 

Sine 

Cosine 

Resultant 

1 

+  100 

-1.1 

100.0 

3 

0 

0 

0 

5 

+  0.8 

+  0.8 

1.1 

7 

0 

+  0.4 

0.4 

9 

0 

0 

0 

11 

0 

+  0.3 

0.3 

The  values  in  column  C  are  in  percentages  of  the  equivalent  sine- 
wave  amplitude.  It  will  be  seen  that  the  third  and  ninth  frequency 
harmonics  are  absent,  while  the  largest  harmonic  present  up  to  the 
11th  inclusive  had  a  resultant  amplitude  of  only  1.1  per  cent. 

The  exciting  current  wave  supplied  to  the  transformer  has  the 
following  analysis  given  for  it. 


A 

B 

C 

Harmonic 

Sine 

Cosine 

Resultant 

1 

+  1.11 

-6.74 

6.82 

3 

+  0.156 

-  3.56 

3.56 

5 

+  0.086 

-1.17 

1.17 

7 

+  0.056 

-0.28 

0.28 

9 

0 

-  0.128 

0.128 

The  resultant  amplitude  values  in  column  C  are  expressed  in 
maximum  cyclic  gilberts-per-cm.  of  average  magnetizing  force 
around  the  magnetic  circuit  of  the  transformer.  It  will  be  seen 
that  there  is  a  third-frequency  harmonic  having  an  amplitude  of 
more  than  50  per  cent  of  that  of  the  fundamental. 

The  polar  oscillogram  has  one  inherent  advantage,  that  if  the 
rotation  can  be  made  exactly  synchronous  with  the  alternating 
current  to  be  studied,  several  overlapping  cycles  can  be  recorded 
by  repetition  over  the  same  path.  If  the  motions  are  all  uniform, 
these  repetitions  will  substantially  coincide,  and  thus  furnish  a 
test  of  reliability  in  this  respect.  The  rectilinear  oscillogram  does 
not  so  readily  offer  a  test  of  repetitive  uniformity,  unless  driven 
by  a  synchronous  motor.  On  the  other  hand,  where  transients  or 
progressive  changes  in  the  wave  are   under   consideration,   the 
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rectilinear  oscillogram  has  advantages  in  keeping  the  successive 
waves  separated.  Most  persons  more  readily  comprehend  an 
oscillogram  in  the  rectilinear  than  in  the  polar  form,  and  some 
persons  even  prefer  to  convert  a  polar  oscillogram  into  rectangular 
form,  in  order  to  analyze  it. 

The  polar  form  of  oscillograph  facilitates  the  evaluation  of  the 
root-mean-square  of  a  complex  harmonic  wave;  because,  as  is  well 
known,*  the  area  of  a  polar  oscillogram  is  directly  proportional  to 
the  root-mean-square  value  of  the  wave  therein  recorded,  no 
matter  how  many  harmonic  ripples  may  be  present  in  it. 

Correction  Data  for  Marking  upon  Oscillograms.  —  Every 
oscillogram  that  is  intended  for  careful  analysis  should  be  accom- 
panied by  the  necessary  data  from  which  to  obtain,  if  necessary, 
the  corrections  for  inertia.  We  shall  see  that  there  are  two  neces- 
sary and  sufficient  data  for  this  purpose;  namely  (1)  the  resonant 
frequency  /0  of  the  vibrator,  and  (2)  its  bluntness  B0.  These  two 
data,  or  their  equivalents,  will  always  furnish  the  material  for 
correcting  the  indication  of  any  steady  oscillogram,  at  any  assigned 
frequency  under  examination.  It  may  be  advantageous  to  record 
also  the  temperature  of  the  damping  fluid  at  the  time  of  obser- 
vation. 

*  D.  C.  Jackson,  Alternating  Currents  and  Alternating-Current  Machinery, 
The  Macmillan  Co.,  1913,  page  15. 


CHAPTER  XVI 
ANGULAR    VELOCITY    OF    A    ROTATIONAL    VIBRATING    SYSTEM 

Introduction.  —  In  Chapter  VI,  consideration  was  given  to  the 
rectilinear  vibration  velocity  steadily  set  up  in  a  simple  vibratory 
system  having  a  single  degree  of  rectilinear  freedom,  under  an 
impressed  vmf. 

In  this  Chapter,  it  is  proposed  to  consider  the  cyclic  angular 
velocity  which  may  be  steadily  set  up  in  a  corresponding  simple 
vibratory  system,  having  a  single  degree  of  rotary  freedom  about 
an  axis,  under  an  impressed  alternating  vibromotive  force,  which 
is  also  applied  about  that  axis,  and  which  is  therefore  an  alternat- 
ing vibromotive  twist  or  vibromotive  torque  (vmt.).  There  is  a 
close  analogy  between  the  two  cases.  So  close  is  the  analogy, 
indeed,  that  it  is  often  sufficient  for  the  trained  mathematician  to 
have  the  new  problem  enunciated  to  him  and  he  will  immediately 
reinterpret  the  rectilinear-motion  equations  of  the  first  case,  into 
the  corresponding  angular-motion  equations  of  the  second  case, 
and  apply  them  accordingly.  However,  the  dynamical  difference 
between  the  two  cases  is  sufficiently  great  to  make  a  rediscussion 
of  the  problem  either  necessary  or  desirable  for  the  student  of 
electrical  engineering. 

A  force  acting  about  a  rotation  axis  is  called  a  "couple"  in 
mechanics,  and  is  also  called  a  "torque."  A  torque  is  defined, 
in  reference  to  any  given  axis,  by  a  force  acting  perpendicularly 
to  a  radius  arm  of  stated  length.  In  the  fundamental  C.  G.  S. 
system,  which  we  shall  use  throughout,  a  torque  is  expressed 
in  dynes  force,  acting  perpendicularly  to  a  radius  arm  of  stated 
length  in  cm.,  the  arm  being  supposed  to  project  perpendicularly 
from  the  axis.  Thus  a  torque  is  expressed  in  dyne-cm.  A 
torque  of  5000  dynes-cm.  would  be  such  as  would  be  developed 
either  by  5000  dynes  acting  perpendicularly  to  the  axis  and  to  a 
lever  arm  1  cm.  long,  itself  perpendicular  to  the  axis;  or  by  1000 
dynes  similarly  acting  on  a  lever  arm  5  cm.  long,  or  by  a  force  of  / 
dynes  acting  on  an  arm  of  a  cm.  length,  provided  that  fa  =  5000. 
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There  is  the  objection  to  the  unit  dyne-cm.  as  representing 
torque,  that  it  conflicts  with  the  dyne-cm.  or  erg,  which  is  the  unit 
of  work.  It  is  well  known  that  a  torque  does  no  work,  unless  it 
moves  through  an  angle.  If  /3  is  the  angle  in  circular  radians 
through  which  the  torque  r'  moves,  about  the  axis  to  which  it  is 
applied,  the  work  done  is 

(194a)  id  =  t  /3  ergs  or  torque-radians. 

In  order,  therefore,  to  avoid  the  ambiguity  raised  by  such  a  double 
meaning  of  the  term  dyne-centimeter,  we  shall  use  the  term  dyne- 
perpendicular-centimeter,  abbreviated  dyne-p.-cm.,  to  signify  a 
torque  of  one  dyne  acting  at  a  radius  arm  of  one  cm. 

Rotational  Velocity.  —  Just  as  a  rectilinear  force,  applied 
to  a  simple  rectilinear-vibration  system,  tends  to  set  up  rectilinear 
velocity  therein;  so  a  torque,  applied  to  a  simple  rotation-vibration 
system,  tends  to  set  up  rotational  velocity  therein.  An  alternat- 
ing vibromotive  torque  tends  to  set  up  alternating  angular  velocity. 
The  law  is  the  same  in  each  case,  and  corresponds  to  that  of  alter- 
nating current  in  the  simple  £RS  branch  circuit  of  Fig.  27.  With 
reference  to  the  schedule  on  page  44,  we  have,  in  addition,  the 
following: 

Angular  velocity  is  expressed  in  circular  radians  per  second,  and 
is  denoted  by  the  symbol  dd/dt  abbreviated  to  6,  where  6  is  the 
angle  or  rotational  displacement,  in  radians  of  57°. 296  each.  The 
maximum  cyclic  value  of  alternating  angular  velocity  is  denoted 
by  the  symbol  9m.  The  root  mean  square  of  an  alternating  angu- 
lar velocity  of  any  single  frequency  is  dm/y/2,  or  0.707  9m,  follow- 
ing the  analogy  of  simple  alternating  rectilinear  vibrations  or  of 
simple  alternating  electric  currents. 

The  angular  displacement  of  the  optical  beam  in  an  oscillograph 
is,  by  a  well-known  law  of  optics,  double  the  actual  angular  dis- 
placement of  the  vibrator  mirror.  In  our  theory,  it  is  the  mirror 
and  not  the  reflected  beam  whose  angular  displacement  and 
velocity  are  considered.  Mirror  displacements  at  maximum 
cyclic  value  are  commonly  of  the  order  0.015  radian  or  1.5  cm.  at 
a  range  of  1  meter.  Angular  velocities  are  expressed  by  the 
relation  already  found  in  the  rectilinear  case  (see  page  45) 

(194b)  em  =  jv  em  ^ 
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Moment  of  Inertia.  —  As  is  fully  explained  in  textbooks  on 
dynamics,  the  moment  of  inertia  of  a  simple  vibratory  system  is 
the  integral 

(194c)  m  =   I  a2  •  dm0  =  a?  m0  gm-cm.2, 

where  d?n0  is  the  mass  of  each  element  of  volume  in  the  system,  and 
a  is  its  radial  distance  from  the  axis  of  rotation.  In  the  C.  G.  S. 
system,  the  integral  will  be  expressible  in  gm-cm.2.  If  this  in- 
tegral be  expressed  as  a?m0,  where  m0  is  the  total  mass  of  the  rotat- 
ing system,  the  quantity  a2  is  the  mean  square  of  all  the  radii 
entering  into  the  integral,  and  a,  the  root-mean-square  radius, 
is  called  the  radius  of  gyration.  The  actual  system  therefore 
behaves  as  though  its  mass  were  concentrated  into  a  uniform  ring 
of  very  thin  wire  lying  in  the  plane  of  angular  rotation,  the  ring 
having  its  center  on  the  axis  of  rotation,  and  a  radius  equal  to  the 
radius  of  gyration  a. 

It  is  difficult  to  compute  with  precision  the  moment  of  inertia  of  a 
bifilar  oscillograph  vibrator  as  actually  used,  if  only  for  the  reason 
that  when  the  vibrator  is  immersed  in  liquid,  its  effective  mass  m0 
is  found,  by  experiment,  to  be  greater  than  the  mass  of  the  vibrator 
itself.  It  is  evident  that  a  layer  of  the  liquid  attaches  itself  to  the 
vibrator  in  rotation,  and  serves  to  increase  the  virtual  mass.  It 
would  be  interesting  to  investigate  this  subject,  in  order  to  ascer- 
tain the  thickness  of  the  virtual  liquid  attachment  film,  and  how 
this  is  affected  by  the  nature  of  the  liquid  and  the  geometry  of  the 
immersed  vibrator  system.  The  motional  impedance  of  the 
system  would  enable  such  determinations  to  be  made. 

A  common  value  of  m  in  oscillograph  vibrators  immersed  in 
damping  liquid  seems  to  be  about  10-7  gm.-cm.2. 

Kinetic  Energy  of  Angular  Velocity.  —  The  maximum  cyclic 
kinetic  energy  of  rotation  in  a  vibrating  system  is 

(194d)  Wt  =  \  m  02  ergs, 

which  corresponds  precisely  to  the  corresponding  formula  (29)  for 
a  rectilinear  system.  The  average  kinetic  energy  throughout  a 
cycle  is  half  the  maximum  cyclic  value. 

Thus  a  vibrator  mirror  executing  vibrations  of  0.015  radian 
maximum  cyclic  displacement,  at  a  pure  frequency  of  60  ~,  would 
have  a  maximum  cyclic  angular  velocity  of  0.015  X  60  X  2  n 
=  5.66  rad./sec.     With  a  moment  of  inertia  of  10-7  gm.-cm.2,  the 
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maximum  cyclic  kinetic  energy  would  be  5.662  X  10~7  -J-  2  =  1.60 
X  10~6  ergs  or  1.6  microergs.  The  average  kinetic  energy  would 
be  0.8  microergs. 

Elastic  Restoring  Torque  and  Potential  Energy.  —  It  is  generally 
assumed,  and  apparently  with  satisfactory  justification,  that  the 
elastic  torque  which  opposes  vibratory  displacement  and  tends  to 
restore  the  system  to  its  normal  zero  position  of  repose  is,  for  the 
small  range  of  vibratory  displacement  employed,  directly  propor- 
tional to  the  displacement.  In  a  bifilar  vibrator,  this  torque  in- 
creases with  the  distance  between  the  centers  of  the  two  strips  and 
also  with  their  tension.  It  is  reckoned  in  dyne-p.-cm.  per  radian 
of  displacement,  on  the  understanding  that  the  actual  displace- 
ment shall  not  exceed  a  few  centiradians,  or  a  few  degrees.  A 
common  value  of  the  restoring  torque,  which  we  may  denote  by  s, 
in  an  oscillograph  vibrator,  appears  to  be  of  the  order  100  dyne- 
p.-cm.  per  radian;  so  that  a  maximum  cyclic  mirror  displacement 
of  0.015  radian  would  develop  a  corresponding  maximum  cyclic 
restoring  torque  of  say  1.5  dyne-p.-cm.  Following  the  analogy 
of  the  rectilinear  case  in  (30)  the  average  cyclic  torque  would  be 
half  the  maximum,  and  the  work  done  in  displacement  would  be 


(195)  *.-_&.«.. _§v_  ■(•=)■. 


2  2  \ja)  I        2  co2 

In  the  case  considered,  the  work  done  would  be  1.5  X  0.015/2  = 
0.0113  erg.  This  is  the  maximum  cyclic  elastic  potential  energy 
stored  in  the  system.  Under  forced  vibrations,  the  kinetic  and 
potential  cyclic  energies  are  independent,  except  at  the  resonant 
frequency  /0,  when  the  two  become  exactly  equal.  In  this  condi- 
tion, the  energy  in  the  vibration  system  remains  constant  during 
the  steady  state.  What  the  system  lacks  in  kinetic  energy,  it 
acquires  in  potential  energy,  and  reciprocally,  so  that  the  vibro- 
motive  torque  does  not  have  to  furnish  any  energy  cyclically  to  the 
system.  At  other  impressed  frequencies,  the  vibromotive  torque 
is  called  upon  to  furnish  energy  cyclically  to  the  system  for  storage, 
either  in  unsatisfied  kinetic  or  elastic  needs.  This  is  in  addition 
to  the  active  energy  which  is  continually  dissipated  in  friction. 

Resonance.  —  Following  the  analogy  of   (31),  we  equate  the 
elastic  and  kinetic  energies  at  resonance 

(196)  WK  =  We  =  ™6m2  =  ^  ^  ergs, 
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and 

,in«  ,      ,       4fs  radians 

(197)  coo  =2^=^  -^- 

Thus  an  oscillograph  having  s  =  102  and  m  =  4  X  10-7,  would 
have  coo  =  V2-5  X  108  =  15811,  and/0  =  2517  ~. 

The  resonant  frequency  or  angular  velocity  is  of  first  importance 
in  the  oscillograph  theory.  It  may  be  defined  in  various  ways, 
such  as  those  that  follow : 

Under  gradually  increased  frequency  of  constant  impressed 
sinusoidal  torque : 

(1)  The  resonant  frequency  is   the   frequency  at   which   the 

maximum  cyclic  potential  and  kinetic  energies  are  equal. 

(2)  The  maximum  cyclic  potential  and  kinetic  powers  are  equal. 

(3)  The  total  internal  energy  remains  constant. 

(4)  The  mechanical  impedance  is  a  minimum. 

(5)  The  maximum  cyclic  angular  velocity  becomes  a  maximum. 

(6)  The  maximum  cyclic  angular  velocity  comes  into  cophase 

with  the  torque. 

(7)  The  power  expended  in  dissipation  becomes  a  maximum. 
All  of  the  above  definitions  will  be  evident,  by  analogy,  to  students 
familiar  with  the  properties  of  simple  alternating-current  circuits. 

Resistance  Torque.  — ■  When  an  impressed  alternating  torque 
acts  upon  a  vibratory  system,  it  has  to  overcome  an  opposing 
torque  of  resistance,  expressible  in  dynes-p.-cm.  This  torque  is 
assumed  to  be  simply  proportional  at  any  instant  to  the  angular 
velocity  of  the  system.  It  is  well  known  that  the  friction  between 
a  liquid  and  the  surface  of  a  solid  body  immersed  therein,  such 
as  the  submerged  surface  of  a  boat  in  water,  is  not  simply  propor- 
tional to  the  ordinary  velocity,  but  is  more  nearly  proportional  to 
the  square  of  the  velocity.  For  the  relatively  very  small  peripheral 
velocities  of  an  oscillograph  vibrator,  in  its  damping  liquid,  the 
friction  appears  to  be  simply  proportional  to  the  first  power  of 
the  velocity  (see  Appendix  XII).  This  fortunately  keeps  the 
principal  formulas  of  the  oscillograph  from  becoming  complicated, 
and  maintains  the  analogy  of  Ohm's  law.  It  also  involves  the 
consequence  that  the  power  dissipated  by  a  vibrator  in  overcoming 
the  frictional  torque  is  directly  proportional  to  the  square  of  the 
angular  velocity. 

If  r  is  the  resistance  torque  coefficient  in  dynes-p.-cm.,  per 
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radian-per-second  or  per  unit  of  angular  velocity,  the,  maximum 
cyclic  resistance  torque  is,  following  (34) 

(198)  fm  =  —  rdm  max.  eye.  dynes-p.-cm.  Z. 

The  resistance  coefficient  r  is  a  real  quantity.  If  6m  is  regarded 
as  a  complex  quantity,  having  a  phase  or  slope  as  well  as  a  size; 
then  the  torque  fm  will  have  the  same  slope.  The  negative  sign 
indicates  that  the  resistance  torque  opposes  the  motion.  Simi- 
larly, if  we  use  6  as  the  rms.  value  of  angular  velocity 

(199)  fr  =    —  rd  rms.  dynes-p.-cm.  Z. 

If  r  =  10~3  in  an  oscillograph,  and  0m  =  20  rad./sec.,  fm  =  0.02 
maximum  cyclic  dyne-p.-cm. 

Inertia  Reactance  and  its  Torque.  —  Following  the  rectilinear 
analogy,  a  vibrator  system  having  a  moment  of  inertia  m,  develops 
a  mass  reactance  of  jmco  dynes-p.-cm./(radian-per-sec.)  where  co 
is  the  angular  velocity  of  the  impressed  frequency.  As  in  the 
rectilinear  case,  a  maximum  cyclic  angular  velocity  of  9m  radians 
per  sec.  develops  a  mass  reactive  torque  of  —  jmo9m  dynes-p.-cm. 

Elastic  Reactance  and  its  Torque.  —  Referring  to  the  rectilinear 
analogy,  a  vibrator  system  having  an  elastic  torque  coefficient  s 
develops  an  elastic  reactance  of  —  js/co  dynes-p.-cm. /(radian- 
per-sec),  and  a  maximum  cyclic  angular  velocity  developed  by 
the   vibrator  gives  rise  to  a  maximum  cyclic  elastic  torque  of 

j  ~  &m  dynes-p.-cm.  for  the  impressed  torque  to  overcome. 

CO 

Impedance  to  Angular  Velocity,  and  the  Corresponding  Torque. 
—  Continuing  the  analogy  to  the  rectilinear  case  and  to  a  branch 
alternating-current  circuit,  like  that  of  Fig.  27,  a  vibrator  system 
will  develop  a  mechanical  impedance  to  angular  velocity: 

,n~n.  ,    .,  ,  s  dynes-p.-cm. 

(200)  z  =  p+jmw  -  s/co)  — j-. Z. 

radians  per  sec. 

The  mass  reactance  is  essentially  a  +  j  quantity,  and  the  elastic 
reactance  an  essentially  —  j  quantity,  by  definition  and  conven- 
tion. 

For  values  of  co  less  than  the  resonant  value  co0,  the  j  term  in 
(200)  is  essentially  negative;  while  for  values  of  co  greater  than  co0, 
the  j  term  is  essentially  positive.  At  the  resonant  value  co0,  the 
imaginary  term  disappears  and  the  impedance  degenerates  to 
simple  mechanical  resistance. 
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It  is  convenient  to  introduce  a  symbol  u  for  the  ratio  of  im- 
pressed frequency  to  resonant  frequency,  and  to  call  it  the  fre- 
quency ratio.     That  is 

201  U=J7  =-• 

v  Jo       coo 

Consequently,  when  u  <  1,  z  in   (200)  has  a  negative  slope 

when  u  >  1,  z  "       "      has  a  positive  slope 

when  u  =  1,  z  "       "      has  zero  slope. 

Following  what  has  been  shown  in  Table  VI  and  Fig.  28,  for  a 

rectilinear   case,    Fig.    108  represents   the   impedance   graph   to 

angular  velocity  of  a  vibrator  having  the  following  constants: 

r  =  10-2,  m  =  5  X  10"7,  s  =  2X  102,  co0  =  20,000.     This  graph 

might  equally  represent   the  corresponding  rectilinear  vibratory 

case  with  m  =  5  X  10~7;  or  it  might  represent  the  impedance  to 

current  in  an  a.-c.  branch  circuit  having,  say,  the  constant  r  =  103 

ohms,  £  =  5  X  10~2  henries,  s  =  2  X  106  darafs,  cu0  =  20,000. 

In  the  vibrator  case,  unit  „o 
length  on  the  diagram  would  then 
represent  10-2  mechanical  ab- 
ohms  or  dyne-p.  -cm.  /(radian 
per  sec).  In  the  electric  case, 
unit  length  would  represent  100 
ohms. 

Figure  108  is  drawn  in  terms 
of  the  frequency  ratio  u.  The 
vector  impedance  is  presented 
between  the  limits  of  u  =  0.2 
and  u  =  5.  The  lower  and 
upper  quadrantal  values  are  at 
OB  and  OE,  for  m  =  0.618  and 
w2  =  1.618  respectively,  corres- 
ponding to  &>i  =  12361  and 
a>2  =  32361  radians  per  second. 
The  quadrantal  range  in  this 
case  is  thus  from  0.618  to  1.618 
in  u. 

Vector  Angular  Velocity  Ad- 
mittance. —  Following  the  rec- 
tilinear-vibration    analogy     al-  FIG-  108- 
ready  developed   in  connection  with  formula  (50)  and  Fig.   29, 
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the  admittance  to  angular  velocity  in  a  simple  rotational  system 
is  y,  the  vector  reciprocal  of  the  impedance  z,  and  has  a  circular 
locus  passing  through  the  origin  and  centered  on  the  conductance 
axis.  Figure  109  is  such  an  admittance  graph  for  the  impedance 
diagram  of  Fig.  108.  The  graph  is  marked  off  in  terms  of  the 
frequency  ratio  u,  and  the  value  u  =  1  always  appears  opposite 
the  diameter.  Yx  and  Y2  are  the  lower  and  upper  quadrantal 
points,  with  frequency  ratios  Ui  and  w2.  At  any  impressed  fre- 
quency, co  =  toco0. 

(202)  y  =  -  =      ,    .,    * t-.  =  g  +  jb 

K      J  J      r      r-f-^mto-s/co)       3 

.      .     .    .     ,  radians  /  sec.    , 

mechanical  abmhos,  or  . —  —  Z , 

dynes-p.-cm. 

where  g  is  the  mechanical  conductance  and  b  the  mechanical  suscep- 
tance  to  impressed  angular  velocity. 

At  any  two  opposite  points  in  the  circle  having  the  slopes  -\~a 
and  —  a  respectively,  with  frequency  ratios,  uh  Wn,  the  relation 
holds,  following  (104). 

(203)  ux  uii  =  1. 

The  pair  of  ratios  u\  and  w2  are  a  particular  case  included  under 
(203). 

It  may  be  noted,  in  comparing  impedance  and  admittance 
graphs,  like  those  of  Figs.  108  and  109,  that  frequencies  or  fre- 
quency ratios  advance  counterclockwise  in  Fig.  108;  but  clock- 
wise in  Fig.  109.  Moreover,  any  positive  vector  slope  a  in 
Fig.  109  corresponds  to  a  negative  slope  in  Fig.  108. 

Vector  Angular-Velocity  Circular  Locus.  —  Corresponding  to 
what  has  been  already  considered  in  connection  with  rectilinear 
vibration  and  Fig.  29,  any  circular-admittance  graph  for  an 
angular  vibration  system  may  also  be  regarded  as  a  graph  of 
angular  velocity  in  that  system  under  varied  frequency  with  any 
given  constant  vmt.     Thus,  if,  in  the  equation, 

,nn.s        -         Fm       _  radians    . 

(204)  dm=-^=Fmy  max.  eye.  -^-  Z , 

we  have  only  to  assign  unit  size  and  zero  slope  to  Fm  in  order  to 
obtain  numerical  identity  between  the  values  of  the  maximum 
cyclic  angular  velocity  and  the  vector  admittance  y.  Whatever 
size  the  impressed  torque  Fm  may  have,  so  long  as  its  slope  is 
taken  as  zero,  the  graph  of  y  can  still  be  regarded  as  the  graph  of 
8m,  to  a  suitably  altered  scale  of  linear  dimensions. 
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We  may  therefore  infer  that  when  a  constant  maximum  cyclic 
torque  is  steadily  impressed  upon  any  simple  vibrator  system, 
with    successively    increasing    frequency,    the    maximum    cyclic 


Fig.  109.   Circular  graph  of  admittance  to  current  or  to  velocity  for  cases  of 
\  r  =  102,     £=5X  10-3,    s  =  2  X  106/    wo  =  20,000,  A  =  10,000 
( r  =  10~2,  m  =  5  X  10~7,    s  =  2  X  102^  B0  =  0.5 

In  the  electric  case,  unit  length  represents  10-2  mho. 

In  the  mechanical  case,  unit  length  represents  102  mechanical  abmhos  or 
radians  per  sec.  per  unit  vmt. 

angular  velocity  thereby  developed  will  follow  the  circular-ad- 
mittance graph  of  the  system.  At  a  very  low  impressed  frequency, 
the  velocity  generated  will  be  very  small,  and  in  leading  quadra- 
ture with  the  vmt,     That  is,  the  maximum  cyclic  angular  velocity 
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generated  will  be  at  the  instants  when  the  torque  is  passing  through 
zero.  As  the  impressed  frequency  is  increased,  the  corresponding 
angular  velocity  will  increase  according  to  the  chord  of  the  admit- 
tance circle,  and  come  more  nearly  into  phase.  At  resonance, 
when  u  =  1,  the  maximum  cyclic  generated  angular  velocity  will 
be  a  maximum,  will  have  a  size  of  Fm/r  =  Fm  ■  g  radians  per  second, 
and  will  be  completely  in  phase  with  the  vmt.  As  u  is  further 
increased,  the  velocity  will  fall  off  and  lag  in  phase,  until  at  a 
very  high  value  of  u,  6m  will  be  very  small  and  in  lagging  quad- 
rature with  Fm. 

At  the  quadrantal  frequencies  /i  and  /2,  as  particular  cases,  the 
size  of  the  generated  angular  velocity  will  be  0.707  or  2_1/2  of  that 
at  resonance,  and  will  be  in  semiquadrature  to  the  impressed 
vmt. 

Thus,  in  Fig.  109,  interpreted  electrically  at  10~2  mho  per 
unit  of  length,  with  impressed  frequency  w  =  10,000  radians  per 
second  or  u  =  0.5,  y  =  0.555  X  10~2  Z  56°.3;  so  that  1  volt 
maximum  cyclic  emf.  at  this  frequency  and  at  standard  phase, 
applied  to  the  £RS  branch  circuit  of  Fig.  27  of  the  constants  chosen 
above,  would  establish  a  current  of  0.555  X  10_2Z  56.3  maximum 
cyclic  amperes,  or  5.55  maximum  cyclic  milliamperes,  leading  the 
emf.  by  56°.3.  If,  however,  the  mechanical  application  of  Fig.  109 
is  considered,  with  100  mechanical  abmhos  to  the  unit  of  length, 
one  maximum  cyclic  dyne-p.-cm.  applied  to  the  vibrator  at 
co  =  10,000  or  u  =  0.5,  would  establish  a  maximum  cyclic  angular 
velocity  of  dm  =  55.5  Z  56°. 3  radians  per  sec.  As  the  vibrator 
mirror  crossed  the  zero  point  of  its  scale,  it  would  be  moving  with 
the  angular  velocity  of  55.5  radians  per  second  or  3180  degrees 
per  second,  and  the  zero  would  be  crossed  56°. 3  ahead  in  phase  of 
the  impressed  vmt. 


CHAPTER  XVII 
BLUNTNESS   AND    SHARPNESS   OF   RESONANCE   IN   A  VIBRATOR 

A  sharply  resonant  electric  or  mechanical  system  is  one  in  which 
the  maximum  of  the  curve  of  current  or  velocity  (rectilinear  or 
angular)  with  respect  to  impressed  frequency,  is  sharp  and  steep. 
On  the  contrary,  such  a  system  is  bluntly  resonant  when  the 
same  maximum  is  slight  and  gradual.  For  example,  curve  I  of 
Fig.  127  represents  a  case  of  sharp  resonance;  while  curve  727  of 
the  same  figure  represents  a  case  of  blunt  resonance. 

Sharpness  of  Resonance.  —  The  term  "sharpness  of  resonance" 
requires,  however,  to  be  quantitatively  defined,  and  this  may  be 
done  in  various  ways.  It  has  been  defined  as  the  ratio  of  either 
the  mass  reactance  or  the  elastic  reactance  at  resonance  to  the 
resistance  of  the  circuit  or  system.  In  a  simple  £RS  branch 
circuit,  like  that  of  Fig.  27,  this  would  also  be  the  ratio  of  the 
resonant  condenser  voltage  to  the  voltage  across  the  mains.  If 
we  denote  the  sharpness  of  resonance  thus  defined  by  the  symbol 
As,  we  have  the  following  relations: 
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where  rs  =  m/r  =  £/r  is  the  time  constant  of  a  system  containing 
negligible  elastance;  i.e.,  only  mass  and  resistance.  A  unidirec- 
tional current  from  which  the  supporting  emf.  is  suddenly  with- 
drawn in  such  a  circuit  falls  to  1/eth  in  a  time  equal  to  rs  seconds. 
This  value  of  resonant  sharpness  has  been  employed  by  several 
writers.*  Sharpness  of  resonance  was  defined  by  Dr.  R.  L.  Jones, 
in  1914, f  as  the  diminution  in  the  resonant  kinetic  energy  per  unit 
of  mistuning,  which  leads  to  ASJ  as  in  (205).  In  discussing  oscillo- 
graphs, however,  there  is  an  advantage  in  using  a  different  defini- 
nition,  which  gives  a  numerical  value  twice  as  great.     We  may 

*  Bibliography  50,  56,  78.  f  Bibliography  50. 
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define  the  sharpness  as  the  size  ratio  of  the  vector  change  in  cur- 
rent or  velocity  at  resonance  to  any  small  change  in  the  im- 
pressed frequency  ratio  u.  If  the  velocity  at  resonance  (u  =  1)  is 
Xo,  then  a  small  change  of  frequency  ratio  du  will  involve  a  de- 
parture from  resonance  and  produce  a  change  dx  in  the  velocity, 
so  that  calling  A0  the  sharpness  of  resonance  thus  denned 
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Thus,  if  u  be  increased  from  1.0  to  1.01,  or  by  1  per  cent,  and 
the  vector  change  in  the  current  is  —  jlO  per  cent;  then  the 
sharpness  of  resonance  A0  =  10.  In  the  case  of  Fig.  108,  Ao  =  2. 
The  relations  of  A0  are,  if  p  =  r/2  and  z0  =  V£/c, 

form       a         £"0        wiwo       2m  wo  2tt/0  2 

[Mi)      Ao  = =    =  — coo  — 
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where  t0  =  1/A  is  the  oscillatory  time  constant,  or  the  time  in 
which  the  system,  if  allowed  to  oscillate  freely,  will  allow  its 
oscillations  decay  to  1/eth.  Several  important  formulas  relating 
to  oscillographs  (241)  to  (248),  are  simplified  by  the  use  of  the 
oscillatory  sharpness  A0  instead  of  the  sustained  or  steady-state 
sharpness  As;  but,  in  particular,  there  is  the  advantage  that  in  a 
critically  damped  vibrator,  we  shall  see  that  A0  =  1  and  its  re- 
ciprocal, the  oscillatory  bluntness  is  B0  =  1;  whereas,  As  =  0.5 
and  Bs  =  2,  relations  that  are  more  awkward  to  remember. 
We  shall,  therefore,  incline  to  the  use  of  the  oscillatory  sharp- 
ness A0;  but  for  the  benefit  of  those  who  have  already  familiarized 
themselves  with  As,  or  who  may  prefer  that  definition,  reference 
to  As  will  be  retained. 

Resonant  sharpness  (A0)  in  designedly  resonant  electric  circuits 
is  commonly  of  the  first  order  (101)  and  occasionally  exceeds  the 
second  order  (102).  In  vibrators,  the  magnitudes  encountered 
are  of  similar  orders.  In  air-damped  vibration  galvanometers, 
a  resonant  sharpness  as  high  as  the  third  order  (1000)  may  be 
met. 
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Bluntness  of  Resonance.  —  When  the  sharpness  of  resonance  of 
a  vibrating  system  or  circuit  falls  below  unity,  it  is  often  con- 
venient to  use  the  reciprocal  quantity  bluntness  of  resonance, 
and  to  denote  the  same  by  B0  or  Bs.  We  shall  give  preference  to 
B0. 
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There  is  no  limit  to  the  bluntness  of  resonance  that  a  system  or 
circuit  may  possess,  if  its  resistance  is  made  large  enough.  Oscillo- 
graph vibrators  immersed  in  castor  oil  may  have  a  bluntness  B0 
exceeding  1.2. 

Sharpness  and  bluntness  are  important  quantities  in  oscillo- 
graph theory.  If  we  say  that  an  oscillograph  has  a  bluntness 
B0  =  0.5,  we  infer  that  the  mechanical  resistance  to  motion  is  just 
half  that  which  would  be  necessary  to  make  its  free  oscillations 
critically  aperiodic;  or  just  deadbeat.  Such  a  case  is  illustrated 
in  Figs.  108  and  109;  where  the  quadrantal  range  in  u  is  1.0. 
In  all  cases,  the  bluntness  by  (208)  is  half  the  quadrantal  range  of 
u,  or  the  mean  deviation  of  u  between  1  and  the  quadrantal  value. 

A  sharply  resonant  system  or  circuit  is  therefore  one  in  which 
A0  is  a  relatively  large  number.  A  bluntly  resonant  system  is 
one  in  which  B0  is  a  relatively  large  number.  The  intermediate 
case,  where  A0  =  Bo  =  1  is  an  aperiodic  or  critically  damped 
system. 

Rapidity  of  Change  in  Phase  Angle  a,  of  /,  x}  or  0,  with  respect 
to  co.  —  In  sharply  resonant  systems,  a  relatively  small  change  in 
the  impressed  angular  velocity  will  involve  a  relatively  large 
change  in  the  phase  angle  or  slope  a  of  current  I,  rectilinear  velo- 
city x,  or  angular  velocity  0,  near  resonance,  as  may  be  seen  by 
an  inspection  of  Fig.  108.  This  follows  at  once  from  our  defini- 
tion of  resonant  sharpness.  In  cases  of  very  sharp  resonance,  or 
small  damping,  a  change  of  a  few  radians  per  second  in  co,  near 
to  coo,  may  carry  the  vector  of  I,  x  or  0  around  the  entire  quad- 
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rantal  range  of  slope  (from  a  =  +  45°  to  a  =  —  45°).  On  the 
other  hand,  in  bluntly  resonant  systems,  it  may  require  a  relatively 
large  change  in  co  to  carry  the  vector  over  the  same  range.  In 
the  neighborhood  of  the  resonant  impressed  angular  velocity 
coo,  we  may  notice  that 
{m)te_\m    =    £=£  seconds, 

so  that  the  slope  a  changes  near  resonance  by  —  t0  radians  per 
single  radian  per  second  in  co.  It  is  seen  from  (210)  that  the 
damping  constant  A  is  a  measure  of  the  slowness  of  change  in  a 
with  change  of  co.  A  large  value  of  resistance,  especially  if 
accompanied  by  a  small  mass  or  inductance,  gives  rise  to  a  large 
damping  constant  A  and  a  slowly  changing  da/da. 

The  quadrantal  range  in  a  from  ai  to  «2  is  —  90°  or  —  t/2 
radians  (see  Fig.  108).  The  accompanying  change  in  impressed 
angular  velocity  is  co2  —  coi  =  2  A  =  2/r0.  Consequently,  the 
average  rate  of  change  in  slope  a  with  respect  to  co  over  the  whole 
quadrantal  range  is 

7T 

(211)    °*^=-!  =  -^r0= -^=-0.7854  to  seconds, 
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or  the  average  rate  of  change  in  a  with  respect  to  co  over  the 
whole  resonant  range  is  78.5  per  cent  of  what  it  is  at  resonance, 
where  the  rate  reaches  its  maximum.  Above  and  below  the 
quadrantal  frequencies,  at  which  the  reactive  factor 

(212)  !?^LiA?=*l 

the  rate  of  change  in  a  with  respect  to  co  falls  off.  At  large  re- 
active factors,  it  changes  approximately  as  the  inverse  square  of 
the  reactive  factor. 


CHAPTER  XVIII 
DISPLACEMENT   IMPEDANCE  AND   ADMITTANCE 

In  the  rectilinear  vibration  system  of  the  telephone  receiver, 
as  well  as  in  the  alternating-current  electric  circuit,  the  vibra- 
tional velocity  x  and  the  current  /  are  ordinarily  the  principal 
subjects  of  interest.  The  vibrational  displacement  x  and  the 
electric  quantity  q  are  usually  of  subsidiary  importance.  In  the 
cases  of  the  oscillograph  and  vibration  galvanometer,  however, 
the  vibrational  angular  velocity  is  of  small  practical  concern; 
while  the  maximum  cyclic  displacement  is  a  principal  consider- 
ation. It  is,  therefore,  necessary  to  pay  particular  attention  to 
the  coordinate  displacements  q,  x,  and  6,  in  the  three  cases. 

Displacement-impedance  Parabolas.  —  It  is  shown  in  Appen- 
dix III  that  the  impedance  to  electric  displacement,  or  quantity, 
offered  by  a  simple  a.-c.  £RS  branch  circuit  is 

(213)  z'=ju\r+j(£u:-s/u)\={s-£o>*)+jru  cou^mb  Z  > 

and  similarly  in  a  simple  mechanical  vibratory  system  with  either 
rectilinear  or  rotational  freedom, 

(214)  z'=jo>\r+j(ma>-s/a)\=(s-mo3*)+jro>        <^^~^z> 

(215)  =s\(l-u*)+j2Bou\=s\(l-u>)+jBsu\      ^^^^- 

These  equations  are  characteristic  of  a  simple  parabola : 

(216)  Y2  =  pX, 

where  the  origin  of  the  coordinates  X  and  Y  is  taken  at  the  vertex 
A  of  the  curve  ABCD,  Fig.  110,  at  a  distance  OA  =  s  from  the 
vector  origin  0  of  the  equation  (214).  X  is  reckoned  positively 
from  A  towards  0,  along  the  axis  of  reals.  The  value  of  the 
parameter  p  in  (216)  is 

(217)  p  =  2  BQVl  =  B,Vs. 
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The  ordinate  OC  drawn  through  the  vector  origin  0  has  a 
length  rco0.  The  point  C  in  which  it  cuts  the  curve  corre- 
sponds to  the  resonant  angular  velocity  co0,  or  to  a  frequency 
ratio  of  u  =  1.  The  curve  at  C  is  inclined  to  the  axis  AO  at  an 
angle  whose  tangent  is  B0.  The  tangent  of  the  angle  CAO  is 
numerically  equal  to  2  B0  =  Bs,  or  twice  the  oscillatory  bluntness 
of  system.  That  is,  the  ordinate  through  0  is  twice  the  blunt- 
ness Bo,  if  OA  =  1. 


Fig.  110.     Displacement-impedance  parabola.     Case  of  Bo  =  0.5. 


At  a  very  low  frequency  fS)  the  vector  displacement  impedance 
is  OA  =  s.  At  the  lower-quadrantal  frequency  fh  it  is  OQh 
whose  slope  is  45°.  At  resonance  /0,  it  is  the  perpendicular  vector 
OC  =  jru>o-  At  the  upper-quadrantal  frequency  /2,  it  is  a  vector 
along  Oqi  to  the  point  where  this  meets  the  curve.  This  vector 
has  a  slope  135°.  At  very  high  frequencies,  the  vector  attains 
great  size  and  approaches  180°  in  slope. 

In  any  parabola  having  its  axis  on  the  axis  of  abscissas,  the 
focus  /  lies  at  the  foot  of  the  ordinate  through  that  point  on  the 
curve  where  the  tangent  is  equally  inclined  to  ordinates  and 
abscissas,  or  makes  an  angle  of  45°  with  the  base.     The  ratio  of 


DISPLACEMENT    IMPEDANCE    AND    ADMITTANCE      223 


the  focal  abscissa^!/  to  the  distance  AO  of  the  vertex  A  from  the 
vector  origin  0  is 

AO      A20 


(218) 


Bo2 


or,  taking  AO  as  of  unit  length,  Af  is  the  square  of  the  bluntness. 
The  ratio  of  the  ordinate  through  /  (termed  geometrically  the 
semi-latus-rectum)  to  the  distance  AO  is 


(219) 


AO~2Bo 


or  with  AO  taken  as  unity,  fB  =  2Af  =  2  B02.     Moreover,  the 
value  of  u  on  the  curve  at  the  point  B  is  just  equal  to  B0. 
The  ordinate  d'gd  is  the  directrix  of  the  curve;   so  that 

B0 


(220) 


Ag  =  Af 


Vs. 


It  will  be  evident  from  a  consideration  of  (214)  and  (217)  that 
in  general,  differ- 
ent electric  or  me- 
chanical vibratory 
systems,  with  dif- 
ferent values  of 
m,  r,  and  s,  will 
have  different  dis- 
placement-imped- 
ance graphs;  but 
they  will  all  be 
simple  parabolas 
of  the  type  (216). 
There  are  various 
ways  in  which  a 
series  of  such  para- 
bolas may  be  de- 
picted or  graphi- 
cally     presented ; 

but  a  convenient  way  for  our  purposes  is  to  bring  them  all  to  a 
common  horizontal  abscissa  OA,  that  is,  to  consider  5  as  the  standard 
of  reference  throughout.  This  also  makes  the  displacement  at  zero 
frequency  the  standard  of  reference.  We  then  obtain  the  in- 
finitely numerous  family  of  coaxial  parabolas,  a  few  of  which  are 
indicated  in  Fig.  111.    Here  it  is  evident  that  each  parabola  is  de- 


Fig.  ill. 


Family    of    displacement-impedance  para- 
bolas, all  drawn  with  s  =  1. 
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fined  by  the  resonant  bluntness  B0  (or  by  the  sharpness  A0  =  1/B0) 
of  the  system  it  represents.  A  system  of  blunt  resonance  has  a 
blunt  parabola  and  a  system  of  sharp  resonance  a  sharp  parabola. 
In  the  limiting  case  of  B0  —  oo  or  A0  =  0,  the  parabola  cannot 
be  distinguished  near  the  vertex  A  from  the  Y  axis  Aa.  In  the 
opposite  limiting  case  of  B0  =  0  or  A0  =  oo ,  the  parabola  col- 
lapses into  a  straight  line  and  coincides  with  the  X  axis  AO. 
In  all  the  members  of  the  family,  the  vector  lies  on  the  j  axis  at 
resonance  (u  =  1),  and  the  size  of  this  vector  is  Bs  or  2  B0,  taking 
OA  as  unit  size. 


-4  -3  -2-1  0  1 

Fig.  112.    Graph  of  vector  impedance  to  electric  or  mechanical  displacement 
for  cases  of 

(  r  =  102,     £  =  5  X  10-3,  s  =  2  X  10") 

}  r  =  10"2,  m   =  5  X  10~7,  s  =  2  X  102[ 

wo  =  20,000,  A  =  10,000,  Bo  =  0.5 

In  the  electric  case,  unit  length  represents  106  volts  per  coulomb.     In  the 

mechanical  case,  unit  length  represents  102  dynes-p.-cm.  per  radian. 


The  particular  system  already  referred  to  in  connection  with 
Figs.  108  and  109,  for  which  B0  =  0.5,  has  its  displacement- 
impedance  parabola  presented  in  Fig.  112.  At  00  =  0  or  u  =  0, 
representing  an  indefinitely  low  impressed  frequency,  the  impe- 
dance is  the  vector  OA  =  200  dynes-p.-cm.  per  radian,  a  real  quan- 
tity. Unit  maximum  cyclic  vmt.  applied  to  this  system  under  such 
conditions  would  develop  a  maximum  cyclic  displacement  of 
±  1/200  radian,  at  each  elongation,  in  phase  with  the  torque. 
As  the  impressed  frequency  is  increased,  the  vector  increases  in 
slope;  but  at  first  diminishes  in  size.  At  the  lower-quadrantal 
frequency,  with  u  =  0.618,  the  vector  has  reached  the  broken 
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line  OB,  at  a  slope  45°.  At  the  resonant  frequency  (co0  = 
20,000  or  m  =  1)  the  vector  assumes  the  quadrature  position  of 
OD  or  is  a  pure  imaginary.  This  is  a  characteristic  property  in 
every  system.  At  the  higher-quadrantal  frequency,  the  vector 
has  reached  the  position  OE  at  a  slope  135°,  or  90°  beyond  OB. 
At  very  high  impressed  frequencies,  the  vector  attains  great 
size  and  tends  to  the  slope  180°. 

On  considering  (213)  and  (214),  it  will  be  evident  that  the  dis- 
placement-impedance graph  of  Fig.  112  may  be  obtained  from 
the  velocity-impedance  graph  of  Fig.  108,  by  rotating  the  latter 
positively  or  counterclockwise  through  one  quadrant,  and  then 
multiplying  the  size  of  the  vector  at  each  point  by  the  instan- 
taneous value  of  co. 

The  displacement  impedance  has  minimum  size,  not  at  D,  the 
point  of  resonance,  but  at  the  point  C,  where  the  tangent  is 
perpendicular  to  the  radius  vector. 

It  will  be  seen  that  the  displacement-impedance  graph  is  the 
upper  half  of  a  complete  parabola ;  or  is  a  semiparabola,  extending 
from  the  vertex  A  through  D  to  infinity  as  the  frequency  is  in- 
creased from  zero  to  infinity.  It  has  been  pointed  out  by  Profes- 
sor F.  S.  Dellenbaugh,*  however,  that  the  curve  is  really  a  complete 
parabola  with  a  lower,  as  well  as  an  upper,  half.  The  lower  half 
belongs  to  cases  where  the  resistance  is  negative,  i.e.,  where  a  force 
xr  is  introduced  into  the  system  equal  to  the  opposing  frictional 
force  —  xr  assumed  above.  Such  cases  are  generator  cases,  where 
alternating  motive  power  is  applied  to  the  system  internally  in  lieu 
of  being  absorbed  dissipatively.  The  lower  half  of  the  displace- 
ment-impedance parabola  is  thus  actually  the  generator  half,  and 
the  upper  half,  with  which  we  are  here  mainly  concerned,  is  the 
motor  half. 

Taking  the  electric  case,  the  maximum  cyclic  quantity  of  elec- 
tricity qm  accumulated  in  the  network  condenser  of  Fig.  27  is 
~p 

(221)  qm  =   -y  max.  C3rc.  coulombs  Z  . 

Since  the  potential  difference  at  the  terminals  of  a  condenser  is 
directly  proportional  to  the  quantity  of  electricity  or  charge  it 
contains,  the  maximum  cyclic  voltage  on  the  condenser  will  be 

(222)  Ecm  =  q-mc  =  qms  =  ^  max.  eye.  volts  Z , 

*  Bibliography  79,  discussion. 
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or  the  condenser  voltage  is  to  Em  as  is  the  constant  condenser  im- 
pedance s  to  the  total  branch  impedance  z'. 

Similarly  in  the  oscillograph  case,  the  maximum  cyclic  angular 
displacement  of  the  vibrator  mirror  will  be 

(223)  dm  =  — 7  max.  eye.  radians  Z . 

Displacement  Admittance.  —  The  reciprocal  of  displacement 
impedance,  or  displacement  admittance  y'  is  of  still  greater  interest 
and  practical  importance  from  the  oscillographic  viewpoint.  From 
(214),  considering  the  mechanical  case: 

(224)  y'=i 


(s  —  mar)  +  jrco       m(cdo2  —  co2)  +  jrco 

1  1 


m{  (coo2  -  co2)  +  j  2  AcoJ      s{  (1  -  u2)  +  j  2  Bou] 
_  1  _  y  _  — jy  radians 

~~  mcoo2{  (1  —  u2)  +j  2  Bou}  ~  joi  ~    co  dynes-p.-cm. 

The  last  expression  shows  that  the  displacement  admittance  y' 
is  obtainable  from  the  velocity  admittance  y,  by  operating  thereon 
with  —  j/co ;  that  is,  by  clockwise  rotation  through  a  quadrant 
and  at  the  same  time  dividing  the  size  by  co. 

The  following  particular  cases  of  (224)  are  worth  noting: 

(225)  Atco  =  0,  y'  =  y's  =  -  Z  0°  =  c  Z  0°  radians_  ^ 

*  s  dyne-p.-cm. 

,nnn\  i        t  1       ^-  ^ro  radians 

(226)  co  =  coi,  y'  =  y'i  =  —= X  45°  -. Z . 

V2PC0!  dyne-p.-cm. 

(227)  co  =  coo,  y'  =  y'o  =  -  j  -^ 

rcoo 

=  ±X90°=9x90°      A  radianS     Z. 
rcoo  coo  dyne-p.-cm. 

/r»r»o\  /        /  1       ^  -.oro  radians 

(228)  co  =  co2,  y'  =  y'2  =  -7= —  ^  135°  -3 Z . 

V2  PC02  dyne-p.-cm. 

(229)  «  =  00,  y'-y'oo  =0^180°  radians     z^ 

'  dyne-p.-cm. 

These  particular  values  of  the  displacement  admittance  are  y's, 
y'i,  y'o,  y'2  and  y'^  .  They  may  be  called  respectively  the  initial, 
lower-quadrantal,  resonant,  upper-quadrantal  and  ultimate  values. 
The  resonant  value  is  always  a  —  j  quantity. 
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Displacement-admittance  Graph.  —  Referring  to  (224)  and  to 
Fig.  113,  it  will  be  seen  that  if  we  draw  the  circular  graph  ABCD 
of  velocity  admittance  y,  and  at  any  value  of  co  or  wco0,  such  as 
co  =  10,000,  (u  =  0.5),  draw  the  vector  OP  of  size  0.555  X  102 


70         -60  -50 

DEGREES 

Fig.  113.   Graph  of  displacement  admittance  for  cases  of 
\r  =  102,      £  =  5  X  10-3,  s  =  2  X  106/ 
(r  =  10-2,   m  =  5  X  10~7,   s  =  2  X  102} 
coo  =  20,000,  S  =  10,000,  Bo  =  0.5 

"In  the  electric  case,  imit  length  =  10-2  Mho. 
For  Circle  A  B  C  D  \  In  the  mec'hanical  case,  unit  length  =  102  Mechani- 

,„.  /Radians\ 
or  1U-  I  — I  per  unit  vmt. 

In  the  electric  case,  unit  length  =  10-6  coulomb  per  volt. 
For  Graph  a  b  c  d  <(  In  the  mechanical  case,  unit  length  =  lO"2  radian  per 
unit  vmt. 


cal  abmht 


rad.  per  sec./(dynes-p.-cm.)  at  slope  a  =  56°.3,  we  may  then  draw 
perpendicularly  thereto  the  vector  Op,  and  dividing  55.5  by  co, 
obtain,  to  a  correspondingly  altered  scale,  the  displacement  ad- 
mittance 5.55  X  10~3  radian/(dyne-p.-cm.),  at  a  slope  £  = 
—  33°. 7    This  means  that  if  unit  maximum  cyclic  vmt.,  or  1  dyne- 
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p.-cm.  be  applied  to  the  vibrator  of  this  case,  at  to  =  10,000,  the 
maximum  cyclic  displacement  of  the  mirror  will  be  5.55  X  10~3 
radians  =  0.32°.  This  elongation  or  maximum  cyclic  angular 
displacement  would  occur  33°. 7  in  phase  behind  the  corresponding 
elongation  in  torque  or  exciting  current. 

Proceeding  in  this  manner,  we  might  draw  in  the  entire  dis- 
placement-admittance graph  apbcdO,  Fig.  113.  At  or  near  zero 
frequency,  denoted  by  cos,  the  displacement  admittance  would 
be  the  vector  Oa,  in  phase  with  the  exciting  current.  At  the  lower- 
quadrantal  frequency  on,  it  would  be  the  vector  Ob.  At  the  upper- 
quadrantal  frequency  to2,  it  would  be  Od.  At  resonance,  or  coo, 
it  would  be  Oc,  in  lagging  quadrature  with  the  exciting  current  in 
the  vibrator. 

The  maximum  admittance  would  occur  at  cad,  in  this  case  at 
u  =  0.707,  or  to  =  14,140.  This  vector  will  vary  in  position  or 
slope  with  different  values  of  the  bluntness  B0.  It  may  be  noted 
that  the  maximum  admittance  never  occurs  at  resonance ;  although 
in  sharply  resonant  vibrators,  it  will  lie  very  close  to  resonance. 

If  we  consider  Fig.  113  in  terms  of  its  electric  representation, 
the  scale  being  10~2  mho  per  unit  length,  then  at  to  =  10,000,  and 
to  =  0.5,  the  electric  displacement  would  be  0.555  X  10-6  \  33°. 7 
coulombs  per  maximum  cyclic  volt  on  the  £RS  branch  terminals. 

It  is  also  easy  to  show  that  the  displacement-admittance  graph 
abed,  Fig.  113,  is  obtainable  by  direct  vector  reciprocals,  or  by 
inversion,  from  the  displacement-impedance  parabolic  graph 
ABCD,  Fig.  112.  In  other  words,  a  displacement-admittance 
graph  is  always  the  vector  inverse  of  a  certain  parabola.  It  may 
therefore  be  described  as  an  inverse  parabola;  but  it  is  more 
definitely  termed*  a  displacement-admittance  curve. 

The  shape  of  these  inverse  parabolas  depends  only  upon  the 
bluntness  of  resonance  in  the  system  to  which  they  refer.  A 
family  of  bluntly  resonant  inverse  parabolas  appear  in  Fig.  116. 
A  family  of  sharply  resonant  graphs  appear  in  Fig.  117.  An 
intermediate  family  appears  in  Fig.  115.  The  value  of  y's  is  kept 
constant  throughout  these  series  as  a  common  basis  of  reference. 

Electric  or  Mechanical  Displacement.  —  Since 

(230)  qm  =  Emy'  max.  eye.  coulombs  Z 
or 

(231)  6m  =  Fm  y'  max.  eye.  radians  Z , 

*  Bibliography  79. 
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it  is  evident  that  a  graph  of  displacement  admittance  y'  is  also  a 
graph  of  maximum  cyclic  displacement  at  unit  impressed  maximum 
cyclic  torque,  and  can  be  used  with  any  impressed  torque  by  a 
suitable  change  in  scale  of  dimensions.  Thus,  taking  Fig.  113,  at 
resonant  frequency;  i.e.,  u  =  1,  coo  =  20,000,  or /o  =  3183  ~,  an 
impressed  vmt.  of  say  10  maximum  cyclic  dynes-p.-cm.  would 
produce  a  maximum  cyclic  mirror  displacement  of  6m  =  0.05  \ 
90°  radian  =  2°. 87,  in  lagging  quadrature  to  the  excitation.  A 
beam  of  light,  reflected  by  the  mirror,  would  be  cyclically  deflected 
to  twice  this  angle  or  ±  5.°74  at  elongation,  on  each  side  of  the 
zero,  owing  to  the  doubling  optical  reflecting  property  of  mirrors. 
It  may  be  noted  that,  at  resonance,  (u  =  1),  the  displacement  is 
always  90°  in  phase  behind  the  impressed  torque,  or  exciting 
current  in  the  vibrator,  for  any  and  all  values  of  B0. 

Formulas  for  Oscillographic  Displacement  Admittance.  — 
Remarking  that  the  slope  jS°  of  the  displacement  admittance  y' 
is  always  negative,  lying  between  the  values  —  0°  and  —  180°, 
we  have 


(232)     co  =  Vcoo2  +  A2  ctn2  0  +  A  ctn 


=  coo  J  vl  +  Bo2  ctn20  -f  B0  ctn 
or 


radians 


(233)      u  =  -  =  VI  +  Bo2  ctn2/3  +  B0  ctn  0. 

COo 

The  polar  scalar  equation  of  displacement  admittance  is 
sin  /3  —  sin  /3 


(234)       |y'|  = 


(235) 


rco        rco0  [  Vl  +  Bo2  ctn2  j3  +  B0  ctn  0  } 

mirror  radian 


vmt. 
mirror  radians 


2  5oS  { Vl  +£02ctn2  0  +  B0  ctn  p }  vmt. 

The  corresponding  polar  vector  equation  is 
(236)      y'  =  -sin^Z      --  -sin/3°X/3° 


■"<•>  2 £os{Vl  +£02ctn2|3  +  B0  ctn  j8} 

sin  0°  X  j3°  _  _  sinff0  X  /3°  mirror  radians 

2  BqSu.  Bs  su  vmt. 
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The  slope  jS°  pertaining  to  any  assigned  value  of  co  is 

(237)  j8°  =  tan-1  (-^^i)  degrees 

=  tan_1  {tfZTj)  =  tan-1(^Tl)  deSrees 

(238)  =  tan-1  ( °-1)  =  tan-1( — ■. )  degrees. 

In  the  testing  of  oscillographs,  their  calibration  is  ordinarily  con- 
ducted at  a  relatively  low  frequency,  say  60  ~,  which  for  practical 
purposes,  in  the  case  of  a  vibrator,  may  be  regarded  as  of  the  same 
effect  as  zero  frequency,  or  cos.  By  (225),  the  displacement  ad- 
mittance at  cos  is  1/s  or  c,  at  zero  slope.  It  is  then  desired  to  find 
what  ratio  the  admittance  will  bear,  at  any  impressed  angular 
velocity  co  (or  its  ratio  u),  to  that  at  the  calibration  frequency  wa. 
From  (236)  and  (225)  we  obtain 

(239)  D  -  K  -  "  SiV:  Z  ~"°  -  -  Si"/  "  "° 

y's  2  B0u  Bsu 

-  sin  0°  \  j8° 


2  B0 { Vl  +  Bo2  ctn2  0°  +  Bo  ctn  /30} 
This  is  an  important  formula.  It  gives  the  polar  vector  deviation 
factor  D  for  any  oscillograph  at  any  impressed  co,  when  the  values 
of  coo  and  B0  are  known  for  the  instrument.  Thus,  in  the  case 
represented  by  Fig.  113,  where  co0  =  20,000,  and  B0  =  0.5,  if  the 
instrument  is  calibrated  at  60  ~  =  cos,  it  may  be  required  to  know 
what  will  be  the  deviation  factor  D  at  co  =  5000,  or  u  =  0.25. 

Hereby  (237)  /T  =  tan-^_^75)  =tan"1(- 0.2667)  =  -  14°56'. 

™      k    ,oq(»  n       *'        ~sin(-  14°56')  \  14°56' 
Then  by  (239)  D  =  ^  =  -         2  x  0.5  x  0.25 

=  ^^-  \  14°56'  =  1.031  \  14°56'. 

This  means  that  the  maximum  cyclic  displacement  produced  at 
796  ~  or  5000  radians  per  second,  will  be  3.1  per  cent  greater  than 
that  produced  by  the  same  torque  at  60  ~,  and  will  lag  14°56' 
of  its  own  phase  behind  the  impressed  torque.  The  correction 
factor  C  will  be 

(240)  C  =  ~ 
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the  reciprocal  of  the  deviation  factor,  or  in  this  case  0.969  Z  14° 56' 
at  796  ~.  The  frequency  796  ~  would  be  13  times  61.23,  or 
would  be  thirteenth  harmonic  of  a  fundamental  61.23  ~.  The 
recorded  wave  of  this  frequency  on  the  oscillogram  of  an  instru- 
ment having  these  characteristics  would  have  to  be  reduced  in 
amplitude  by  the  factor  0.969,  and  its  phase  should  be  advanced 
by  nearly  15°  of  its  own  cycle,  in  order  to  represent  the  record 
obtainable  from  an  ideal  oscillograph  devoid  of  inertia. 

Table  XVII,  containing  a  series  of  important  displacement 
frequencies,  on  page  231,  may  be  convenient  for  reference. 

Of  the  eight  given  important  angular  velocities,  Nos.  1,  2,  5  and 
7  are  always  presented,  at  the  successive  negative  slopes  0°, 
45°,  90°  and  135°.  No.  3,  the  maximum  admittant  value  of  a;,  is 
always  found  when  B0  <  1,  or  A0  >  1,  i.e.,  for  vibrators  in  which 
there  is  oscillation.  For  values  of  B0  equal  to  or  greater  than 
unity,  which  we  may  call  blunt  cases,  cod  has  no  independent  exist- 
ence, because  the  greatest  admittance  is  then  found  at  to  =  cos  =0. 
In  other  words,  the  displacements  then  always  diminish  at  fre- 
quencies exceeding  the  low  calibration  frequency  us.  Angular 
velocity  No.  4,  co7,  is  always  presented  when  B0  <  1 ;  but  in  blunt 
cases,  the  system  is  too  heavily  damped  to  admit  of  free  vibration. 
Number  6,  the  midquadrantal  frequency,  is  always  presented; 
but  its  phase  position  depends  upon  the  value  of  B0.  It  is  midway 
between  toi  and  co2  in  angular  velocity,  but  not  midway  between 
them  in  phase.  Number  8,  the  upper  angular  velocity  at  which 
the  displacement  has  the  same  size  as  at  the  initial  value  tos,  is  not 
found  when  B0  >  0.707.  In  sharply  resonant  systems,  it  is  always 
presented,  but  its  phase  position  or  slope  varies  with  B0. 

Figure  114  is  a  displacement-admittance  graph  showing  all 
of  the  eight  angular  velocities  of  Table  XVII  for  the  particular 
case  of  coo  =  25000,  or  /0  =  3979  ~  and  B0  =  0.225.  Here  y/ 
is  taken  as  1,  corresponding  to  an  oscillographic  standard  calibra- 
tion at  or  near  zero  frequency.  We  find  y/,  y0'  and  y2',  all  at  their 
definite  respective  slopes  —  45°,  —  90°,  and  —  135°,  with  the 
corresponding  sizes  1.9642,  2.222,  and  1.2571,  at  the  frequencies 
3182,  3979,  and  4973  ~.  Thus  at  the  impressed  frequency  3182  ~ 
on  a  vibrator  of  such  constants,  a  given  exciting  alternating 
current  has  a  deviation  factor  D  =  1.964  \  45°,  or  would  produce 
96.4  per  cent  more  deflection  than  at  60  ~ ;  and  this  deflection 
would  be  in  lagging  semiquadrature  to  the  current. 
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The  maximum  aclmittant  frequency  in  Fig.  114  isfd  =  3772  ~, 
with  oid  =  23701  and  ud  =  0.948.  The  admittance  is  2.2807  \ 
76°  38'  55".  The  free-vibrational  value  y/  is  2.2657  \  83°  24'  50", 
at  jf  =  3877  ~,  or  oof  =  24360.  The  midquadrantal  value  y'u  is 
2.1551  \  96°  15'  49"  atfn  =  4078  ~,  or  «12  =  25625.  Finally,  the 
duplicate  initial  value  y's2  is  1.0  \  142°  53' 20",  at  /,2  =  5334  ^, 
or  ws2  =  33518. 


&>o  e?s    s 


M<$o/t  '   r   /if' 


MtiffCCQ  VI OMBS  .  fefi*    *.  VCLt 


Fig.  114.   Vector  displacement  admittances  for  case  w0  =  25,000,  A  =  5625, 
B0  =  0.225,  s  =  106,  m  =  0.0016,  r  =  18. 

Figure  115  is  a  vector  chart  of  the  displacement  admittance 
and  likewise  of  the  deviation  factor  D  for  any  value  of  bluntness 
Bo  between  0.25  and  1.0.  Most  liquid-damped  oscillographic 
vibrators  lie  within  this  range.  With  the  aid  of  this  chart,  the 
behavior  of  an  oscillograph  of  known  bluntness  can  be  determined 
to  a  fair  degree  of  precision  by  direct  inspection.     Enter  the  chart 
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with  u,  the  ratio  of  the  impressed  frequency  /  to  the  resonant 
frequency /o  of  the  vibrator.  The  curves  of  u  are  given  in  Fig.  115 
by  steps  of  0.1  from  u  =  0.1  to  u  =  2.0.  The  intersection  of  the 
u  line  with  the  B  line  marks  the  vector  deviation  factor  D.  Thus 
a  vibrator  of  B0  =  0.5,  at  u  =  0.8,  has  a  deviation  factor  1.15 
\  66°.  That  is  to  say,  it  will  over-indicate  15  per  cent  at  this 
frequency  by  comparison  with  its  indications  at  60  ~,  and  the 
wave  will  lag  a  little  more  than  one-fifth  of  its  own  wave  length. 


/O      aa     a6    -D&~az       o  __o\e      o4     ce     sg      /o      /■< 


Values  ofD=£    .- 


:&     4? 


mm  -.   / 

■  7 


Fig.  115.  Plane- vector  chart  of  the  deviation  factor  D  for  any  oscillograph 
whose  bluntness  lies  between  B0  =  0.25  and  B0  =  1.0,  and  whose  resonant 
frequency  is  given.  Example:  If  B0  =  0.6,  and  u  =  0.3,  then  D  =  1.022 
\21.6°. 


Figure  116  is  a  similar  vector  chart  for  finding  D  by  inspection 
when  Bq  lies  between  1.0  and  oo  .  There  is  actually  little  change 
in  the  form  of  the  curve  after  B0  exceeds  4.  The  limiting  curve  at 
BQ  =  oo  is  a  semicircle  of  unit  diameter  on  the  real  axis. 

Figure  117  is  a  similar  chart  for  finding  D  when  B0  lies  between 
0.25  and  0.05  inclusive.  As  B0  diminishes,  the  curve  of  D  rapidly 
approximates  to  a  circle  of  diameter  1/(2B0)  =  A0/2,  or  of  radius 
1/(4  Bo)  =  A0/4.  The  center  of  the  circle  is  displaced  approxi- 
mately 0.25  unit  to  the  right  of  the  axis  Ob.  At  B0  =  0,  this  circle 
would  have  an  infinite  diameter. 
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Fig.  116.  Plane- vector  chart  of  deviation  factor  D  =  y'/ys'  for  any  oscil- 
lograph whose  bluntness  lies  between  B0  =  1  and  B0  =  oo,  and  whose 
resonant  frequency  is  given.  Example:  If  u  =  0.5  and  B0  =  2.0,  D  = 
0.468\  69.4°. 


Fig.  117.  Plane-vector  chart  of  the  deviation  factor  D  =  ?/'/?/»'  for  any  oscil- 
lograph whose  bluntness  lies  between  0.05  and  0.25,  and  whose  resonant 
frequency  is  given.    Example:  If  u  =  0.9,  and  B0  =  0.08,  D  =  4.17  \37.1°. 
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As  may  be  seen,  therefore,  in  Figs.  114,  115,  and  116,  as  B0  in- 
creases from  0  to  oo ,  the  graph  of  y'  or  D  changes  from  a  unit 
semicircle  based  on  the  g'  axis  to  an  indefinitely  great  circle 
diametered  close  to  the  b'  axis.     See  formula  (202). 

Constants  of  an  Oscillograph  Vibrator.  —  From  an  inspection  of 
(238)  and  (239),  it  is  evident  that  the  deviation  factor  D,  or  its 
reciprocal  C,  can  be  either  computed  or  determined  by  graphical 
inspection  of  the  vector  charts,  if  we  can  ascertain  the  two  essential 
constants  of  the  instrument  co0  and  A,  or  what  is  equivalent  thereto, 
wo  and  B0,  or  /0  and  B0.  The  tests  of  an  oscillograph  thus  direct 
themselves  towards  a  determination  of  these  two  constants.  If, 
however,  we  require  to  find  not  merely  the  deviation  factor  D, 
but  also  the  fundamental  constants  A,  m,  r,  and  s  of  the  instru- 
ment, then,  as  we  shall  see  in  another  chapter,  an  additional  test 
is  necessary. 

If  we  divide  (245)  by  (241),  we  find: 

(249)  y.7y0#  =  j2  B0  =  2B0Z  90°  =  Bs  Z  90°. 

If,  therefore,  we  can  (1)  identify  the  resonant  frequency  /0  of  a 
vibrator,  and  (2)  compare  the  calibration  of  the  vibrator  at  this 
frequency  with  that  at  zero  frequency,  we  shall  have, 

(250)  ^\=2Bo  =  Bs, 
or 

(251)  |£|=!°=A- 

The  bluntness  B0  of  the  vibrator  will  then  be  half  the  ratio  of  the 
maximum  cyclic  displacement  at  zero  frequency  to  the  maximum 
cyclic  displacement  at  resonant  frequency,  equal  current  excitations 
and  impressed  torques  being  used  in  each  test.  If  the  vibrator  is 
sharp,  the  same  fact  may  be  expressed  by  saying  that  the  sharpness 
A0  will  be  twice  the  ratio  of  the  electric  current  needed  to  produce  the 
same  maximum  cyclic  displacement  or  deflection  at  zero  frequency,  as 
will  produce  it  at  resonant  frequency. 

An  alternative  formula  is 

All  that  is  necessary,  therefore,  for  finding  the  deviation  factor 
D,  or  its  reciprocal  C,  of  a  vibrator  at  any  impressed  frequency, 
is  to  identify  the  resonant  frequency  /0,  and  then  compare  its  cali- 
bration at  that  frequency  with  that  at  /„  a  very  low  frequency. 


CHAPTER  XIX 

OSCILLOGRAPHMETERS 

Oscillographmeters.  —  An  oscillographmeter  is  a  device  for 
measuring  the  constants  of  an  oscillographic  vibrator,  and  par- 
ticularly for  measuring  the  resonant  frequency  f0.  A  form  of 
oscillographmeter  is  illustrated  in  Figs.  118,  119,  and  120.  This 
device  consists  of  a  small  and  portable  auxiliary  vibrator,  using 
a  permanent  magnet  to  supply  the  working  magnetic  flux,  and  air 
damping,  so  as  to  secure  great  sharpness  of  resonance. 


Fig.  118.    Oscillographmeter  or  auxiliary  vibrator.    Length  of  mirror 
2.3  mm.     Breadth  0.9  mm. 

The  characteristic  property  of  a  vibrating  system  at  resonance 
is  that  the  phase  of  displacement  is  exactly  in  lagging  quadrature 
to  that  of  impressed  torque;  or,  in  an  oscillograph,  to  that  of  the 
exciting  alternating  current.  We  can  therefore  determine  the 
resonant  frequency  if  we  can  ascertain  at  what  impressed  a.-c. 
excitation  frequency  the  displacement  of  the  vibrator  mirror  is 
just  out  of  step  with  the  excitation,  or  lags  90°  behind  it. 

If  we  place  in  the  same  alternating  electric  circuit  as  the  tested 
vibrator,  an  auxiliary  vibrator  of  sharp  resonance,  the  latter  will 
have  a  displacement  admittance  substantially  either  in  cophase 
with  the  exciting  current;  or  in  opposite  phase  thereto,  except  in 
the  immediate  vicinity  of  its  own  resonant  frequency.  In  other 
words,  it  will  not  produce  a  displacement  differing  sensibly  in 
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phase  from  the  exciting  current  (direct  cophase  or  opposition 
phase)  except  close  to  its  own  resonance.  It  will  describe  its 
vector  displacement  graph  in  a  range  of  only  a  few  cycles  of  im- 
pressed frequency.  If,  therefore,  the  tested  vibrator  and  the 
auxiliary  vibrator  are  actuated  by  the  same  alternating  current, 
we  may  be  sure  that,  provided  the  resonant  frequency  of  the  tested 
vibrator  is  not  close  to  that  of  the  auxiliary  vibrator,  the  former 
will  have  at  its  resonance  90°  phase  displacement,  while  the  latter 
will  have  sensibly  0°  phase  displacement.     In  other  words,  the 


Fig.  119.   Oscillographmeter  applied  to  an  oscillograph  for  test  of  latter. 

two  vibrating  mirrors  will  be  out  of  phase  almost  90°,  or  in  the 
quadrature  relation.  The  quadrature  relation,  when  produced, 
can  be  detected  by  the  optical  method  of  Lissajous,  i.e.,  by  allow- 
ing a  beam  of  light  to  be  reflected  from  one  mirror  on  to  the  other, 
and  thence  on  to  a  screen.  The  spot  of  light  will  then  execute  a 
figure  or  series  of  figures  known  as  Lissajous*  figures.  The  partic- 
ular figure  formed  at  quadrature  phase  relation  can  be  recognized 
with  a  certain  degree  of  precision,  depending  upon  the  optical 
conditions,  and  serves  to  identify  the  condition  of  resonance  in  the 
tested  vibrator. 

*  Bibliography  2. 
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Figures  118  and  119  are  photographic  views  of  an  oscillograph- 
meter  or  auxiliary  vibrator  constructed  for  the  author  by  Mr. 
H.  G.  Crane.*  Figure  120  is  a  sectional  diagram  through  the 
plane  of  the  reflected  beam  of  light  at  quiescence. 

In  Fig.  118,  the  little  mirror  m  is  supported  on  a  bifilar  strip 
suspension,  between  the  poles  of  the  permanent  magnet  MM. 
The  breadth  of  this  mirror  should  be  as  small  as  is  practicable, 
but  the  length  parallel  to  the  suspension  must  be  sufficiently  great 
to  keep  the  beam  of  light,  received  from  the  tested  mirror,  from 
running  off  at  either  end.  In  the  instrument  shown,  the  breadth 
of  mirror  m  was  approximately  0.9  mm.  and  the  length  2.3  mm. 
The  permanent  magnet  and  its  suspension  may  either  be  cradled 
on  a  horizontal  axis  between  two  brass  end  pillars  as  shown;  or 
it  may  be  supported  at  an  adjustable  height  on  a  single  central 
pillar.  The  vibrator  suspension  is  also  cradled  in  its  supports 
for  convenience  of  optical  adjustment. 

Figure  119  shows  the  auxiliary  vibrator  mounted  in  position 
in  front  of  the  oscillograph  to  be  tested.  The  axes  of  the  two 
vibrators  are  set  mutually  perpendicular.  The  tested  vibrator  is 
nearly  always  constructed  with  a  vertical  axis;  so  that  the  auxiliary 
vibrator  must  take  up  a  horizontal  axis. 

Figure  120  indicates  that  the  auxiliary  mirror  A  must  be  sup- 
ported close  to  the  tested 
mirror  0.  The  distance  OA 
may  conveniently  be  made 
from  11  to  14  mm.  This  re- 
quires that  the  auxiliary  per- 
manent magnet  must  be  sup- 
ported in  close  proximity  to 
the  electro-magnet  poles  of 
the  tested  instrument.  The 
mounting  must  therefore  be 
mechanically  firm  and  rigid. 
It  is  important  that  the  per- 
manent magnet  should  not 
become  demagnetized  by  rest- 
ing in  close  proximity  to  the 
more  powerful  electro-magnet. 

The  optical  arrangement  is  such  that,  as  shown  by  Fig.  120,  a 
*  Bibliography  62. 


Fig.  120.  Optical  system  of  oscillo- 
graphmeter  A  and  the  tested  oscil- 
lograph O.  Length  of  A  mirror 
2.3  mm.,  width  0.9  mm. 
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small  but  powerful  arc-light  beam,  traversing  a  small  hole  in  the 
screen  hh,  passes,  with  the  aid  of  the  lens  L,  to  the  tested  mirror 
0,  at  a  depression  angle  approximately  30°.  It  is  thence  re- 
flected at  30°  on  to  the  auxiliary  mirror  A.  The  plane  of  this 
mirror  is  inclined  about  30°  with  the  horizontal,  so  that  its  normal 
makes  an  angle  of  about  30°  with  the  beam  it  receives.  Thence 
the  beam  will  be  reflected  vertically  upwards  on  to  a  translucent 
screen  FF  of  squared  paper,  conveniently  divided  to  square  milli- 
meters. The  spot  of  light  S  should  form  on  this  screen,  with  the 
aid  of  the  focusing  lens  L,  an  optical  image  of  the  small  hole  in  the 
opaque  screen  hh.  The  distance  AS  is  unimportant,  but  may  con- 
veniently be  made  50  cm. 

Lissajous  Figures.  —  If  the  oscillograph  and  auxiliary  vibrator 
are  operated  from  the  same  source  of  adjustable  frequency,  they 
will  both  vibrate  or  execute  forced  vibrations  of  that  frequency. 
Because  their  vibration  axes  are  set  mutually  perpendicular,  the 
vibratory  path  of  the  beam  of  light  on  the  paper  plane  FF,  perpen- 
dicular to  the  beam  AS,  will  be  a  Lissajous  figure.  This  figure,  in 
the  case  of  two  such  cofrequent  simple  vibrations,  will  always  be 
an  ellipse,  including  the  straight  line  and  the  circle  as  limiting 
cases. 

If  the  maximum  cyclic  displacements  .of  the  two  mirrors  are 
cophasal,  the  permanent  optical  figure  executed  by  the  spot  S  on 
the  paper  sheet  FF  will  be  a  straight  line.  If  they  are  not  co- 
phasal, the  figure  will  broaden  into  an  ellipse.  When  the  phase 
difference  amounts  to  the  maximum  value  of  quadrature,  the 
ellipse  will  include  its  maximum  area,  assuming  that  the  maximum 
cyclic  displacements  are  constant,  the  two  perpendicular  axes  of 
the  ellipse  being  each  parallel  to  the  two  component  angular  dis- 
placements. The  ellipse  will  become  a  circle  at  quadrature  phase- 
displacement,  if  the  two  are  equal. 

Figure  121  illustrates  the  development  of  the  Lissajous  figures 
for  the  particular  case  in  which  the  auxiliary  vibrator  amplitude 
is  half  the  tested  vibrator  amplitude,  on  the  assumption  that 
these  amplitudes  remain  constant.  Referring  to  the  upper  series 
A,  B,  C,  D,  E,  the  two  mirrors  start  at  A  in  cophase,  the  oscillograph 
in  A0  being  directed  vertically  to  O,  and  the  auxiliary  mirror  Aa 
being  directed  horizontally  to  O.  The  two  then  virtually  rotate 
their  vectors  in  synchronism  through  successive  8  points  of  their 
circumferences.     The  path  of  the  doubly  reflected  beam  is  then  the 
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straight  line  0  4,  with  its  center  at  2  or  6.    This  path  is  described 
with  a  resultant  simple  harmonic  motion. 

At  B  in  Fig.  121,  the  auxiliary  vibrator  Ba  is  represented  as 
retaining  standard  phase,  while  the  oscillograph  vibrator  B0  has 
lost  45°  in  phase.  The  resultant  path  of  the  beam  is  the  ellipse 
B.  Again,  at  C,  the  oscillograph  vibrator  C0  has  lost  90°  in  dis- 
placement phase  or  has  its  displacement  in  quadrature  with  the 
auxiliary  Ca.  This  represents  the  ordinary  condition  at  resonance 
in  C0.  The  beam  now  executes  the  upright  ellipse  C.  At  D  the 
oscillograph  D0  has  fallen  135°  behind  standard  phase.  The  ellipse 
D  now  inclines  backwards.  Finally,  at  E,  the  oscillograph  has 
lost  180°,  or  has  come  into  reverse  phase  with  Ea.  The  resultant 
path  is  a  straight  line  E  with  backward  slope. 


Fig.  121.    Lissajous  figures  with  components  in  the  ratio  of  2  to  1  and  various 
phase  differences. 


The  F  G  H  I  K  series  in  Fig.  121  show  what  occurs  with  original 
phase  opposition  at  F  instead  of  the  cophase  at  A,  the  other  condi- 
tions remaining  unchanged.  It  will  be  observed  that  in  this  case 
also  the  ellipse  H  is  vertical  when  the  oscillograph  loses  90°  in 
phase.  Consequently,  whether  the  auxiliary  is  working  below 
its  own  resonant  frequency  and  in  phase  with  its  excitation,  as  in 
A  B  C  D  E,  or  above  its  own  resonant  frequency  and  in  opposite 
phase  to  its  excitation,  as  in  F  G  H  I  K,  the  ellipse  will  stand 
vertical  at  C  or  at  H,  when  the  tested  oscillograph  mirror  falls  90° 
behind  its  excitation  phase,  as  will  necessarily  happen  at  its  reso- 
nant frequency  /0. 
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It  generally  happens  that  the  amplitude  of  the  auxiliary  vibrator 
is  less  than  that  of  the  tested  oscillograph  vibrator,  so  that  the 
conditions  indicated  in  Fig.  121  are  fairly  representative  of  an 
actual  test.  There  are  two  reasons  why  the  auxiliary  amplitude 
should  be  the  smaller.  First,  the  magnetic  field  of  the  auxiliary 
vibrator  with  its  permanent  magnet  is  much  weaker  than  that 
of  the  oscillograph  with  its  more  powerful  electromagnet.  The 
amplitude  of  vibratory  displacement  of  a  vibrator,  other  things 
being  equal,  is  proportional  to  the  intensity  of  its  ambient  magnetic 
field.  Second,  the  auxiliary  vibrator  is  required  to  be  operated 
away  from  its  resonant  frequency,  and  this  entails  a  relatively 
small  deflection.  In  making  the  test,  it  is  usually  necessary  to 
carry  the  exciting  alternating  current  in  the  auxiliary  vibrator 
much  higher  than  in  the  tested  oscillograph,  and  sometimes  to 
carry  it  to  the  safe  carrying  capacity  of  the  auxiliary  vibrator, 
without  overheating  or  overexpansion  of  its  strips.  This  limit 
has  usually  been  in  the  neighborhood  of  250  milliamperes  rms., 
but  the  current  can  be  made  much  stronger  than  this  without  any 
permanent  injury  to  the  auxiliary  vibrator. 

In  making  the  test  of  the  oscillograph  in  this  way,  we  must  first 
ascertain  that  the  resonant  frequency  of  the  auxiliary  vibrator 
is  not  near  to  that  of  the  oscillograph.  This  is  done  by  making  a 
preliminary  short  series  of  impressed  frequency  observations  with 
the  Lissajous  figure  arrangement,  but  with  each  vibrator  only 
operated  at  a  time.  Under  these  conditions,  the  reflected  beam 
will  execute  only  one  component  vibration,  and  by  observing  the 
amplitude  of  this  vibration,  we  can  readily  make  a  rough  esti- 
mate of  the  frequency  fd  of  maximum  displacement,  near  which 
the  resonant  frequency  will  lie  very  closely  in  the  air  damped 
auxiliary  vibrator,  and  not  very  far  off  in  the  ordinary  liquid 
damped  oscillograph.  If  the  maximum  admittant  frequency  fd 
should  happen  to  be  nearly  alike  in  the  two  vibrators,  the  auxiliary 
must  have  its  mechanical  tension  either  raised  or  lowered,  as  may 
be  found  more  desirable,  so  as  to  throw  its  resonant  frequency 
further  away  from  that  of  the  oscillograph.  Beyond  this  require- 
ment, the  various  constants  of  the  auxiliary  vibrator,  such  as  o>0, 
Bo,  A,  m,  r,  and  s,  are  of  no  concern.  It  is  sufficient  only  that  its 
Bo  shall  be  small,  and  that  its  co0  shall  not  be  close  to  the  co0  of  the 
tested  oscillograph. 
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OSCILLOGRAPH  TESTS 

It  is  proposed,  in  this  Chapter,  to  consider  the  technique  of 
testing  oscillographs  by  the  use  of  an  auxiliary  vibrator,  and  also 
to  discuss  some  of  the  results  thus  obtained. 
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Fig.  122.    Methods  of  testing  oscillograph  vibrators  by  means  of  oscillograph- 


Electric  Connections  for  the  Test.  —  The  electric  connections 
for  measuring  the  resonant  frequency  /0  of  an  oscillograph,  by 
means  of  the  oscillographmeter  described  in  the  last  Chapter,  are 
indicated  in  different  forms  by  Fig.  122,  at  A,  B,  C,  and  D.  In 
each  case  S  is  the  source,  or  secondary  coil,  of  the  adjustable- 
frequency  oscillator  which  supplies  the  testing  current.  Either  a 
Vreeland  oscillator*  or  a  triode  vacuum-tube  oscillator  may  be 
used.  The  source  S  supplies  both  the  tested  oscillograph  0,  and 
the  auxiliary  vibrator  A,  in  parallel,  from  the  same  mains  mm, 
m'm'.  Each  vibrator  has  its  own  adjustable  non-inductive  resist- 
ance, so  that  the  phase  of  the  current  supplied  to  each  should  be 
the  same  within  all  desired  limits  of  precision.     The  two  impressed 
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vmts.  will  therefore  be  cophasal.  The  phase  of  the  displacement 
of  mirror  0  will  be  in  lagging  quadrature  to  the  vmt.  at  its  resonant 
frequency  /0,  as  is  indicated  by  the  small  arrow  on  the  right  hand  of 
0  in  the  figure.  The  phase  of  the  displacement  of  mirror  A  will 
be  very  nearly  in  agreement  with  the  vmt.  at  this  frequency,  if  its 
resonance  is  remote.  Under  these  conditions,  the  Lissajous  figures 
obtained  on  the  screen  FF  of  Fig.  121  will  be  a  circle  at  resonance 
/o  if  the  two  vibratory  components  are  equal,  as  is  indicated  by  the 
circle  at  the  right  hand  side  of  A.  If  the  two  components  are 
unequal,  and  that  of  oscillograph  0  is  the  greater,  we  have  seen 
in  the  last  chapter  that  the  Lissajous  figure  will  be  an  upright 
ellipse.  In  the  one  case,  the  criterion  for  the  attainment  of  reso- 
nance in  0  will  be  the  equality  of  perpendicular  diameters  in  the 
circle,  and  in  the  other,  the  verticality  of  the  resonant  ellipse  C 
or  H,  Fig.  121. 

If  the  optical  adjustment  of  the  Lissajous  system  is  fine,  so 
that  the  beam  of  reflected  light  is  sharp  and  thin,  it  may  be  more 
easy  to  observe  the  existence  of  the  thin  cophase  straight  line  A, 
E,  F,  or  K  in  Fig.  121,  than  the  roundness  of  a  resonant  circle,  or 
the  verticality  of  a  resonant  ellipse.  This  is  a  matter  of  personal 
choice  with  the  observer.  If  he  prefers  the  straight  line  or  col- 
lapsed ellipse  of  Fig.  1225  as  a  criterion,  then  the  connections  in 
that  figure  may  be  used.  Here,  the  resistance  in  one  of  the  two 
vibrator  circuits,  0  as  shown,  is  replaced  by  a  nearly  resistanceless 
adjustable  condenser.  This  has  the  effect  of  advancing  the  phase 
of  the  exciting  current  in  that  branch  by  90°;  so  that  the  two 
impressed  vmts.  will  be  in  quadrature  throughout  the  frequency 
range.  If  the  two  vibrator  displacement-admittance  slopes  are 
cophasal,  the  Lissajous  figure  will  then  be  either  a  circle,  or  an 
upright  ellipse.  At  displacement-admittance  slope  quadrature, 
combined  with  vmt.  quadrature,  the  two  mirror  displacements 
will  come  into  phase  —  either  cophase  or  opposition  phase  — 
and  the  Lissajous  figure  at  resonance  in  0  will  be  the  straight  line 
of  Fig.  122B. 

It  was  found  that  when  a  Vreeland  oscillator  was  used  as  the 
source  of  impressed  frequency,  difficulties  arose  owing  to  small 
parasitic  harmonics  or  impurities  in  the  derived  current  wave 
form,  which  produced  false  resonances  and  erroneous  results  in 
the  behavior  of  the  sharply  resonant  air-damped  auxiliary  vibrator. 
These  false  resonances  did  not  occur  when  the  vibrator  was  im- 
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mersed  in  a  damping  liquid.  Much  trouble  was  experienced  in 
the  first  few  months  of  research  with  this  method  of  testing,  from 
such  parasitic  resonances.  They  were  obviated,  however,  by 
electrically  tuning  the  main  circuit  to  the  test  frequency,  as  indi- 
cated in  Figs.  122  C  and  D,  where  the  adjustable  inductor  L  and 
adjustable  condenser  C,  inserted  in  series  with  the  secondary  coil 
S,  serve  to  weed  out  impurities  in  the  a.-c.  waves  by  opposing  a 
relatively  large  reactance  to  all  but  the  test  frequency.  If  this 
plan  is  used,  care  must  be  taken  to  make  the  proper  tuning  adjust- 
ment in  L  and  C  at  each  change  of  impressed  frequency.  With  the 
ordinary  connections  of  a  pliotron  or  triode  vacuum-tube  oscillator, 
this  parasitic  resonance  difficulty  was  not  experienced,  and  the 
simpler  connections  of  Fig.  121 A  or  B  could  be  used. 

Technique  of  Test.  —  The  oscillograph  vibrator  to  be  tested 
must  be  used  on  a  base  which  permits  of  mounting  the  oscillograph- 
meter  securely  in  front  of  it.  This  usually  means  removing  the 
oscillograph  from  its  photographic  case.  The  oscillographmeter 
is  then  mounted  in  the  proper  position  as  indicated  in  Figs.  119 
and  120,  with  the  electromagnet  of  the  oscillograph  unexcited. 
The  mounting  is  made  sufficiently  rigid  to  withstand  safely  the 
magnetic  pull  on  the  oscillographmeter  when  the  electromagnet 
of  the  oscillograph  is  excited.  The  scale  FF,  Fig.  120,  and  the 
optical  system  are  then  adjusted  until  a  sharp  spot  of  light  is 
produced  at  S  with  a  shading  tube  laid  over  the  scale  FF.  The 
electric  connections  are  then  made,  and  the  deflections  produced 
by  0  and  A  separately  are  roughly  tried  out  to  make  sure  that  the 
resonances  are  sufficiently  remote,  as  has  been  described  in  the 
last  Chapter.  The  type  of  resonant  Lissajous  figure  —  ellipse  or 
straight  line  —  is  selected  in  accordance  with  Fig.  122  A  or  B, 
respectively.  Most  observers  prefer  an  upright  ellipse,  the  ratic 
of  major  to  minor  diameters  in  which  is  between  2  and  3. 

The  two  vibrators  are  then  set  in  operation,  and  the  test  fre- 
quency on  both  is  raised  to  the  point  at  which  the  Lissajous  figure 
on  the  screen  denotes  displacement  quadrature  and  resonance  in 
the  oscillograph.     The  temperature  of  the  latter  is  noted. 

Having  identified  the  resonant  frequency  /0,  or  corresponding 
resonant  angular  velocity  o>0,  of  the  tested  oscillograph  vibrator, 
the  latter  is  then  tested  for  its  "specific  deflection,"  or  calibration, 
both  at  a  low  frequency  fs  and  at  the  frequency  of  resonance  f0 
just  determined. 


(253) 
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Specific  Deflection.  —  The  specific  deflection  of  an  oscillographic 
vibrator  may  be  defined  as  the  size  of  maximum  cyclic  deflection 
per  unit  rms.  exciting  current.  It  may  be  denoted  by  the 
symbol  6'  and  is  expressed  in  mirror  radians  per  rms.  abampere 
in  the  theory,  or  in  arbitrary  scale  divisions  per  rms.  ampere 
in  practical  service.  If  we  observe  the  maximum  cyclic  angular 
displacement  9ms  in  mirror  radians  produced  at  a  low  frequency  of 
say/s  =  60  ~,  then 

,  _  I  6m  J  max.  eye,  mirror  radians 

s       \  Is  \  rms.  abampere 

is  the  specific  deflection  of  the  oscillograph  at  this  frequency, 
where  Is  is  the  rms.  current  strength  in  abamperes  through  the 
vibrator.     Similarly,  the  resonant  specific  deflection  is 

a  '  —  I  Omo  I  max.  eye,  mirror  radians 

|  I0  I  rms.  abampere 

The  measurement  of  8S  and  0O  determine  the  resonant  bluntness  of 
the  oscillograph,  as  already  described,  according  to  the  relation 
(250) 

(255)  *,_,  -,|_,fc, 

It  is  evident  that  since  only  the  ratio  of  6/ /do  is  required  for  estab- 
lishing the  bluntness  B0,  the  two  specific  deflections  may  be  meas- 
ured in  any  uniform  scale,  without  a  determination  of  the  respec- 
tive radian  angular  displacements. 

From  (236)  we  may  find  that  if  6'  is  the  specific  deflection  of  the 
oscillograph  at  any  impressed  frequency  ratio  u,  the  deviation 
factor  is: 

r9-fix        n  _  1  -  m,2  +  j  2  B0us      1  -us2+jBsus 
^ooj        u       1_ll2+j2BoU        1_u2+jBsU 

Since  us  =  fs/f0  is  usually  a  negligibly  small  real  number  (with 
say  /,  at  60  ~  and  /0  at  2400  ~,  us  =  0.025)  we  may  write  this 
equation  without  serious  error  as  follows : 

(257)        D  =  (l_u2)+j2BoU  =  (l-u*)+jBtu ' 

or 

(257a)     C  =  ^  =  (1  -  O  +  j  2  B0u  =  (1  -  w2)  +  j  Bsu, 

which  agrees  with  (239)  at  resonance,  when  u  =  u0  =  1. 
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If  we  seek  only  the  size  of  the  deviation  ratio,  and  ignore  its 
slope,  we  have 

(258)  \D\  =  ~=  1  » 

'      0/      Vl  +  2  u2  (2  Bo2  -  1)  +  u* 

an  equation  which  is  free  from  complex  quantities.     The  correcting 
factor  is  then 

(259)  \C\  =  p i  -  £  =  Vl  +  2  v?  (2  5o2  -  1)  +  u\ 

When  making  specific-deflection  tests  with  the  optical  arrange- 
ment of  Fig.  120,  it  has  been  found  advantageous  to  insert  a  fine 
cross-hair  into  the  beam  at  the  screen  hh,  on  the  lens  L,  or  at  such 
a  point  as  will  enable  a  sharp  image  of  the  hair  to  be  formed  in 
the  quiescent  spot  S,  on  the  graduated  paper  scale  FF.  Since  the 
spot  of  light,  when  making  a  simple  vibration,  comes  regularly 
to  rest  at  each  elongation,  the  two  extreme  positions  of  the  hair 
can  be  detected  easily  by  carefully  examining  the  band  of  light 
drawn  out  by  vibration  on  the  scale.  When,  however,  Lissajous 
figures  are  being  examined,  the  cross-hair  is  withdrawn. 

Specific  deflections  may  be  measured  conveniently  by  taking 
the  full  length  from  end  to  end,  between  hair-line  images  of  the 
band  of  light  on  the  scale  FF.  When  measuring  angular  displace- 
ments of  the  vibrator  in  radians,  however,  it  must  be  remembered 
that  not  only  is  the  amplitude  of  deflection  half  the  total  luminous 
scale  distance,  but  also  the  mirror  angular  displacement  is  half 
the  angular  displacement  of  the  reflected  beam.  In  other  words, 
the  maximum  cyclic  angular  displacement  of  the  mirror  is  one- 
fourth  of  the  full  luminous  length  of  the  scale  from  elongation  to 
elongation,  divided  by  the  perpendicular  distance  of  the  scale 
from  the  mirror,  which  is  assumed  to  be  relatively  large. 

W^hen  measuring  specific  deflections  of  the  tested  oscillograph, 
with  the  auxiliary  vibrator  in  position,  as  in  Fig.  120,  it  should  be 
remembered  that  magnetic  leakage  from  the  oscillograph  electro- 
magnet poles  through  the  magnet  of  the  auxiliary  vibrator  may 
perceptibly  weaken  the  field  in  which  the  oscillograph  vibrator 
works.  This  should  not  affect  the  measurement  of  /0,  but  it  may 
affect  the  specific  deflection.  If  both  0O'  and  0/  are  measured  with 
the  auxiliary  vibrator  in  place,  their  ratio  may  not  be  affected  by 
this  source  of  error;  but  if  one  is  measured  with  the  auxiliary 
vibrator  in  place,  and  the  other  with  it  removed,  the  ratio  entering 
into  the  value  of  B0  may  be  distinctly  affected. 
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Observation  of  Quadrantal  Frequencies  by  means  of  Lissajous 
Figures.  —  Instead  of  determining  B0  by  the  ratio  of  the  specific 
deflections  0//0</,  it  is  possible,  after  finding  co0,  to  find  A,  and  hence 
Bo  =  A/wo,  by  identifying  optically  one,  or  preferably  both,  of  the 
quadrantal  angular  velocities  coi  and  co2.  The  electric  connections 
for  this  are  indicated  in  Fig.  123.  The  plan  is  to  introduce  such 
equal  resistance  and  reactance  into  the  auxiliary  branch  circuit  A, 
at  the  test  frequency,  as  shall  cause  the  exciting  current  and  the 
vmt.  in  the  auxiliary  vibrator  to  differ  in  phase  from  that  in  the 
oscillograph  by  45°,  and  so  to  enable  a  quadrantal  frequency  to  be 
identified  optically  from  a  Lissajous  diagram.  After  observing 
coo  and  say  coi  in  this  way,  we  can  compute  co2  by  (106) .  Again,  if  we 
observe  all  three  angular  velocities  co0,  wi,  and  co2,  they  should  check 
by  (106).  We  may  then  find  A  by  (113)  and  thence  B0  by  (208). 
This  method  of  determining  B0  dispenses  with  the  measurement 
v  of    specific    deflections.     On    the    other 

hand,  it  is  apt  to  be  less  precise  than 
the  specific-deflection  method;  because 
A  is  found  as  the  difference  of  two 
identified  frequencies.  With  sharp  vibra- 
tors, these  two  quadrantal  frequencies  lie 
close  together,  and  their  difference  is  thus 
subject  to  relatively  considerable  ob- 
servation error.  In  complete  and 
thorough  tests  of  an  oscillograph,  how- 
ever, it  may  be  well  to  identify  optically 
all  three  values  co0,  coi,  and  co2,  besides 
measuring  the  specific  deflections  0O'  and 
0/,  so  as  to  secure  mutual  checks. 
Alternative  Measurement  of  A  and  co0. —  Another  method  of 
measuring  A  and  co0,  without  using  an  oscillographmeter,  when  the 
vibrator  is  sharp,  is  to  make  an  oscillogram  of  a  series  of  naturally 
decaying  oscillations  of  the  mirror  with  the  vibrator  circuit  inter- 
rupted, impressing  on  the  same  record  a  wave  of  known  fairly  high 
frequency  from  the  movement  of  a  second  vibrator  separately 
excited.     See  Fig.  140.     The  rate  of  decay  in  amplitude  is 

(260)  6t  =  0ie_A'  max.  eye.  radians, 

where  6t  is  the  initial  displacement  at  time  t  =  0  and  6t  is  the 
displacement  after  t  seconds  have  elapsed.     Hence 

(261)  A  =  (1/0  logh  (dt/dt)  hyps.  per.  sec . 


Fig.  123.  Electrical  con- 
nections for  the  meas- 
urement of  quadrantal 
frequencies. 
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The  frequency  of  vibration  as  determined  from  the  oscillogram,  with 
the  aid  of  the  waves  of  known  frequency,  is  ff  ~.  This  will  be  a 
little  less  than  the  resonance  frequency  /0,  the  correction  being 
obtainable  through  (244).  This  method  can  be  applied  with  fair 
success  to  sharp  vibrators.  It  cannot  be  applied  ordinarily  when 
Bo  is  greater  than  0.2.  This  means  that  in  ordinary  liquid-damped 
oscillographs  the  method  is  unsatisfactory. 

It  might  be  supposed  that  since  a  calibration  or  specific  deflec- 
tion is  desired  near  to  zero  frequency,  a  continuous-current 
calibration  would  suffice.  It  has  been  found,  however,  that 
the  specific  deflections  0/  obtained  with  continuous  currents  is 
considerably  in  excess  of  that  measured  with  a  low-frequency 
alternating  current,  apparently  because  the  elastic  system  of  the 
vibrator  has  a  greater  opportunity  to  stretch  under  a  steady  im- 
pressed torque  than  under  alternating  torques.  In  other  words, 
the  elastic  constant  s  is  essentially  a  vibratory  property. 

Although  fairly  satisfactory  results  have  been  obtained  in  the 
tests  of  oscillographs  by  the  use  of  the  oscillographmeter  as  above 
described,  there  is  abundant  opportunity  for  further  work  in  this 
method,  directed  towards  improvement  in  the  design,  construction, 
mounting,  and  manipulation  of  the  oscillographmeter. 


CHAPTER  XXI 
TESTS   OF   OSCILLOGRAPHS 

It  is  proposed  to  present  in  this  Chapter  some  of  the  results 
obtained  in  the  testing  of  oscillographs  by  oscillographmeters. 

Tests  of  the  Air-damped  Auxiliary  Vibrator,  of  high  Resonant 
Sharpness.  —  The  air-damped  auxiliary  vibrator  is  a  typical 
example  of  an  oscillograph  of  very  sharp  resonance  or  very  small 
bluntness,  and  is  of  interest  on  that  account.  Figure  124  shows  a 
curve  of  observed  specific  deflection  6'  versus  impressed  frequency 
/,  taken  on  one  of  the  oscillographmeters  used  in  the  tests.  The 
observations  are  plotted  to  two  different  scales,  in  ratio  of  10:  1, 
to  facilitate  the  interpretation  of  the  graph.  The  graph  to  the 
enlarged  scale  runs  far  off  the  top  of  the  diagram,  at  and  near 
resonance.  The  small  circles  represent  the  individual  observa- 
tions of  specific  deflection,  in  mirror  radians  per  rms.  abampere; 
while  the  curves  show  the  theoretical  graphs  as  obtained  by  the 
formulas  (257)  and  (258)  and  (239),  from  tests  made  by  the  oscillo- 
graphmeter  method  described  in  the  last  Chapter.  It  will  be  seen 
that  the  agreement  between  the  observations  and  the  curve  is  very 
satisfactory. 

The  three  principal  frequencies  of  this  auxiliary  vibrator  are 
/i  =  2511  ~,  /o  =  2514.5  ~  and  /2  =  2518  ~.  The  resonant 
range  is  thus  7  cycles  per  second.  The  corresponding  angular 
velocities  are  «i  =  15777,  co0  =  15799,  to2  =  15821.  The  damping 
constant  A  is  thus  (15821  -  15777)/2  =  22.  The  oscillatory  sharp- 
ness A0  is  15799/22  =  718,  and  its  reciprocal,  the  bluntness  B0,  is 
0.001  39.  This  means  that  the  maximum  cyclic  displacement 
at  resonance  is  359  times  as  great  as  at  very  low  frequency,  which 
agrees  with  the  ratio  of  do'/ 6/,  so  far  as  can  be  read  from  the  curves 
in  Fig.  124.  The  angular  velocities  w,  and  ud,  of  free  vibration 
and  maximum  displacement,  by  (244)  and  (243),  are  indistinguish- 
able from  coo,  within  the  limits  of  engineering  laboratory  measure- 
ments. All  three  frequencies  f0)  ff,  and  fd  are  in  this  case  insepa- 
rable, except  from  the  standpoints  of  mathematics,  physics,  and 
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philosophy.  It  is  also  evident  that,  provided  the  resonant  fre- 
quency of  this  vibrator  is  slightly  avoided,  the  phase  departure 
of  the  mirror  from  zero  or  180°  in  the  vmt.  will  be  small.  The 
deviations  can  be  found  from  (238)  in  any  given  case,  if  necessary. 
It  may  be  noted  that  any  asymmetry  in  the  construction  of  an 
air-damped  vibrator,  such  as  unequal  dimensions,  or  unequal 
tensions  in  the  two  strips  composing  it,  is  likely  to  give  rise  to 
plural  resonance  in  the  behavior  of  the  instrument.     The  curve  of 
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Fig.  124.    Specific  deflection  vs.  frequency  for  the  auxiliary  vibrator  A-l. 
Temp.  =  22.5°  C,  A  =  22  hyps. /sec,  w„  =  15799,  A0  =  718. 


0'  versus  /,  such  as  curve  A  in  Fig.  124,  may  reveal  two  or  more 
separate  peaks,  and  the  Lissajous  figures  will  likewise  go  through 
two  or  more  sets  of  ellipses.  A  number  of  such  cases  have  been 
observed.  A  good  air-damped  oscillographic  vibrator  requires 
good  mechanical  workmanship,  to  secure  the  requisite  geometric 
and  dynamic  symmetry.  When  the  vibrator  is  immersed  in  a 
damping  liquid,  these  plural  resonances  often  disappear,  so  that  a 
vibrator  which  is  apparently  of  normal  behavior  when  liquid- 
damped,  may  behave  abnormally  after  drying  and  when  operated 
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Liquid-damped  Oscillographs  of  Moderate  Resonant  Bluntness. 
—  A  fairly  typical  and  commercial  form  of  oscillograph  has  its 
specific-deflection  behavior  at  various  frequencies  displayed  in 
Fig.  125.  The  curve  is  drawn  to  the  theoretical  behavior  from 
oscillographmeter  measurements  of  f0  and  #0.  The  small  crosses 
represent  the  observed  specific  deflections,  as  the  impressed  fre- 
quency was  varied  from  500  ~  to  4900  ~.  The  agreement  be- 
tween the  observations  and  the  curve  is  fairly  satisfactory.  This 
vibrator  is  damped  by  a  specially  prepared  liquid,  supplied  with 
the  instrument.  The  principal  frequencies  of  /i  =  2620  ~, 
/o  =  3300  ~  and  f2  =  4070  ~,  were  observed  by  Lissajous  figures. 
The  corresponding  angular  velocities  are  coi  =  16460,  co0  =  20740, 
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Fig.  125.   Specific  deflection  vs.  frequency.     Oscillograph  vibrator  in  light 
damping  liquid.     A  =  4450  hyps  per  second.    B0  =  0.214. 

and  co2  =  25573.  The  quadrantal  frequencies  as  computed  from 
/o  and  Bo  are  2663  ~  and  4077  ~  with  angular  velocities  16732 
and  25617.  The  damping  factor  A  is  thus  4443  and  the  bluntness 
Bo  =  4443/20740  =  0.214.  The  specific  deflection  do  observed 
at  resonance  was  4.35  mirror  radians  per  rms.  abampere,  and 
6S  at  60  ~  was  also  observed  to  be  1.25.  The  ratio  8/ /do  =  0.42, 
from  which  the  bluntness  B0  =  0.21.  In  this  instrument  the  free- 
vibration  frequency  ff  by  (244)  is  3220  ~,  and  the  frequency  of 
maximum-displacement  admittance  fd,  by  (243),  is  160  ~  below 
;'o  or  3140  ~,  when  the  specific  deflection  was  found  to  be  5.4,  or 
about  1  per  cent  more  than  at  resonance. 

The  deviation  factor  of  this  oscillograph  at  1000  ~  is  1.09  \  8° 
by  (239).  It  would  overindicate  waves  of  that  frequency  by  9 
per  cent  with  respect  to  waves  of  60  ~,  and  would  record  them  8° 
of  their  cycle  behind  the  true  position  (0  =  —  8°). 
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Assymmetry  of  Specific-deflection  and  Frequency  Curve  with 
Respect  to  the  Maximum  Ordinate.  —  It  may  also  be  observed  that 
any  curve  of  0'  versus  /,  such  as  that  in  Fig.  125,  always  rises  to  a 
maximum  ordinate  at  fd,  unless  B0  exceeds  unity.  The  curve  is 
asymmetric  with  respect  to  that  ordinate,  being  steeper  on  the 
high-frequency  side.  It  is  shown,  however,  in  Appendix  XI,  that 
if  the  specific  deflections  as  ordinates  are  plotted  against  f2  as 
abscissas,  the  resulting  curve  will  be  symmetric  about  the  max- 
imum ordinate,  as  far  as  fs2,  the  duplicate  initial  frequency;  i.e., 
as  far  as  symmetry  can  be  carried.  Consequently,  if  the  curve  of 
0'  versus  f2  is  plotted  from  observations  over  the  range  /  =  0  to 
/  =  fd,  it  can  be  extended,  by  symmetry,  from  /  =  /„  to  /  =  /s2, 
without  making  observations  over  that  range. 
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Fig.  126.  Specific  deflection  vs.  frequency.    Oscillograph  vibrator  0-6  in  castor 
oil.    Temp.  27°  C.    A  =  8980  hyps./sec.    B0  =  1.1. 


Tests  of  an  Oscillograph  with  large  Resonant  Bluntness.  — 

Figure  126  illustrates  the  behavior  of  an  oscillograph  with  a  blunt- 
ness B0  =  1.1,  obtained  by  the  use  of  castor  oil  as  the  damping 
liquid.  It  will  be  noticed  that  the  resonant  frequency /0  =  1302  ~ 
occurs  about  halfway  down  the  curve. 

Effects  of  Changing  the  Damping  Liquid  on  the  Behavior  of  an 
Oscillograph.  —  Figure  127  gives  the  curves  of  specific  deflection 
8'  versus  impressed  frequency  /i  for  a  vibrator  in  four  successive 
damping  fluids;  viz.,  air,  glycoline,  mineral  oil,  and  castor  oil. 
The  results  are  summarized  in  Table  XVIII. 
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TABLE   XVIII 

Constants    of    an    Oscillographic    Vibrator   in    Different    Damping 
Fluids  (Hunter) 


Curve 

Damping 
Fluid 

/o 

Cycles 
Sec. 

Rad. 

Sec. 

Bo 

Nu- 
meric 

h 
Cycles 
~Sec7 

Cycles 
Sec. 

A 

Hyps. 
Sec. 

fd 

Cycles 
Sec. 

Reso- 
nant 
Range 

Cycles 
Sec. 

I 
II 

III 
IV 

Air 
Glycoline 
Mineral  Oil 
Castor  Oil 

4,110 
1,891 
1,614 
1,302 

25,820 
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Fig.  127.   Specific    deflection    vs.    frequency.      Oscillograph    vibrator    0-6. 
Temp.  26.5°  C.  under  different  damping  conditions. 

Whereas  in  air,  the  vibrator  had  a  bluntness  of  B0  =  0.024, 
or  a  sharpness  of  A0  =  41.7,  the  bluntness  was  increased  in  castor 
oil  to  1.1  (A0  =  0.9).  The  effect  was  also  to  change  the  resonant 
frequency /o  from  4110  ~  in  air,  to  1302  ~  in  castor  oil. 

In  case  III  with  mineral-oil  damping,  the  resistance  r  of  the 
vibrator  was  0.43  of  that  which  would  render  the  motion  aperiodic. 
In  case  IV,  however,  with  castor-oil  damping,  the  resistance  is  ten 
per  cent  greater  than  that  required  for  aperiodicity.  The  case  is 
therefore  one  of  overdamping  or  ultraperiodicity.  It  is  developed 
in  greater  detail  in  Fig.  126.  The  curve  is  drawn  from  the  formu- 
las already  given,  and  the  crosses  indicate  the  observations.     It 
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will  be  seen  that/d  =  0,  and  by  (243)  is  imaginary.  At  resonance, 
the  specific  deflection  is  only  about  half  that  at  zero  frequency. 

It  may  be  noted  that  in  Fig.  127,  the  value  of  0/  is  substantially 
the  same  for  all  of  the  damping  fluids  except  air.  The  deflection 
is  less  with  air  than  with  liquid  damping.  This  is  not  due  to  re- 
sistance r.  According  to  theory,  the  resistance  plays  no  part  in 
determining  the  specific  deflection  at  zero  frequency.  Every- 
thing depends  upon  the  elastic  yield  c  =  1/s,  by  (241).  It  might 
be  supposed  that  air  would  be  more  yielding  than  oils;  but  accord- 
ing to  the  results  shown  in  Fig.  127,  which  have  been  substantiated 
in  an  independent  series,  the  reverse  condition  presents  itself. 
The  matter  warrants  further  investigation. 

According  to  these  indications,  the  specific  deflection  of  an 
oscillograph  in  a  heavily  damping  liquid  like  castor  oil,  at  a  very 
low  frequency,  is  substantially  the  same  as  in  a  lightly  damping 
liquid  like  glycolin.  The  differences  in  these  cases  are  found  at 
the  higher  frequencies.  If  B0  is  less  than  unity,  there  will  always 
be  some  increase  in  specific  deflection  when  the  frequency  is  raised. 
With  very  light  damping,  the  increase  will  be  marked,  especially 
near  resonance.  With  damping  near  to  unit  bluntness,  the  in- 
crease will  be  small  and  the  specific  deflection  will  soon  decrease. 

Best  Values  of  Bluntness  in  an  Oscillograph.  —  From  a  con- 
siderable number  of  oscillograph  tests,  of  which  Figs.  124  to  127 
are  fairly  typical,  and  from  an  examination  of  displacement-ad- 
mittance charts  Figs.  115  to  117,  it  appears  that  there  is  no  precise 
value  of  Bo  which  an  oscillograph  should  possess,  in  order  to  have 
minimum  deviation  factor,  or  minimum  change  in  specific  deflec- 
tion with  change  of  impressed  frequency.  Figure  115  indicates, 
however,  that  near  B0  =  0.6,  the  specific  deflection  remains  nearly 
constant  from  u  =  0  to  u  =  0.75,  the  maximum  increase  being 
only  4  per  cent  over  this  range.  This  is,  therefore,  in  general,  a 
good  value  of  B0  to  secure.  If,  however,  a  greater  range  of  im- 
pressed frequency  is  to  be  employed  than  is  available  up  to  75 
per  cent  of  the  resonant  value,  it  may  be  better  to  use  B0  =  0.5 
or  less. 

Measurements  Necessary  for  Evaluating  the  Fundamental 
Constants  A,  m,  r  and  s.  —  In  order  to  evaluate  the  fundamental 
constants  of  an  oscillograph,  an  additional  independent  datum  is 
needed,  over  and  above  the  information  necessary  for  determining 
a>o  and  A,  or  /0  and  B0.     Such  a  datum  is  supplied  by  the  measure- 
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ment  of  the  motional  impedance  of  the  vibrator  under  working 
conditions. 

Damped,  Free,  and  Motional  Impedance  of  an  Oscillograph.  — 
The  nature  and  construction  of  the  ordinary  bifilar  oscillograph- 
vibrator  is  such  that  its  inductance  is  extremely  small,  and  its 
reactance  is  negligible  by  comparison  with  its  resistance  at  the 
highest  frequencies  which  are  likely  to  be  used.  Moreover,  pro- 
vided the  temperature  of  the  damping  fluid  remains  constant,  the 
resistance  of  the  vibrator  remains  substantially  unchanged  at  all 
frequencies.  The  vector  impedance  graph  of  an  oscillograph 
vibrator,  when  either  damped,  or  free,  but  removed  from  its  per- 
manent magnetic  field,  may  be  regarded  as  the  simple  straight  line 
OA,  Fig.  128,  of  pure  resistance  at  all  frequencies.     If,  now,  the 

vibrator  be 
freed,  and  re- 
stored to  the 
normal  magnetic 
field  of  its  operat- 
ing electromag- 
net, the  vector 
graph  of  free 
impedance  is  the 
circular  path 
A'B'C'D',  Fig. 
128,  where  the 
resistance  OA'  is 
equal  to  the 
damped  resist- 
ance OA.  At  res- 
onant frequency 

/o,  or  u  =  1,  the  free  impedance  is  OC,  a  pure  resistance.  At  the 
lower  quadrantal  frequency  fh  where  u  =  Wi,  the  free  impedance  is 
Z"  =  O'B'  =  O'o  +  joB';  or  there  is  an  apparent  reactance  of 
joB'  ohms,  due  to  the  vibration  of  the  mechanical  system  in  the 
magnetic  field.  At  the  upper  quadrantal  frequency  /2,  where 
u  =  u2,  the  free  impedance  is  Z"  =  O'D'  =  Oo  -  joD';  or  the 
reactance  is  negative,  as  though  the  instrument  contained  a  con- 
denser in  series  with  its  vibrator.  At  either  a  very  low  or  a  very 
high  frequency,  the  free  impedance  will  be  OA',  the  same  as  when 
the  vibrator  was  damped. 


lUct^wsX 


Fig.  128.     Damped,  free,  and  motional-impedance  dia- 
grams of  an  oscillograph  or  of  a  vibration  galvanometer. 
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Subtracting  the  damped  from  the  free  impedance  at  each  fre- 
quency, we  obtain  the  motional-impedance  circle  0"bcd,  Fig.  128, 
which  is  the  same  circle  as  A'B'C'D',  transferred  to  the  origin  of 
coordinates.  The  diameter  of  this  circle  is  the  pure  resistance 
Z'o  =  0"c  ohms,  or  abohms.  The  motional  impedance  at  the 
lower  quadrantal  frequency  fh  of  frequency  ratio  Ui,  is  Z'  =  0"b 
ohms,  a  semi-imaginary  quantit}r,  or  impedance  of  45°  slope.  At 
the  upper  quadrantal  frequency,  the  impedance  is  Z'  =  0"d,  an- 
other semi-imaginary  quantity.  The  resonant  bluntness  of  the 
vibrator  can  be  read  from  this  circle  directly.  To  a  first  approxi- 
mation it  is 

(262)  Bo  =  U2  -  1. 
The  precise  value,  by  (208),  is 

(263)  Bo  =  ^p- 

The  motional-impedance  circle  of  an  oscillograph  therefore 
differs  from  that  of  a  telephone  receiver  in  two  respects;  namely, 

(1)  The  diameter  of  the  circle  coincides  with  the  resistance 

axis,  or  has  no  slope. 

(2)  The  diameter  of  the  circle  is  very  small  compared  with  that 

of  the  ordinary  telephone,  if  both  are  drawn  to  the  same 

scale. 
Thus  the  motional  impedance  of  a  telephone  receiver  Z0'  at  appar- 
ent resonance  is  commonly  about  100  ohms  in  size,  for  an  instru- 
ment of  Ri  =  75  ohms  d.-c.  resistance;  whereas  the  resonant 
motional  impedance  Z0'  =  R0'  of  an  ordinary  liquid-damped 
oscillograph  vibrator,  may  only  be  about  0.025  ohm.  Air-damped 
oscillographs  have  larger  motional  impedances.  Nevertheless,  the 
resonant  motional  impedance  must  have  a  real  value,  however 
small;  because  there  could  be  no  motional  or  mechanical  power 
dissipated  in  the  vibrator  unless  through  the  establishment  of  a 
motional  impedance.  The  low  value  of  R0'  in  an  oscillograph 
calls,  however,  for  a  special  technique  in  its  measurement,  such  as 
will  be  presently  described. 

Motional  Power.  —  The  power  expended  in  and  by  an  oscillo- 
graph vibrator  is  closely  associated  with  its  motional-impedance 
circle,  and  follows  the  same  general  theory  as  that  already  dis- 
cussed in  Chapter  IX,  with  reference  to  the  telephone  receiver. 
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Let  Obcd,  Fig.  129,  be  the  motional-impedance  circle  of  the  vibrator 
to   a  scale  of  abohms.     Let  /  be  the  rms. 
/-"'"a^^p  alternating-current    strength    steadily   sup- 

$>-"'''.  i\  plied  to  the  vibrator  in  abamperes;  then  the 

-"      „        ;    V         power   expended    by   this    current    in    the 
'""*  1  vibrator  at  any  vector   position  P,   where 

J  OP  =  Z'  abohms  Z ,  is,  for  zero  slope  in  J, 

^Hr^  (264)        Pe  =  PZ'  abwatts  Z . 

The  active  component  Pea  =  PR'  =  Op  ab- 
Fig.  129.  Vector  power    watts,  read  off  to  power  scale,  will  be  dis- 

relateTtS^m"  siPated  aS  heat  in  fl'icti°n  overcome  b3r  the 
tional-impedance  cir-  motion,  and  will  be  power  expended  from 
cle-  the     system.       The     reactive     component 

Ptr  =  jPX'  =  pP  abwatts,  will  be  power  cyclically  stored  and 

released.     Following  the  reasoning  of  (117) 

(265)  02z  =  PZ'  =  02  j  r  +  j(mco  -  s/w)  I  abwatts  Z , 

where  6  is  the  rms.  angular  velocity  of  the  mirror  in  radians  per 
sec,  and  z  is  the  mechanical-impedance  torque  in  dynes-p.-cm. 
per  (radian/sec).     Consequently, 

(266)  PR'  =  62r  abwatts 

(267)  PX'  =  62  (mco  -  s/w)  abwatts, 

or  the  active  electric  power  is  equal  to  the  active  mechanical  power, 
and  the  reactive  electric  power  to  the  reactive  mechanical  power. 
In  other  words,  all  of  the  mechanical  power  in  the  motional-im- 
pedance circle  comes  directly  from  the  electric  circuit. 

Steps  for  the  Evaluation  of  A,  m,  r  and  s.  —  Assuming  that  we 
already  know  w0  and  A  for  an  oscillograph,  from  such  measurements 
as  were  described  in  the  last  Chapter,  and  that  we  have  also  deter- 
mined the  resonant  motional  resistance  R0',  we  find,  following 
the  reasoning  of  (139), 

(26S)  A  =  Im  Ro  =    Ro  dynes-p.-cm. 

jdm0coo      6'moo}0  abampere    ' 

where  6'mo  =  6mo/Im,  is  the  scalar  resonant  specific  deflection  in  max- 
imum cyclic  mirror  radians  per  maximum  cyclic  abampere.  This 
is  the  torque  factor  of  the  instrument,  having  the  nature  of  a 
vector  without  slope,  or  a  real  quantity  in  the  case  of  an  oscillo- 
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graph.     The  maximum  cyclic  torque  established  tty  a  maximum 
cyclic  current  of  Im  absamperes  will  then  be  A/,„  dyne-p.-cm. 
Again,  following  (140)  the  resistance-torque  coefficient  is 

(269)  r  =  —  =  —  =     R°'  dyne-p.-cm. 

Ro       Q'muo      6'2m  <*>o2  mirror  radians  per  sec. 

In  the  telephone-receiver  case,  the  mechanical  resistance  evalu- 
ated in  this  way  was  a  gross  resistance  modified  by  the  displace- 
ment of  the  diaphragm  in  the  magnetic  field.  This  displacement 
energy  is  dissipated  in  the  diaphragm  by  hysteresis  and  eddy  cur- 
rents. In  the  oscillograph  case,  the  mechanical  resistance  may  be 
considered  as  the  net  value  r. 

Again  following  (141),  we  have 

/cv7n\  r  o  dyne-p.-cm. 

(270)  m  =  —  gm.-cm.2  or 


2  A  (mirror  radian/sec.)2 

This  is  the  apparent  moment  of  inertia  of  the  vibrating  system, 
in  its  clamping  fluid. 

Finally,  following  (142),  we  find 

/«r,-N  o  dyne-p.-cm. 

(271)  s  =  mcoo2  —r- H    ,.     • 

mirror  radian 

This  is  the  net  elastic  torque  per  unit  of  angular  displacement. 
Thus  all  four  fundamental  constants  can  be  deduced  readily  from 
measurements  of  /0,  B0,  and  Ro'. 

An  analysis  of  the  constants  of  several  oscillographic  vibrators 
is  given  in  Table  XIX,  on  page  260. 

It  will  be  observed  that  in  this  particular  set  of  vibrators,  the 
torque  factor  A  varied  from  119  to  255  dyne-p.-cm.  per 
abampere  — 

Themomentof  inertiamfrom9.85Xl0_8to51.15Xl0~8  gm.-cm.2, 

the  resistance  factor  rfrom  0.705X  10-3to  3.124X  lO-3^1^^ 

(rad./sec.) 

the  elastance  factor  s  from  18.2  to  175.3  — ^ ' 

m.  radian. 

Technique  for  Measuring  the  Motional  Impedance  of  an 
Oscillograph.  —  A  convenient  form  of  slidewire  Wheatstone 
bridge  is  shown  in  Fig.  130,  for  the  purpose  of  measuring  the  small 
resonant  motional  resistance  R0'  of  a  liquid-damped  oscillograph. 
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Two  equal  anti-inductive  resistances  A  and  B  have  one  ohm  each. 

The    oscillator   S,  sup- 
plying   the    adjustable 
impressed  frequency,  is 
brought  to  slider  2  and 
junction  1,  or  a  small 
transformer  may  be  in- 
serted   between    these 
terminals  and  the  oscil- 
lator,  so  as   to   obtain 
ample      testing-current 
strength.     The  slider  2 
can  be   set  to   a  frac- 
tion   of    a    millimeter, 
slidewire,   which  has  a  linear 
per   cm.      A  pair  of    low- 
the  observer  to  obtain  a 
An  extraneous 


Fig.  130.  Slide-wire  bridge,  for  measuring  the 
motional  impedance  of  an  oscillograph  vi- 
brator O. 


on  a  scale,  over  the  manganin 
resistance  not  exceeding  0.01  ohm 
impedance  head-telephones  T,  enable 
resistance  balance  on  the  oscillographic  vibrator  0. 
resistance  R  connects  the  end  of  the  slidewire  to  the  junction  C. 
A  zero  balance  is  first  obtained  at  the  resonant  frequency  after  this 
has  been  ascertained,  and  then  at  any  frequency  well  removed 
from  resonance,  or  at  the  same  frequency  with  the  vibrator  with- 
drawn from  its  electromagnetic  field.  The  change  in  the  setting 
of  the  slider  thus  produced,  enables  the  observer  to  evaluate  the 
resonant  motional  resistance  R0'  by  well-known  arithmetic  pro- 
cedure. 

If  the  vibrator  has  sharp  resonance,  care  must  be  taken  to  make 
the  measurement  precisely  at  /0.  Measurements  very  near  to  this 
frequency  above  and  below  should  be  made  to  check. 

Table  XX,  on  page  261,  contains  the  results  of  a  number  of  tests 
on  different  vibrators  to  determine  their  correction  constants  coo 
and  B0,  using  the  oscillographmeter. 

Analysis  and  Correction  of  Oscillograms.  —  If  a  steady-state 
alternating-current  oscillogram  be  analyzed  into  its  Fourier  com- 
ponents, by  any  of  the  methods  employed  for  that  purpose,  then, 
assuming,  as  is  usual,  that  only  odd  harmonics  are  present,  we 
obtain  from  the  analysis  the  ordinary  series  of  uncorrected  terms: 

(272)        Ai  sin  at  +  A3  sin  3  wt  +  Ab  sin  5  cot  +  .  .  . 

+  Bi  cos  u>t  +  B3  cos  3  cot  +  Bb  cos  5  ut  + inst.  amp. 
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This  pair  of  series  may  be  combined,  as  is  well  known,  into  a  single 
series : 

(273)  Ax'  sin  (cot  +  a°)  +  A3'  sin  (3  cot  +  a3°) 

+  A-J  sin  (5  cot  +  a-°)  + inst.  amp. 

where 

(274)  tan  ak°  =  ^ 
and 


(275)  A^  =  vZ?  +  Bf  amp. 

If  now  the  oscillographic  vibrator  with  which  the  record  was 
made  had  a  resonant  angular  velocity  co0,  then  the  angular  veloci- 
ties o),  3  oo,  5  oo,  etc.  in  (273)  may  be  written  as  Uioo0,  u3co0  =  3  uico0, 
uboo0  =  5  Uiooo,  etc.,  respectively;  so  that  (273)  becomes 

(276)  A\  sin  (uico0t  +  ai°)  +  A3  sin  (u3co0t  +  a3°) 

+  A-J  sin  (m5o;o^  +  a°)  + inst.  amp. 

For  the  bluntness  B0  of  the  vibrator,  the  correction  factor  C 
becomes  known  by  (257)  at  each  and  all  of  the  frequency  ratios 
U\,  u3,  uh,  etc.  These  correction  factors  may  be  written  cx  Z  /3i°, 
c3  Z  /33°,  c5  Z  /35°,  etc.,  where  ck  is  the  size  of  the  correction  factor 
and  j3fc°  its  slope.  Approximate  values  of  ck  and  /3ft°  can  be  ob- 
tained from  an  inspection  of  Dk in  Figs.  115-117.     The  Fourier 

series  of  the  oscillogram  corrected  for  inertia  in  the  vibrator  will 
then  be 

(277)  ciA  /  sin  (tot  +  «i°  +  /3i°)  +  c3A3'  sin  (3  cot  +  «3°  +  /33°) 

+  C5A5'  sin  (5  cot  +  a:°  +  j85°)  + inst.  amp. 

The  correction  factors  ordinarily  differ  but  little  from  1.0  Z  0°  at 
low  frequencies.  The  numerical  value  of  C  may  be  either  greater 
or  less  than  unity,  depending  on  the  particular  values  of  B0  and 
u  employed.  The  slope  always  advances  the  phase  of  the  har- 
monic to  which  it  is  applied. 

Thus,  supposing  an  oscillograph  having  a  resonant  frequency 
of  /o  =  3000  ~,  and  a  bluntness  B0  of  0.5  was  employed  to 
record  a  steady  emf.  wave  on  an  a.-c.  circuit  of  fundamental 
frequency  100  ~,  and  that  the  Fourier  analysis  of  the  wave 
gave  for  the  ninth-frequency  harmonic  of  900  ~,  the  values 
A9  =  20  and  B,  =  15.  Then  A9'  =  25  sin  (2  tt  X  900  t  +  36°52'). 
For  this  frequency  u9  =  0.3,  and  by  (257  a)  or  the  charts,  C9  = 
0.9497,    89  =  18°. 15'.     The    corrected    harmonic    thus    becomes 
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0.9497  X  25  sin  (900  X  2tt  t  +  55°  07')  -  23.74  sin  (900  X  2tt  t  + 
55°  7').  The  apparent  amplitude  has  thus  to  be  reduced  by 
5  per  cent,  and  the  apparent  phase  advanced  by  18°  15'. 

In  Appendix  XIII  a  pair  of  schedules  for  harmonic  analysis 
are  offered  for  the  analysis  of  rectangular-coordinate  oscillograms. 
One  relates  to  the  ordinary  alternating-current  case,  with  odd 
harmonics  only,  up  to  the  eleventh  frequency  inclusive.  For 
schedules  evaluating  more  numerous  harmonics,  the  reader  may 
be  referred  to  special  papers  on  the  subject.* 

It  may  be  noted  that  a  vector  correction-factor  chart  of  C, 
corresponding  to  the  vector  deviation-factor  charts  of  D  in 
Figs.  114,  115  and  116,  would  contain  a  family  of  coaxial  para- 
bolas like  Fig.  111.  It  was  considered,  however,  that  the  devia- 
tion-factor charts  of  Figs.  114  and  116  would  be  of  greater 
interest  and  value,  as  showing  the  deflection  behavior  of  an 
oscillograph  with  a  known  bluntness  B0,  than  correction-factor 
charts. 

As  an  example  of  the  application  of  formulas  (268)  to  (271)  for 
evaluating  the  intrinsic  constants  of  an  oscillograph,  from  measure- 
ments of  coo,  A,  d'mo  and  R0',  we  may  take  the  case  of  vibrator  V\, 
Table  XIX,  page  260.  Here,  co„  =  14,320,  A  =  2920,  B'm  =  9.15 
and  R0'  =  0.032  X  109.     Then  by  (268), 

0.032  X10°   =2444 
9.15  X  14320 
From  (269)  we  have 

244  42 

Next,  from  (270),  we  obtain 

1.865  X  10" 


=  3.194  X  10- 


2  X  2920 
and  finally,  from  (271),  we  find 

s  =  3.194  X  10-7  X  143202  =  65.5 
These  values  are  stated  in  the  Table.     Their  slopes  are  all  zero. 

*  Bibliography  88,  which  contains  an  extensive  list  of  papers  on  harmonic 
analysis. 


CHAPTER  XXII 

VIBRATION   GALVANOMETERS 

A  vibration  galvanometer  is  an  alternating-current  measuring 
instrument  in  which  a  vibrating  system  is  adapted  to  give  a 
large  sustained  oscillatory  displacement,  when  tuned  to  the  fre- 
quency of  the  current  to  be  measured.     In  order  to  magnify  the 
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Fig.  131.    Unifilar  vibration  galvanometer,  Leeds  and  Northrup  Co. 

specific  oscillatory  displacement,  in  mirror  radians  per  abampere, 
the  mechanical  resistance  moment  r  is  reduced  as  far  as  practi- 
cable, which  means  that  the  instrument  is  sharply  resonant.  A 
relatively  small  change  in  impressed  frequency  is  therefore  likely 
to  reduce  very  appreciably  the  specific  deflection  of  a  sensitive 
vibrating  galvanometer. 
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Vibration  galvanometers  are  of  several  types.  The  three  fol- 
lowing are  prominent,  depending  on  the  nature  of  the  vibration 
system: 

(1)  Unifilar  vibration  galvanometers, 

(2)  Bifilar  vibration  galvanometers, 

(3)  Reed  vibration  galvanometers. 

(1)  Unifilar  vibration  instruments,  originally  developed  by 
Blondel,  employ  a  single-wire  vibrating  system.  In  some,  as  in 
the  Drysdale-Tinsley  galvanometer  of  Fig.  132,  this  wire  carries 
no  current,  and  merely  supports  a  small  crossbar  permanent-mag- 
netic needle  and  a  little  reflecting  mirror. 


UterckngeiMe  Coil  M  ^  Suspension  Pta 

Fig.  132.   Tinsley  unifilar  vibration  galvanometer,  with  adjustable  magnetic 
field. 

The  tuning  of  the  vibrator  to  the  test  frequency  may  be  effected 
by  adjusting  the  intensity  of  the  magnetic  field  in  which  the 
needle  swings.  In  others,  such  as  that  shown  in  Fig.  131,  the  wire 
carries  the  current  into  a  special  narrow  coil  of  the  D'Arsonval 
type. 

(2)  Bifilar  instruments  as  developed  by  Duddell,  and  which 
are  of  the  same  nature  as  the  oscillograph  of  Figs.  102,  103,  and 
104,  except  that  they  have  no  damping  liquid,  the  length  of  their 
vibrating  segments  is  made  adjustable  for  tuning,  and  the  tension 
on  the  strips  is  also  made  adjustable.  These  instruments  can  be 
made  serviceable  for  frequencies  from  25  ~  to  1000  »v. 

(3)  Reed  instruments  as  developed  at  the  Bureau  of  Standards,* 
of  the  type  shown  in  Fig.  133.  A  thin  steel  wire  or  reed,  which 
carries  no  current,  is  supported  in  a  permanent  magnetic  field, 
in  such  a  manner  that  a  little  a.-c.  electromagnet  sets  it  in  resonant 

*  Agnew,  Bibliography  85. 
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vibration.  The  reed,  being  polished,  serves  as  its  own  mirror, 
and  a  very  small  amplitude  of 
vibratory  motion  can  be  detected 
with  the  aid  of  a  microscope. 
Different  sizes  of  reed  can  be  used 
for  different  frequencies,  the  tun- 
ing of  each  being  effected,  over  a 
certain  range,  by  adjusting  the 
intensity  of  the  magnetic  field. 

Principle  of  Operation  of  Vi- 
bration Galvanometers.  —  As  is 
shown  in  Appendix  III,  if  a  vi- 
brating system  having  one  degree 
of  freedom,  contains  energy  that 
is  free  to  exchange  between  the 
elastic  or  potential,  and  the  kinetic 
forms,  and  obeys  the  three  postu- 
lates contained  in  the  funda- 
mental differential  equation  (363), 
then  a  simple  harmonic  steadily 
impressed  vmt.  will  set  up  simple 
harmonic  vibrations  in  the  system, 
according  to  equations  (364)  and  (365),  and  as  already  considered  in 
relation  to  oscillographs.  Under  these  conditions,  the  working  theory 
of  the  vibration  galvanometer  becomes  the  same  as  the  working 
theory  of  the  oscillograph.  There  is,  however,  the  important 
difference  in  detail,  that  whereas  oscillographs  are  ordinarily 
operated  at  frequencies  that  are  kept  remote  from  resonance, 
vibration  galvanometers  are  ordinarily  operated  at  frequencies 
as  close  as  possible  to  the  resonant  frequency,  by  tuning  the 
vibrator  to  resonance.  Moreover,  the  resonant  sharpness  of  an 
oscillograph  galvanometer  is  usually  near  unity;  whereas  that 
of  a  vibration  galvanometer  may  even  reach  1000.  A  vibration 
galvanometer  is  therefore  a  type  of  oscillograph  galvanometer 
which  has  small  damping,  and  which  can  be  tuned  to  resonance 
over  a  suitable  range  of  frequency. 

Working  Constants  of  a  Vibration  Galvanometer.  —  The 
principal  working  constants  of  a  vibration  galvanometer  may  be 
determined  from  (1)  the  measured  d.-c.  resistance  of  the  instru- 
ment under  working  conditions,  (2)  the  curve  of  observed  deflec- 


Fig.  133.   Agnew   reed    vibration 
galvanometer. 
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tion  amplitudes  under  constant  alternating  testing  current  at 
varied  frequency  near  resonance,  and  (3)  the  curve  of  observed 
deflection  amplitudes  under  constant  alternating  impressed 
terminal  voltage  at  varied  frequency,  near  resonance. 

In  accordance  with  the  terminology  and  symbols  employed  in 
preceding  chapters,  these  constants  may  be  stated  as  follow: 

(1)  The  d.-c.  resistance  Rh  under  working  conditions  of 
adjustment  and  temperature.  In  practical  use,  it  is  expressed 
in  ohms,  but  in  theoretical  discussion,  the  abohm  is  some- 
times a  preferred  unit. 

(2)  The  specific  deflection  or  current  sensitivity  d'  =  8/1 
at  resonant  frequency.  In  practical  use,  this  is  commonly 
expressed  in  millimeters  of  scale  double  amplitude,  at 
1  meter  range,  per  rms.  microampere  of  testing  current. 
In  theoretical  discussion,  the  mirror-radian  per  rms.  ab- 
ampere  has  advantage.  The  unit  1  mm.  double  amplitude 
at  1  meter  is  a  deflection  of  1/4000  mirror  radian  maximum 
cyclic  displacement. 

(3)  The  emf.  sensitivity,  or  deflection  per  micro-volt,  at 
resonant  frequency.  In  practical  use,  this  is  commonly 
expressed  in  mm.  of  scale  double  amplitude  at  1  meter  range, 
per  terminal  rms.  microvolt. 

(4)  The  resonant  range.  This  is  frequently  defined,  in 
practical  use,  as  the  percentage  change  in  resonant  fre- 
quency which  will  reduce  the  resonant  deflection  to  one 
half,  either  (a)  for  constant  rms.  current  strength;  or  (b), 
for  constant  rms.  terminal  voltage.  In  theoretical  discus- 
sion, we  have  used  the  term  as  the  change  in  frequency 
ratio  u2  —  iti,  required  to  pass  from  one  quadrantal  fre- 
quency to  the  other.  In  order  clearly  to  distinguish  between 
these  definitions,  the  former  may  be  described  as  the  resonant 
range  to  half  deflection,  and  the  latter  as  the  quadrantal 
resonant  range. 

(5)  The  sensitivity  to  current,  or  to  emf.  of  triple  resonant 
frequency,  with  the  instrument  tuned  to  the  fundamental 
frequency,  is  often  a  useful  criterion;  since  it  is  practically 
advantageous,  in  most  cases,  to  have  a  large  sensitivity  at 
the  resonant  frequency,  associated  with  a  small  sensitivity 
at  the  triple-frequency  harmonic.  This  property  of  a  large 
response  to  a  feeble  resonant-frequency  current,  together 
with  a  relatively  very  small  response  to  currents  of  other 
frequencies,  is  a  great  advantage  in  a  vibration  galvanometer. 

Fundamental  Constants  of  a  Vibration  Galvanometer.  —  In 
addition  to  the  working  constants,  which  are  useful  in  the  ordinary 
use  of  a  vibration  galvanometer,  there  are  the  same  intrinsic 
constants  that  pertain  to  an  oscillograph  galvanometer;    namely 
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A,  m,  r  and  s;  besides  w0,  A,  and  their  ratio  A0.  There  is  also  the 
motional  resistance  R0'  at  resonant  frequency.  These  quantities 
have  already  been  defined  in  Chapters  XVII  and  XVIII. 

Vibrational  Frequencies.  —  In  the  oscillograph  vibrator,  under 
the  amount  of  damping  commonly  found  to  be  advantageous, 
there  are  often,  as  we  have  seen,  very  appreciable  differences 
between  the  resonant  frequency  /0,  the  free  vibrational  frequency 
ff,  and  the  maximum  admittant  frequency  fd.  It  is  to  this  latter 
frequency  that  a  vibration  galvanometer  is  theoretically  tuned; 
because  the  maximum  deflection  is  thereat  obtainable.  In  the 
ordinary  vibration  galvanometer,  however,  the  damping  is  de- 
signedly reduced  to  a  point  at  which  these  three  frequencies  are 
practically  rendered  identical.  Thus  referring  to  Table  XVII 
and  formulas  (243)  to  (245),  if  the  sharpness  A0  is  say  not  less 
than  100,  and  the  bluntness  B0,  therefore  not  more  than  0.01, 
the  maximum  admittant  frequency  will  very  nearly  be  (1  —  0.0001), 
or  only  1  per  myriad  less  than  the  resonant  frequency;  so  that  in 
all  such  cases,  we  may  safely  ignore  the  difference  between  the 
maximum  admittant  frequency  of  tuning  fd  and  the  resonant 
frequence'  /0.  Moreover,  even  the  quadrantal  frequencies  usually 
lie  very  close  to  the  resonant  frequency.  With  a  bluntness  of 
0.01,  they  would  be  very  nearly  1  per  cent  above  and  below  the 
resonant  frequency.  The  principal  difficulty  in  testing  the 
behavior  of  sharply  resonant  vibration  galvanometers  is  to  hold 
the  impressed  frequency  sufficiently  nearly  steady  for  constants 
frequency  tests,  or  to  adjust  it  through  sufficiently  small  grada- 
tions, for  variable-frequency  tests.  A  very  small  accidental  varia- 
tion in  frequency  may  interfere  seriously  with  the  deflectional 
behavior  of  the  instrument. 

Methods  of  Tuning  to  the  Impressed  Frequency.  —  Since 
a>o=  Vs/m,  it  is  evident  that  the  resonant  frequency  of  a  vibrator 
can  only  be  tuned  by  altering  either  s  or  m.  In  general,  it  is  the 
resilient  moment  s  which  is  adjusted,  leaving  the  moment  of 
inertia  m  substantially  constant. 

In  unifilar  instruments  with  constant  magnetic  field,  as  of  the 
Leeds  and  Northrup  type,  Fig.  131,  the  resilient  moment  s  may  be 
varied  by  raising  and  lowering  the  movable  bridge  B,  and  thus 
altering  the  total  length  of  the  suspension  Bb.  Lowering  the 
bridge,  with  the  aid  of  screw  A,  increases  s  and  co0.  The  screw  S 
also  supplies  a  fine  adjustment,  by  altering  the  tension  on  the 
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suspension.     Increase  of  tension  tends  to  increase  s,  but  it  may 

also,  in  some  cases,  diminish  m  slightly. 

In   unifilar   instruments   with    adjustable   magnetic    field   and 

suspended  magnet, 
as  of  the  Drysdale- 
Tinsley  type,  Fig. 
132,  the  resilient 
moment  s  is  de- 
rived partly  from 
the  mechanical  tor- 
sion of  the  suspend- 
ing wire,  in  this 
case  of  constant 
length,  and  partly 
from  the  magnetic 
restoring  torque 
on  the  suspended 
needle.  In  this 
case,  the  magnetic 
field  is  adjustable, 
varied  by  altering 
the  position  of  the 
steel  bar  bb,  with 
the  aid  of  the  screw 
S.  The  bar  bb  acts 
as  a  magnetic  shunt 
to  the  air-gap  in 
which  the  needle 
swings,  so  that 
bringing  the  bar 
forward  weakens 
the  magnetic  con- 
trol on  the  needle 
and  lowers  co0. 

In      bifilar      in- 
struments   of     the 
Duddell   type, 
which    are    similar 
in  construction  to  the  instrument  shown  in  Fig.  102,  but  with  air 
damping,  the  length  of  the  bifilar  suspension  is  altered  by  a  bridge 


Fig.  134.     Vertical  section  of   reed   vibration   gal 
vanometer  through  electromagnet. 
E  laminae.  H  pillars. 

S  winding.  D  adjusting  screw. 

B  base.  G  terminals. 
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above  and  another  below  the  poles,  under  the  control  of  a  single 
screw;  while  the  tension  on  the  bifilar  suspension  is  altered  by  a 
screw  and  spring,  for  fine  adjustment. 

In  reed  instruments  of  the  Agnew  type,  Figs.  133  and  134,  the 
steel  vibrating  reed  is  permanently  magnetized.  The  resilient 
moment  s  is  supplied  not  only  by  the  elasticity  of  the  reed;  but 
also  by  the  magnetic  field  in  which  it  vibrates.  The  magnetic 
component  can  be  adjusted,  over  a  certain  range,  by  altering  the 
geometric  relations  between  poles  and  reed  under  control  of 
the  screw  D,  Figs.  133,  134. 

A  difficulty  which  presents  itself  in  the  practical  adjustment 
and  manipulation  of  vibration 
galvanometers  is  keeping  the  vi- 
brators in  resonance.  If  the  im- 
pressed frequency  of  the  testing 
current  were  absolutely  fixed,  a 
single  tuning  of  the  instrument  to 
resonance  at  that  frequency  would 
suffice  theoretically  for  the  dura- 
tion of  an  ordinary  series  of  tests. 
In  sharply  tuned  instruments, 
however,  a  change  of  1  per  mil 
in  the  impressed  frequency  may 
cut  down  the  specific  deflection 
nearly  one  half.  In  other  words, 
the  current  sensitiveness  depends 
so  much  upon  the  maintenance  of 
resonance,  that  small  changes  oc- 
curring in  the  impressed  frequency 
call  for  immediate  corresponding 
changes  in  the  adjustment  of  s,  to 
ascertain  that  the  vibratory  deflec- 
tion produced  is  a  maximum. 
Such  frequent  changes  of  mechanical  adjustment  are  time- 
consuming  and  inconvenient.  A  useful  device  for  adjusting 
s  electromagnetically  has  been  worked  out  at  the  Bureau 
of  Standards,  and  is  indicated  in  Figs.  135  and  136.  The 
tension  on  the  suspension  is  partly  gravitational  (10  to  15 
gm.  weight),  and  partly  electromagnetic  (up  to  50  or  even  to 
100  gm.  weight).     By  adjusting  the  continuous-current  strength 


Fig.  135.  Unifilar  vibration  gal- 
vanometer with  electromag- 
netic adjustment  of  tension. 
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in  the  solenoid  W,  with  the  aid  of  a  rheostat  under  the  observer's 
hand,  the  resonant  frequency  of  the  vibrating  system  can  be 
altered  over  a  suitable  range  (2  or  3  cycles  per  second  in  a  60  ~ 
instrument)  very  speedily,  and  without  agitating  the  mirror;  so 
that  the  maximum  deflection  can  be  found  at  any  moment  with 
very  little  delay.  Coarse  adjustment  of  the  frequency  can  be 
made  by  varying  the  distance  between  the  clamps  CC,  which 


A,   Suspension 

4  Phosphor-  dronze  Spring. 

%  5offIron  Plunger 

W,  Solenoid  lOOOfurns  *& 


Dimensions  in  cm. 


Fig.  136.    Details  of  Silsbee  electromagnetic  tension  adjustment. 


press  against  the  suspension  strips  above  and  below  the  coil. 
When  wound  for  a  low  resistance  (about  one  ohm),  such  an 
instrument  has  a  voltage  sensitivity  of  0.2  mm.  double  amplitude 
at  1  meter,  per  microvolt  at  terminals,  and  at  60  ~.  A  change 
of  1  per  cent  in  frequency  decreases  this  to  about  one  half. 

Elimination  of  Mechanical  Vibratory  Disturbance.  —  When  a 
vibration  galvanometer  has  been  tuned  to  resonance  with  a 
standard  impressed  frequency,  such  as  60  ~,  it  is  rendered 
peculiarly  sensitive  to  mechanical  vibratory  disturbances  of  that 


VIBRATION    GALVANOMETERS 


273 


frequency,  or  even  of  some  integral  submultiple  of  the  same. 
Thus,  if  the  alternator  supplying  this  frequency  is  in  the  same 
building  as  the  galvanometer,  the  engine  driving  the  alternator 
is  likely  to  produce  a  tremor  in  the  floors  and  walls,  of  a  fre- 
quency to  which  the  vibrator  will  respond.  In  some  instances, 
it  is  found  impossible  to  use  a  vibration  galvanometer  on  a  wall 
of  the  building  containing  the  generator,  or  a  synchronous  motor, 
owing  to  the  vibratory  disturbance  of  the  mirror  in  the  absence 
of  any  current  through  the  instrument.  In  particular  cases,  a 
satisfactory  degree  of  quiescence  in  the  suspension  can  be  ob- 
tained by  supporting  the  instrument  on  a  thick  layer  of  felt,  or 
other  nonconductor  of  vibration.  In  other  cases,  more  elaborate 
precautions  are  necessary. 
Figure  137  shows  an 
arrangement  found  serv- 
iceable at  the  Bureau  of 
Standards.  A  massive 
block  B  is  supported  on  a 
simple  wooden  platform, 
which  is  carried  at  corners 
by  four  stout  spiral 
springs,  fastened  to  a 
frame  of  metallic  piping. 
The  vibration  galvanom- 
eter or  galvanometers 
rest  on  a  board  bbb,  which 
is  separated  from  the 
block  B  by  a  thick  layer 
of  felt.  If  any  accident 
should  happen  to  the  sus- 
pending springs,  the 
wooden  platform  will  de- 
scend to  rest  on  supports 
pp.  The  mass  m,  and  resilient  coefficient  s,  of  the  suspended  block 
and  instruments,  are  such  that  the  resonant  frequency  of  the  system 
is  far  below  the  testing  frequency  to  which  the  galvanometers  are 
tuned.  Consequently,  the  amplitude  of  vibration  produced  in 
block  B  by  building  tremors  of  testing  frequency,  or  of  its  con- 
geners, is  very  small.  This  is  a  great  convenience  in  the  practical 
use  of  such  instruments. 


Fig.  137. 


Anti-shake  suspension  system  for 
vibration  galvanometers. 
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Motional  Impedance  and  Velocity  Circles  of  a  Vibration  Gal- 
vanometer. —  Just  as  in  the  case  of  oscillographs,  already  dis- 
cussed in  Chapter  XXI,  every  vibration  galvanometer  has  a 
circular  graph  of  angular  velocity,  and  of  motional  impedance, 
when  subjected,  without  change  of  mechanical  adjustment,  to 
varied  impressed  frequency.  Figure  138  shows  the  motional- 
impedance  circle  OBRA,  found  by  Dr.  Taylor  for  a  Duddell 
bi  filar  vibration  galvanometer,  which  was  left  tuned  to  1000  <-*->. 
It  will  be  seen  that  the  resistance  of  the  instrument,  which  had 
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Fig.  138.   Motional-impedance,  velocity,  and  deflectional  circles  for  Duddell 
vibration  galvanometer. 

two  fine  wires  but  no  coil,  was  156.2  ohms  at  rest.  At  1000.5  ~ 
its  resistance  was  a  maximum,  at  170  ohms;  so  that  its  motional 
impedance  at  resonance  was  R0'  =  13.8  ohms  or  13.8  X  109 
abohms.  At  the  lower  quadrantal  frequency  /i  =  996  <-*>,  the 
impedance  of  the  instrument  was  163.1  +  j  6.9  ohms,  and  at  the 
upper  quadrantal  frequency  /2  =  1005  ~,  it  was  163.1  —  j  6.9 
ohms.  The  quadrantal  range  of  resonance  was  thus  9  ~.  Outside 
the  frequency  limits  980  ~  -  1020  ~  the  vibratory  response 
was  very  small.  The  impedance  measurements  indicated  in  the 
figure  were  obtained  with  a  Rayleigh  bridge. 
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With  the  motional-impedance  circle,  there  is  associated  a  circle 
ObR'  of  vibratory  angular  velocity  0,  indicated  in  dotted  line. 
The  motional-impedance  circle  may  itself  be  interpreted  as  a 
circle  of  angular  velocity,  to  a  suitable  scale.  Thus,  at  resonance, 
the  maximum  cyclic  angular  velocity  of  the  mirror  was  384 
radians  per  second,  in  phase  with  the  alternating  current  and  vmf. 
This  velocity  would  be  developed  at  the  instant  when  the  mirror 
was  passing,  in  either  direction,  through  its  central  and  zero 
position.  The  vector  velocity  at  other  frequencies  might  be 
read  off  the  circle,  by  the  lengths  and  slopes  of  chords,  from  the 
origin  0.  The  characteristics  of  the  vibration  galvanometer 
referred  to  in  Fig.  138  for  the  frequency  of  1000  ~  are  detailed  in 
Table  XXI. 

TABLE  XXI 

Particulars    Concerning    Duddell    High-frequency    Vibration    Gal- 
vanometer Tuned  to  be  Resonant  to  1000.5  ~ 

Resistance  at  rest  Ri  156.2  ohms  at  20°  C.  =  156.2  X  109  abohms. 
Motional  resonant  res.  at  1000.5  ~  R0'  =  13.8  ohms  =  13.8  X  109  abohms. 
Max.  cyclic  resonant  deflection  0.0611  mirror  radians   ±   at  5.5  X  10-5  ab- 

amperes  rms.  =  7.778  X  10-5  max.  cy.  abamperes. 
Specific  resonant  deflection  0'  =  1.111  X  103  mirror  radians/abampere  rms. 
Current  sensitivity  0.444  mm.  at  1  m.,  for  1  fi  amp.,  at  1000.5  ~. 
wd  =  6286.2,  co/  =  6286.27.  m  =  6286.33  rad./sec. 
id  =  1000.48  -,//  =  1000.49  ~,  f„  =  1000.5  ~. 
Quadrantal  frequencies/!  =  996.6  ~,/2  =  1005.0  ~. 

Range  of  resonance  9  ~,  or  0.009  in  u.  6'mo  =  785.6  m.  rad./max.  cy.  abamp. 
A  =  9.0  X  x  =  28.27  hyps./sec.     r0  =  1/A  =  0.0354  sec. 

A0  =  -~  =  222.3     Bo  =  —  =  0.0045  =  oscillatory  bluntness  of  resonance. 

A  wo 

A  =  2795  dyne-p.-cm./abampere  =  torque  factor. 
m  =  1.0008  X  10-5  gm.-cm.2  or  dyne-p.-cm./ (radian  per  sec.)2  =  moment  of 

inertia, 
r  =  5.659  X  10^"  dyne-p.-cm. /(rad.  per  sec.)  =  moment  of  resistance. 
s  =395.5  dyne-p.-cm. /radian  =  moment  of  elastance. 
Max.  cy.  torque  at  5.5  X  10~5  rms.  abamp.  0.2174  dynes-p.-cm. 
Max.  cy.  ang.  velocity  at  5.5  X  10-5  rms.  abamp.  =  6  =  384.1  rad./sec. 

Vibratory    Displacement    or    Deflection    Graph.  —  We    have 

already  seen  that  the  deflection  graph  of  an  oscillographic  galva- 
nometer, when  liquid-damped,  is  a  curve  like  apbc,  Fig.  113,  differ- 
ing materially  from  a  circle.  When,  however,  the  damping  is 
very  small,  as  in  the  case  of  a  vibration  galvanometer  operated  in 
air,  the  curves  of  Fig.  117  show  that  the  deflection  graph  closely 
approximates  to  a  circle.  The  deflection  graph,  in  the  case 
represented  by  Fig.  138,  is  seen  to  be  very  nearly  a  circle  obra. 
At  the  resonant  frequency  of  1000.5  ~,  the  deflection  is  Or  =  0.0611 
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mirror  radians,  on  each  side  of  zero,  or  0.1222  optical-beam  radians 
on  each  side  of  zero,  or  0.2444  optical-beam  radians  of  double 
amplitude,  with  a  current  of  5.5  X  10-5  abampere,  or  550  micro- 
amperes.    The  maximum  specific  deflection  was  therefore 

— — '■ — — -r  =  1.11  X  103  mirror  radians  per  rms.  abampere, 
5-5  X  10-5 

corresponding  to  a  current  sensitivity  of  0.444  X  10~3  beam 
radians  of  double  amplitude,  per  rms.  microampere,  or  0.444  scale 
mm.  at  1  m.  The  phase  of  this  maximum  deflection  is  seen  to  be 
90°  behind  the  phase  of  the  alternating  current,  or  impressed 
vmt.  We  may  thus  take  the  motional-impedance  circle  OARB 
of  any  ordinary  vibration  galvanometer,  and  by  rotating  it  about 
0  clockwise  through  90°,  into  a  position  like  that  of  Oab,  interpret 
it  to  be  a  correspondingly  altered  scale  of  deflection,  either  in 
mirror  radians  per  rms.  absampere,  or  scale  double  amplitude  in 
mm.  at  1  meter,  per  rms.  microampere.  At  and  below  980  ~, 
the  deflections  in  Fig.  138  are  nearly  in  phase  with  the  vmt. ;  while 
at  and  above  1020  ~,  they  are  nearly  in  opposition  to  it. 

Influence  of  Frequency  on  Maximum  Deflection. — If  a  vibration 
galvanometer  can  be  tuned  over  a  wide  range  of  frequency,  its 
current  sensitivity,  or  specific  deflection  at  resonance,  is  lower 
as  the  testing-current  frequency  is  increased.  The  maximum 
cyclic  angular  velocity  6m,  produced  by  a  maximum  cyclic  cur- 
rent strength  /,„  abamperes  will  be,  by  (204) , 

•  Fm      AIm  mirror  radians 

(278)  ^=T"  =  ~¥~  ~~^  Z 

which  at  resonance  becomes 

•  A7m  mirror  radians 

(279)  9m  =  -y-  — —  Z. 

The  maximum  cyclic  deflection  produced  at  resonance  will  also 
be  by  (227)  and  (231) 

A/ 

(280)  6mo  =  -r— *  mirror  radians  Z . 

Ju0r 

Consequently,  if  the  torque  factor  A  remains  constant  as  the 
frequency  is  increased,  and  if  the  mechanical  resistance  moment 
p  also  remains  independent  of  the  frequency;  then,  as  the  fre- 
quency is  increased,  and  the  vibrator  is  retuned  to  maintain 
resonance,  the  mirror  radians  of  resonant  deflection  produced  by 
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a  fixed  current  strength  will  be  inversely  as  the  impressed  fre- 
quenc}'.  Under  these  conditions,  if  an  instrument  had  a  current 
sensibility  of  say  60  mm.  per  meter  and  per  microampere  at  60  — , 
it  might  be  expected  to  have  about  20  mm.  per  meter  and  per 
microampere  when  retuned  to  the  triple-frequency  harmonic  of 
180—. 

If,  however,  the  instrument  is  kept  tuned  to  the  fundamental 
frequency,  its  deflectional  response  to  any  other  frequency,  such 
as  the  triple  harmonic,  can  be  computed  readily  if  its  oscillatory 
sharpness  A0  is  known.  Let  u  be  the  frequency  ratio  of  the  har- 
monic to  the  resonant  frequency.  In  the  case  of  an  instrument 
tuned  to  resonance  with  a  fundamental  frequency,  the  successive 
harmonics  will  have  u  =  3,  5,  7,  etc.  Then,  by  (234),  the  size  of 
the  displacement  admittance  of  the  vibrator  at  resonance  is 

,rt0-v  ,     ,,        1  mirror  radians 

(281)  y0    =  —  — • 
"    '      rcj0                     vmt. 

Again,  the  size  of  the  displacement  admittance  of  the  vibrator  in 
the  same  mechanical  adjustment  to  the  uth  harmonic  of  angular 
velocity  uoo0>  will  be 

,rt0fkN  i     „  sin  ft  mirror  radians 

(282)  \yu'\  = — t • 

11  ruco0  vmt. 

The  ratio  of  displacement  admittance  at  the  wth  harmonic  to  that 
at  the  fundamental  {u  =  1),  to  which  the  vibrator  is  tuned,  may 
be  called  the  displacement  ratio  for  the  uth  harmonic,  and  will  be : 

1  yj  I  _  _  sin  ft 

I  yo'  I  u 

The  lag  angle  ft  will  always  be  nearly  180°,  and  sin  ft  will  therefore 

be  very  nearly  equal  to  —  tan  ft;  so  that  by  (238) 

/00.s  .  2B0u         Bsu 

(284)  -  sin  ft  =  -z =  -f1—. T  - 

u2  —  1       u2  —  1 

Hence 

(285^  ly*'L    2B0    =  2  =  1 

K       }  |  yo'  I      u2  -  1       A0  (u2  -  1)        As  (u2  -  1) 

Thus  the  displacement  ratio  for  the  3d  harmonic  will  be  2  B0/S  = 
Bo/4:,  and  for  the  5th  harmonic  2  £>0/24  =  -B0/12.  The  ratios  for 
the  harmonics  of  the  3d,  5th,  7th,  9th,  etc.,  frequency  will  thus  be 
Bo/4  divided  by  1,  3,  6  or  the  series  (1  +  2  +  3  +  4  +  . . . .)  of 
the  integral  numbers.     We  may  always  expect  the  5th-frequency 


(283) 
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harmonic  to  have  one-third  the  displacement  admittance  of  the 
3d  frequency  harmonic,  and  the  7th-frequency  harmonic  one- 
sixth,  and  so  on. 

Conversely,  if  the  specific  deflection,  or  the  current  sensibility, 
is  measured  first  with  the  instrument  tuned  to  a  fundamental 
frequency,  and  then,  without  altering  this  tuning,  with  a  wth  har- 
monic frequency,  the  ratio  of  these  specific  deflections  can  be  used 
to  evaluate  B0  or  A0.  Thus,  if  this  ratio  for  a  triple  harmonic 
frequency  is  found  to  be  say  0.0020,  then,  by  (285),  the  oscillatory 
bluntness  is  four  times  this  ratio;  or  B0  =  0.0080  and  A0  =  125. 

Electromotive  Force  Generated  in  a  Vibration  Galvanometer.  — 
The  motion  of  the  vibrator  in  its  magnetic  field  sets  up  an  emf. 
em  abvolts  Z ,  which  acts  in  opposition  to  the  emf.  impressed  at  its 
terminals,  or  is  a  cemf.,  such  as  would  be  generated  by  the  motion 
of  a  synchronous  reciprating  motor.     Its  value  is 

AF        A2/ 

(286)  em  =  Adm  =  — -  =  — -  =  Im  Z'  max.  cy.  abvolts  Z . 

That  is,  the  cemf.  em  is  the  vector  drop  of  potential  in  the  motional 
impedance  Z'  of  the  instrument.     At  resonance,  this  becomes 

AF        A2/ 

(287)  emo  =  Admo  =  —^  =  -j*  =  ImR'o  max.  cy.  abvolts, 

and  is  then  in  direct  phase  opposition  to  the  current  in  its  coil. 

Power  Absorbed  by  Vibrator  at  Constant  Current.  —  The  vector 
power  P'm  abwatts  absorbed  from  the  a.-c.  circuit  and  expended 
mechanically  by  the  vibrator  is 

(288)  P'm  =  PZ'  =  62z  abwatts  Z , 

where  I  is  the  current  in  rms.  abamperes.  The  real  component 
is  active,  or  dissipated  power,  and  the  imaginary  component  re- 
active power,  cyclically  stored  and  released.  When  the  vibrator 
is  tuned  to  resonance  with  the  alternating  current,  z  becomes  r, 
and  Z'  becomes  R0' ;  so  that 

(289)  P'm  =  PR'o  =  0o2r  =  ^  p  abwatts, 

all  of  which  is  active.     In  the  case  represented  in  Fig.  138,  P'mo 

(384-  ])2 
=   (5.5   X   10-5)2  X  13-8   X   109    =    ^|-^  X  5-659   X   10"4 

=  41.75  abwatts. 
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Power  Absorbed  by  Vibrator  at  Constant  Impressed  Terminal 
Voltage.  ■ —  If  a  vibration  galvanometer  is  connected  across  a 
constant  impressed  alternating  emf.,  of  E  rms.  vector  ab volts;  then 
if  Ri  is  the  resistance  of  the  galvanometer  with  the  vibrator  at 
rest,  the  vector  current  through  the  instrument  will  be 
jp  p „ 

(290)  7  =  5 — r— yy,  =  —5 —  abamperes  Z . 

Here  the  E  may  be  taken  as  of  standard  phase,  or  zero  slope.  The 
vector  mechanical  power  expended  in  the  vibrator  will  be  P  =  PZ' 
abwatts,  with  I  taken  as  at  standard  phase.  At  resonance,  Z'  = 
Ro,  and 

(291)  Pmo  =  PR'o  =  (nf+Rjy  abwatts. 

This  power  will  be  a  maximum  when  the  motional  resonant  re- 
sistance Ro,  assumed  as  variable,  is  equal  to  the  resistance  Ri  of 
the  instrument  with  the  vibrator  at  rest.  The  mechanical  power 
will  then  be  equal  to  the  power  expended  electrically  in  heating 
the  coil.  There  is  therefore  an  advantage  in  adjusting  the  torque 
factor  A  of  a  constant-voltage  vibration  galvometer  to  the  value 
at  which 

(292)  —  =  R'0  =  Rx  abohms. 

r 

If  the  motional  resistance  RQ'  is  less  than  the  coil  resistance  Ri, 
there  will  be  an  advantage  in  raising  the  torque  factor  A  or  di- 
minishing the  damping  moment  r;  whereas,  if  the  motional  resist- 
ance exceeds  the  coil  resistance,  it  is  desirable  to  diminish  the 
magnetic  field,  or  to  increase  the  damping.  This  was  pointed  out 
by  Dr.  Wenner  in  1909.*  In  most  vibration  galvanometers,  the 
motional  resonant  resistance  is  less  than  the  resistance  at  rest.  It 
is  not  ordinarily  either  easy  or  convenient  to  change  R0'  in  a  working 
vibrational  galvanometer;  so  that  the  preference  for  equality 
between  R0'  and  R 1  in  an  instrument  operated  at  constant  terminal 
voltage,  affects  the  design  rather  than  the  manipulation  of  such 
instruments. 

Measurement  of  the  Motional  Impedance  of  a  Vibration  Galva- 
nometer. —  If  the  vibration  galvanometer  is  of  the  high-resistance 
type  (say  over  100  ohms  at  rest),  the  electric  connections  of  Fig.  30 
may  be  employed.     If  the  instrument  is  of  the  low-resistance  type 

*  Bibliography  33. 
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(say  under  10  ohms  at  rest),  the  electric  connections  of  Fig.  130 
are  preferable.  For  instruments  of  intermediate  resistance  (10  to 
100  ohms),  either  set  of  connections  may  be  made  applicable.  In 
any  case,  the  source  of  testing  alternating  currents,  to  be  satisfac- 
tory, must  be  very  steady  in  frequency,  and  also  capable  of  frequency 
adjustments  over  very  small  measured  steps.  An  oscillator  either 
of  the  Vreeland,  or  of  the  pleiotron  type,  can  be  made  serviceable 
in  this  respect. 

The  resistance  and  inductance  of  the  vibration  galvanometer 
can  be  measured  in  the  Rayleigh  bridge,*  of  Fig.  30,  at  successive 
steps  of  increased  frequency  in  the  neighborhood  of  that  to  which 
its  vibrator  has  been  tuned  and  left  set.  In  the  slide  wire  bridge 
of  Fig.  130,  only  changes  in  the  resistance  component  of  motional 
impedance  Z'  can  be  read.  In  this  case,  the  impressed  frequency 
is  adjusted  until  at/0,  the  maximum  resistance  in  the  instrument 
Ri  -\-  Ro  is  reached. 

In  high-resistance  instruments  there  is  ordinarily  no  difficulty 
in  determining  the  quadrantal  frequencies  /i  and  /2,  at  which  the 
resistance  component  of  Z'  =  Ro/2,  and  the  inductance  of  the 
instrument  reaches  a  maximum  value  in  either  direction.  In 
low-resistance  instruments  it  may  be  difficult  to  determine  these 
quadrantal  frequencies  with  precision. 

Measurement  of  the  Damping  Constant  A  of  a  Vibration  Galva- 
nometer. —  There  are  at  least  three  ways  of  determining  the 
damping  constant  A;  namely, 

(1)  From  a  motional-impedance  circle. 

(2)  From  a  curve  of  relative  vibrational  displacement  6m  versus 

frequency  ratio  u,  in  the  neighborhood  of  resonance. 

(3)  From  the  photographic  record  of  a  vibrational  decay  curve, 

i.e.,  displacement  amplitude  dm  versus  time  t. 

(1)  From  a  motional-impedance  circle,  like  that  in  Fig.  138,  the 
quadrantal  frequencies  /i  and  /2  can  be  found,  either  by  experi- 
mental determination,  using  formula  (113)  or  by  computation 
from  some  particular  frequencies  at  observed  points  on  the  circle, 
using  formula  (110). 

(2)  From  a  curve  of  relative  vibrational  displacement,  we  can 
obtain  B0,  and  then  knowing  co0,  the  resonant  angular  velocity,  we 
obtain  A  =  B0wQ,  by  (208).  In  this  case,  we  measure  the  double 
deflection  or  optical-band  breadth  on  the  scale  of  the  vibration 
galvanometer  at  constant  testing-current  strength,  for  gradually 

*  Bibliography  12,  page  449. 
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varied  frequency  in  the  neighborhood  of  resonance.  The  curve 
of  displacement  9m  versus  frequency  /,  is  asymmetric  with  respect 
to  the  maximum  ordinate,  unless,  as  is  explained  in  Appendix  XI, 
the  abscissas  are  taken  as  /2,  i.e.,  as  the  squares  of  the  impressed 
frequency.  Nevertheless,  when  the  resonant  sharpness  A0  exceeds 
100,  as  in  the  ordinary  vibration  galvanometer,  the  curve  6m 
versus/  is  very  nearly  symmetric  about  the  maximum  ordinate,  for 
some  distance  on  each  side.  For  such  vibrators,  the  displacement 
graph  Oarb,  Fig.  138,  becomes  very  nearly  a  circle.  The  deflec- 
tion Op  is  then  Or  cos  a,  where  a  is  the  angle  between  Op  and  Or, 
and  also  equal  to  the  angle  between  the  corresponding  vectors  Op 
and  OR,  in  the  impedance  circle.     As  was  shown  in  formula  (107), 

1 
,         u 

(293)  tana  = ■^-L-  =  "^g^- 

Within  the  range  of  resonance,  the  frequency  ratio  u  of  a  sharply 
resonant  vibrator  differs  but  little  from  unity;  so  that 

(294)  u=  1±8, 

where  8  is  a  small  numerical  deviation.  Formula  (293)  thus 
becomes 

OS  s 

(295)  tan  a  =  ±  ^  =  ±  b0' 

At  the  quadrantal  points  a,  b,  Fig.  138,  a  =  ±  45°,  and  tan  a  ±  1, 
so  that  8  =  Bo,  or  the  departure  of  u  from  unity  at  the  quadrantal 
points  is  just  numerically  equal  to  the  oscillatory  bluntness  B0. 
Moreover,  the  size  of  the  deflection  being  proportional  to  the 
chord  Op,  Fig.  138,  we  have  for  sharply  resonant  vibrators, 

D 

(296)  \6m\  =  \6mo\  cos  a  =  |0,J    /15-/—  mirror  radians. 

VB02  +  82 
or 

(297)  /  =  L-otI  B° 


VBo2  +  52 


MIJ 


This  shows  that  the  deflection  ratio  at  the  quadrantal  frequencies  is 
0.707.  Figure  139  gives  the  graph  of  the  deflection  ratio  |  6m/6mo  | 
as  ordinates,  versus  frequency  ratio  u  as  abscissas  ;*  by  (297)  for 

*  It  will  be  seen  from  an  examination  of  Appendix  XI  (Figs.  203-207),  that 
the  deflection  ratio  v'  of  a  sharply  resonant  vibration  galvanometer  follows  the 
same  rules  as  the  velocity  ratio  or  current  ratio  v,  see  (566)  to  (567d),  since 
the  displacement  curve  becomes  very  nearly  circular,  and  is  a  reproduction  of 
the  velocity  circle  with  change  of  scale  and  90°  of  rotation. 
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the  case  of  B0  =  0.0045,  corresponding  to  the  instrument  referred 
to  in  Fig.  138.  At  u2  =  1.0045,  and  also  at  ux  =  1  -  0.0045  = 
0.9955,  the  deflection  has  fallen  to  70.7  per  cent  of  the  maximum 
resonant  value.  Any  curve  of  deflections  versus  frequency,  ob- 
tained for  a  vibration  galvanometer,  thus  enables  us  to  read  off  its 
bluntness  B0,  by  observing  the  values  of  u,  at  which  the  deflection 
falls  to  70.7  per  cent  of  the  maximum. 
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Fig.  139.    Curve  of  deflection  ratios  (cos  a)  for  various  frequency  ratios  u,  in 
the  case  of  a  vibrator  of  sharp  resonance  A0  =  222,  B0  =  0.0045. 

(3)  From  a  photographic  decay  curve,  like  that  of  Fig.  140, 
we  can  approximate  to  A,  by  the  use  of  formulas  (260)  and  (261); 
in  the  case  of  Fig.  140,  the  frequency  of  oscillation  is  /o  =  //  = 
60.8  ~t  and  A  =  1.07  hyps. /sec,  approximately;  hence,  knowing 
coo  =  385  rad./sec,  we  find  B0  =  1.07/385  =  0.00277,  or  A0  =  360 
for  the  particular  low-resistance  instrument  from  which  Fig.  140 
was  secured. 


Fig.  140.   Photographic  record  of  damped  oscillations  executed  by  the  vibrator 
of  a  vibration  galvanometer.    f0  =  60.8  ~. 
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It  would  be  a  useful  investigation  to  secure  a  set  of  comparative 
observations  for  A,  on  one  or  more  vibration  galvanometers,  by  all 
three  of  the  above-mentioned  methods,  with  a  view  to  finding  how 
closely  they  might  agree,  and  which  gives  the  best  results. 

An  attempt  was  made*  to  ascertain  how  the  constant  A  varied, 
for  successive  tuned  adjustments,  to  different  values  of  co0,  in  the 
case  of  the  bifilar  instrument  referred  to  in  Fig.  138.  It  was  found, 
however,  that  the  results  were  inconsistent.  The  inconsistency 
was  traced  to  slight  differences  of  tension  between  the  two  wires 
forming  the  bifilar  vibrating  system.  Any  such  departure  from 
symmetry  in  the  tension  of  the  two  wires  sets  up  a  tendency  to 
unifilar  as  well  as  to  bifilar  vibrational  characteristics.  A  decay 
curve,  of  the  type  shown  in  Fig.  140,  then  reveals  irregularities 
All  bifilar  vibrational  suspensions  that  have  to  be  altered  in  length 
for  tuning,  are  subject  to  this  source  of  possible  complication. 

Determination  of  all  Four  Intrinsic  Constants,  A,  m,  r  and  s.  — 
Having  ascertained  the  resonant  angular  velocity  co0,  to  which  the 
instrument  is  tuned,  the  damping  constant  A,  the  motional  resist- 
ance Ro  at  resonance  and  the  maximum  deflection  at  resonance 
Omo,  produced  by  a  measured  maximum  cyclic  current  Im,  the  four 
intrinsic  constants  are  immediately  obtainable.  From  (286),  at 
resonance, 

(298)  A0Wo  =  ImR0'  abvolts, 

Im  being  taken  in  abamperes,  R0'  in  abohms,  and  dm  in  mirror 
radians  per  sec. 
Hence,  by  (268), 

(299)  A  =  ImRo'  =  ImRo'  =  -^-  dyrie-p.-cm.; 

fjmo         "(flmo       u0d'm  abampere 

where  0m„  is  the  maximum  cyclic  angular  deflection,  in  mirror 
radians  on  either  side  of  the  zero  and  d'mo,  a  scalar,  is  dmo/Im.  In 
the  telephone  receiver,  A  is  a  complex  quantity,  owing  to  the 
magnetic  properties  of  the  steel  vibrating  diaphragm.  In  the 
ordinary  vibration  galvanometer,  as  also  in  the  ordinary  oscillo- 
graph, where  such  magnetic  lag  phenomena  are  absent  from  the 
vibrator,  the  constant  A  is  a  real  quality,  or  has  no  slope. 
From  (287)  at  resonance, 

A7 

(300)  0mo  =  — -  max.  cy.  mirror  radians. 

wor 

*  Bibliography  60. 
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and,  following  (140)  and  (269), 

A/m         A         TJRo'         Ro  dyne-p.-cm. 


o>o8mo      8'm<ja>0      Wd2mo      coo20'2OTo  rad.  per  sec. 

again  by  (134), 

/or>r»\  I"  *m  Ro  Ro  o 

<302>        m=2A  =  2A*,  =  2A^,  ^.-cm.', 

and  finally  by  (32), 

/-qrvn        *      ~    2      ImRJ  Ro  dyne-p.-cm. 

(303)  .-m^-^—.-—^  radian     ' 

This  set  of  equations  for  evaluating  the  intrinsic  constants  was 
presented*  in  1916.  Another  set  of  equations  for  obtaining  the 
same  intrinsic  constants  in  terms  of  the  resistance  at  rest,  and  the 
observed  instrument  sensibilities,  was  given  by  Dr.  Wennerf  in 
1910. 

EMF.  Sensitivity  of  a  Vibration  Galvanometer. — If  the  resist- 
ance of  a  vibration  galvanometer  remained  equal  to  its  direct- 
current  or  quiescent  value  R i  abohms  at  all  frequencies,  then  the 
emf.  sensitivity  of  the  instrument,  or  maximum  cyclic  deflection 
per  abvolt  of  impressed  terminal  emf.,  would  be  exactly  Ri  times 
less  than  its  current  sensitivity  8,  in  mirror  radians  per  abampere. 
Moreover,  the  curve  of  maximum  cyclic  deflection  versus  fre- 
quency, near  resonance,  at  constant  terminal  voltage,  would  be  the 
same  as  that  at  constant  a.-c.  strength,  like  the  curve  in  Fig.  139. 
Actually,  however,  we  have  already  noted  that  the  impedance  of  a 
vibration  galvanometer,  at  any  given  frequency  and  under  a 
definitely  fixed  tuning  adjustment  of  its  vibrator,  is 

(304)  Z"  =  Ri  +  Z'  abohms  Z, 

as  in  Fig.  128  b,  where  Z'  is  the  motional  impedance.  The  max- 
imum cyclic  deflection  8m,  in  mirror  radians  produced  by  an  im- 
pressed terminal  emf.  of  E  rms.  abvolts,  will  be 

Ed' 

(305)  8m  =  Id'  =  ~ — j— w,  max.  cy.  mirror  radians  Z , 

ti\  -+-  Z 

where  8'  is   the   specific   deflection   in   mirror  radians  per  rms. 

abampere. 

Thus 

8m  _        8'        _  8'  max.  cy.  mirror  radians 

(30b)        -^  -  £i  +  z,  -  ft,  rms.  abvolts  ' 

*  Bibliography  58.  t  Bibliography  33. 


VIBRATION    GALVANOMETERS  285 

At  precise  resonance,  when  Z'  =  R0',  the  resonant  motional  re- 
sistance, and 
(oo7\        dm  _        0'  max.  cy.  mirror  radians 

E  ~  Ri  +  R0'  rms.  abvolts 

At  frequencies  slightly  above  or  below  resonance,  the  reduction 
in  the  size  of  Z"  tends  to  increase  the  current  through  the  instru- 
ment, and  to  compensate  for  the  reduction  in  the  specific  deflection 
with  change  of  frequency.  Consequently,  the  curve  of  specific 
deflection  versus  frequency,  under  constant  terminal  emf.,  is 
ordinarily  much  flatter  than  that  obtained  under  constant  current 
strength.  Indeed,  if  ^i  =  0,  or  the  impedance  of  the  instrument 
were  practically  all  motional,  then  it  is  easily  seen  that  the  deflec- 
tion of  a  sharply  resonant  vibration  galvanometer,  under  constant 
terminal  emf.,  would  be  constant  over  a  wide  range  of  impressed 
frequency,  and  there  would  be  no  peak  at  resonance. 

If  an  inductive  impedance  R  +  jX,  such  as  that  of  low  resistance 
reactor,  is  inserted  in  series  with  the  vibration  galvanometer,  its 
total  impedance  will  be  R  +  Ri  +  jX  +  ZJ  abohms  Z . 

If  this  impedance  be  laid  off  on  a  vector  diagram,  it  will  be  seen 
that  when  the  motional  reactance  is  changing  from  zero  to  negative 
maximum,  i.e.,  between  /0  and  f2,  the  size  of  the  total  impedance 
is  also  falling  much  faster  than  when  the  motional  reactance  is 
changing  from  a  positive  maximum  to  zero  (between  /i  and  /0). 
The  current  through  the  instrument  will  therefore  be  appreciably 
greater  near  /2  than  /i.  This  will  cause  the  maximum  deflection 
under  varied  frequency  to  occur  nearer  /2  than  fh  or  on  the  /2  side 
of  the  true  resonant  frequency  /0.  In  other  words,  the  apparent 
resonant  maximum  deflection  will  be  displaced  towards  the  upper 
quadrantal  frequency,  under  constant  terminal  voltage.  This 
phenomenon  was  described  by  Wenner*  in  1910.  If  a  suitable 
condenser  were  inserted  in  the  circuit  of  the  instrument,  instead  of 
a  reactor,  the  shift  of  apparent  resonance  should  be  reversed  and 
take  place  towards  /i. 

Use  of  an  Instrument  Transformer  with  a  Vibration  Galva- 
nometer. —  If  a  low-resistance  vibration  galvanometer  must  be 
used  in  a  high-impedance  network,  under  conditions  where  a  high- 
resistance  instrument  would  be  more  suitable  and  sensitive,  it 
may  be  advantageous  to  use  a  small  reducing  voltage  transformer 
between  the  network  and  the  instrument,  so  as  to  increase  the  flow 
*  Bibliography  33. 
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of  current  through  the  latter,  thereby  increasing  its  apparent 
sensitivity.  Similarly  a  high-resistance  instrument  may  be  used 
in  a  low-impedance  network  by  using  a  transformer  of  opposite 
turns-ratio.  If  the  instrument  has  n  times  too  much  or  too  little 
resistance  for  best  service  in  a  network,  the  turns-ratio  of  the 
transformer  windings  should  be  approximately  Vn.  The  advan- 
tage accruing  from  the  use  of  a  transformer  in  such  a  case  is  always 
offset  to  some  extent  by  power  losses  in  the  transformer. 

Effects  of  Exhausting  the  Air  from  the  Case  Containing  a 
Vibration  Galvanometer.  —  The  effect  of  removing  the  air  from 
the  chamber  in  which  the  vibrator  swings  is  to  reduce  the  me- 
chanical resistance  torque  r,  to  a  degree  depending  on  the  form  of 
the  vibrating  system.  It  therefore  tends  to  increase  the  resonant 
sharpness  A0  of  the  instrument.  If  the  moment  of  inertia  m  were 
strictly  confined  to  the  solid  elements  of  the  vibratory  system,  no 
effect  of  changing  the  air  pressure  on  the  resonant  frequency 
Vs/m  should  be  expected.  Actually,  however,  as  was  shown  by 
Wenner  in  1910,  an  incidental  effect  of  exhausting  the  air  from  the 
instrument  case  was  to  raise  the  resonant  frequency  /0  slightly 
(about  0.8  per  cent  in  the  case  he  cited).  This  he  showed  might 
be  accounted  for  by  supposing  that  a  certain  thickness  of  air  ad- 
heres to  the  vibrating  system,  and  thus  increases  its  moment  of 
inertia.  It  would  be  interesting  to  measure  in  this  way  the  appar- 
ent thickness  of  this  air  layer,  on  vibrators  of  simple  form,  and  to 
study  the  influence  of  temperature  upon  it. 

Example  of  the  Evaluation  of  the  Intrinsic  Constants  A,  m,  r, 
and  s.  —  We  may  take  the  case,  presented  in  Table  XXI, 
page  275,  of  a  vibration  galvanometer  with  the  following  measured 
constants:— wo  =  6286.3,  A  =  28.27,  d'm  =  785.6  and  R0'  =  13.8 
X  109.     Then  by  (299), 

_      13.8  X  109      _ 
6286.3  X  785.6  ~ 


5.659  X  lO"4. 


By  (301), 

Next,  by  (302), 

n 
Finally,  by  (303), 

s  =  1.0008  X  10-5  X  6286.32  =  395.5 
These  values  appear  in  Table  XXI.     They  all  have  zero  slope. 


785.6  X  6286.3 
5.659  X  10 


2  X  28.27 


=  1.0008  X  lO"5 


CHAPTER  XXIII 


THE   HUMMING   TELEPHONE 

The  fact  that  a  telephone  receiver  held,  either  in  contact  with, 
or  close  to,  the  face  of  its  electrically  associated  transmitter,  may 
cause  the  production  of  a  hum  or  singing  tone,  appears  to  have 
been  first  discovered  by  Professor  D.  E.  Hughes*  in  1883.  It  was 
rediscovered!  by  A.  S.  Hibbard  in  1890,  and  was  to  some  extent 
examined  experimentally  by  F.  Gill  {  in  1901.  The  subject  was 
investigated  by  Professor  Walter  L.  Upson,  with  the  author,  in 
1908. §  A  joint  paper  was  published||  on  The  Humming  Telephone 
in  that  year.  The  present  Chapter  is  mainly  based  on  the  last 
named  paper. 


Transmitter. 


Receiver. 


Tube  Length 


T' 


S 


tlil'Ammeter. 

— nnnifc 

Batten 


3» 


Induction  Coil. 


Reversing  Switch. 


Fig.  141.    Diagram  of  humming  telephone  connections. 

The  humming  phenomenon  can  be  evoked  in  various  ways.  A 
typical  set  of  suitable  connections  is,  however,  shown  in  Fig.  141. 
Here  the  telephone  receiver  T'  is  coupled  mechanically  with  the 
transmitter  T,  through  the  acoustic  tube  of  adjustable  length.  It 
is  also  electrically  coupled  with  the  same  transmitter  through  an 
ordinary  telephone  induction  coil  C,  a  reversing  switch  S  and  a 
voltaic  battery  B.  In  practice,  the  connecting  air  tube  is  often 
unnecessary,  and  it  may  suffice  to  lift  a  telephone  receiver  from  its 
hook  and  hold  it  facing  its  associated  carbon  microphone  trans- 
mitter, in  order  to  produce  a  loud  hum. 

*  Bibliography  3.  f  Bibliography  5.  \  Bibliography  17. 
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The  details  of  the  apparatus  employed  as  in  Fig.  141,  are  set 
forth  in  the  above  mentioned  joint  paper  of  1908,  and  need  not  be 
repeated  here. 

Effects  of  Shortening  the  Air-Tube.  —  Commencing  with  the 
connections  of  Fig.  141,  a  battery  of  8.6  volts,  and  a  tube  length 
of  267  cm.,  as  indicated  in  Fig.  142  on  the  scale  of  abscissas,  a  loud 
steady  note  between  G"  and  A"  (850  ~)  was  sustained  in  the 
telephone.  The  pitch  of  this  note  is  shown  at  P  on  the  upper  zig- 
zag line  /.     The  current  strength,  on  the  d.-c.  milliameter  A,  Fig. 
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Fig.  142.   Effect  of  shortening  tube,  and  of  reversing  receiver  connections. 
Curves  I  for  one  connection  of  the  reversing  switch  and  Curves  77  for  the 
other. 

141,  as  shown  at  p  on  the  lower  zig-zag  line  I,  Fig.  142,  was  130 
milliamperes.  When  the  telescopic  tube  was  gradually  shortened, 
the  pitch  of  the  note  steadily  rose,  until  it  reached  Q,  at  A  "#(920  ~), 
with  240  cm.  of  tube-length,  and  a  primary  current  strength 
q  of  200  mas.  The  intensity  of  the  note  near  920  ~  was  ordinarily 
somewhat  weaker  than  when  near  825  ~.  On  continuing  to 
shorten  the  tube,  the  pitch  suddenly  broke  from  Q,  at  920  ~,  to 
R  at  825  <~.  Pushing  in  the  tube  further,  the  pitch  would  again 
climb  steadily  to  T,  at  201  cm.,  with  a  new  maximum  of  current. 
Beyond  this  point,  the  pitch  would  break  suddenly  to  U  at  810  ~. 
Again  it  would  climb  to  W,  at  170  cm.,  and  suddenly  collapse  to  X. 
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Continuing  in  this  manner,  the  pitch  would  alternately  "rise "  to 
local  maximum  and  break  suddenly  to  a  local  minimum  along  the 
pitch  zig-zag  I.  At  the  breaks  of  pitch,  the  current  would  some- 
times break  to  a  lower  value,  as  at  t,  u;  or  break  to  an  upper 
value,  as  at  w,  x  or  vary  suddenly  in  rate  of  change,  without  dis- 
continuity in  magnitude,  as  at  q.  Repeating  the  experiment,  the 
zig-zag  lines  of  pitch  and  of  current  would  be  repeated,  not  exactly 
but  substantially,  the  variations  being  due  not  merely  to  observa- 
tional error,  but  also  to  small  variations  in  the  behavior  of  the 
carbon  microphone  transmitter. 

The  zig-zag  pitch  line  PQRST  of  curve  I  is  seen  to  be  some- 
what irregular.  The  slants  are  by  no  means  regularly  parallel. 
The  breaks  QTW  are  neither  regularly  elevated,  nor  regularly 
spaced.  The  only  substantial  regularity  is  in  the  spacing  along 
the  mean  pitch  line  G"§  of  825  ~.  The  intersections  of  the  ascend- 
ing branches  with  this  line  lie  approximately  40  cm.  apart,  at  110, 
150,  190,  230,  and  270  cm.  of  tube  length,  or  in  accordance  with  the 
series  30  +  40/?;  cm.,  where  m  is  a  positive  integer.  It  may  be 
observed  that  for  this  frequency  of  825  ~,  the  wave  length  in  air 
is  close  to  33000/825  =  40  cm.,  so  that  these  intersections  occur 
substantially  at  successive  wave  lengths. 

Curve  77,  JKN,  shows  the  changes  in  pitch  with  diminishing 
tube  length,  when  the  terminals  of  the  receiver  were  reversed,  at 
the  reversing  switch  S,  of  Fig.  141.  This  zig-zag  pitch  line  also 
crosses  the  mean  frequency  of  825  ~,  at  points  approximately 
40  cms.  apart,  which  lie  about  midway  between  the  corresponding 
crossings  of  curve  I. 

The  lower  curves,  pqrs,  etc.,  in  Fig.  142,  indicate  the  changes 
of  rms.  current  flowing  from  the  voltaic  source  through  the  milli- 
ameter  in  the  transmitter  circuit.  In  general,  this  current  strength 
reached  a  local  minimum  at  or  near  tube  lengths  giving  the  mean 
pitch  of  825  ~.  The  current  flowing  reached  a  local  maximum, 
near  the  lengths  where  the  pitch  changed  abruptly. 

Figure  143  shows  what  took  place  in  regard  to  the  emitted 
pitch,  and  the  current  taken  by  the  transmitter,  when  the  tube  was 
shortened  gradually  from  60  cm.  to  about  1  cm.,  at  which  proximity 
the  receiver  cap  came  into  contact  with  the  transmitter  face  (cone 
removed).  Curve  I  crosses  the  mean  pitch  line  of  825  ~,  at  30  cm. 
of  tube  length,  and  then  goes  up  to  a  high  note  above  1300  ~, 
where  it  breaks  without  reestablishment  at  any  reduced  length  up 
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to  contact.     Curve  II  crosses  the  mean  pitch  line  at  50  cm.,  and 
again  at  10  cm.,  rising  to  about  860  ~,  when  the  receiver  and 


20  30  40 

Tube  Length  -  Centimeters 

Fig.  113.     Humming  note  frequencies  and  primary  current  strengths  with 
short  tubes.    Tube  progressively  shortened. 

transmitter  came  into  contact.     This  means  that  with  one  con- 
nection of  the  receiver  (II),  there  would  be  a  hum  emitted  at  con- 
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tact,  or  at  any  tube  length  up  to  the  indicated  limit  of  60  cm.; 
while  for  the  reversed  connection  (7),  no  hum  would  be  emitted 
until  the  tube-length  separation  was  over  10  cm.  This  means 
that  in  practical  service,  a  receiver  will  often  hum  when  brought 
into  facing  contact  with  its  associated  transmitter,  in  one  connec- 
tion of  its  terminals;  whereas  it  will  refuse  to  hum  in  the  reversed 
connection. 

The  broken  lines  in  the  upper  part  of  Fig.  143  indicate  the 
points  of  1/4  and  3/4  wave  length,  in  the  air-tube  distance  at  the 
frequencies  within  the  diagram.  Thus,  at  825  ~,  the  first  quarter 
wave  would  lie  at  10  cm.  separation,  the  three-quarter  wave  at 
30  cm.,  and  the  five-quarter  wave  at  50  cm.  At  1000  ~,  these 
distances  would  be  8.25,  24.75,  and  41.25  cm.  respectively.     It  is 
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Fig.  144.    Frequency  and  primary-current   curves  for  tube-lengths  up  to 
920  cms.     Steadily  reduced  in  length,  8.6  volts  in  primary  circuit 

clear  from  Figs.  142  and  143,  that  curve  I  crosses  the  mean  pitch 
line  at  30,  70,  110. . .  .(30  +  40  to)  cm.;  while  curve  II  crosses  it 
at  10,  50,  90, ....  (10  +  40  to)  cm. 

The  telescoping  air-tube  was  extended  in  one  set  of  measure- 
ments to  more  than  9  meters  of  total  length.  The  changes  in 
emitted  pitch,  and  in  transmitter  current,  over  this  length,  as  the 
tube  was  steadily  shortened,  are  shown  in  Fig.  144.  Near  the  full 
tube  length  of  9  m,  the  tone  emitted  was  relatively  feeble,  and  the 
range  of  its  pitch  increases,  before  breaking  to  a  lower  pitch,  was 
relatively  small.  This  zig-zag  corresponds  to  curve  I  in  Figs. 
142  and  143.  The  pitch  broke  22  times  in  succession,  as  the  length 
was  reduced  from  800  to  50  cm.  or  on  the  average  once  every 
38  cm.  At  short  distances  (within  40  cm.),  the  range  in  pitch  fre- 
quency was  from  740  to  1060  ~,  or  through  320  ~.  At  the  full 
distance  of  9  meters,  this  range  fell  to  75  ~.     The  apparent  cur- 
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rent  strength,  by  d.-c.  milliameter,  was  usually  near  a  local  mini- 
mum at  the  points  where  the  mean  pitch  of  825  ~  was  produced, 
and  reached  a  local  maximum  at  or  near  points  where  the  pitch 
broke. 

Effects  of  Lengthening  the  Air-tube.  — The  curves  of  pitch  and 
of  current  strength  in  the  transmitter,  when  the  air  tube  was 
steadily  lengthened,  were  of  the  same  general  character  as  those 
of  Figs.  142-144,  in  which  the  tube  was  steadily  shortened.  There 
were,  however,  certain  characteristic  differences  in  detail. 
Although  the  zig-zag  pitch  curve  crossed  the  mean  frequency 
line  of  825  ~,  at  very  nearly  the  same  points  as  before,  yet  the 
points  of  break  in  pitch,  when  extending  the  tube,  were  not  the 
same  as  when  compressing  the  tube.  In  the  former  case,  the 
pitch  would  fall  to  a  lower  value  before  breaking,  and  when  it 
broke,  it  would  not  start  again  at  so  high  a  value  as  in  the  other 
series. 

Effects  of  Alternating  Lengthening  and  Shortening  the  Air-tube. 
—  The  above  mentioned  peculiar  tendency  of  the  pitch  to  break  at 
one  set  of  distances  with  decreasing,  and  at  another  with  increas- 
ing, tube  lengths,  led  to  observation  of  the  conditions  occurring 
in  a  humming  cycle,  with  a  cyclic  compression  and  extension  of 
the  tube.  Such  a  cycle  is  illustrated  in  Fig.  145.  Commencing 
at  0,  with  110  cm.  of  tube  length,  on  the  mean  frequency  of  825  ~, 
if  we  shorten  or  compress  the  tube  to  90.5  cm.,  we  reach  P  at 
900  ~,  near  A"§.  The  note  then  breaks  to  Q  at  780  ~.  In- 
creasing the  tube  length  back  to  95  cm.,  we  reach  R  at  770  ~. 
The  note  then  breaks  upwards  to  S  at  880  ~.  This  humming 
cycle  PQRS,  could  be  repeated  indefinitely,  with  a  considerable 
degree  of  precision  as  to  pitch  and  tube  length;  although  with 
only  a  more  moderate  degree  of  precision  as  regards  primary- 
current  strength.  Similarly,  the  cycle  TUVW,  of  10.5  cm. 
amplitude  in  length,  and  100  ~  in  pitch,  might  be  repeated 
indefinitely.  The  amplitudes  and  areas  of  these  humming  cycles 
vary,  however,  at  different  breaking  points  in  the  tube  length. 

Purity  of  the  Humming  Tone  Emitted.  —  With  the  greater  tube 
lengths,  shortly  before  the  break  of  pitch  occurred,  there  was 
frequently  noted  an  appearance  of  the  new  tone  in  advance.  As 
the  breaking  point  was  approached,  the  dying  tone  waned,  while 
the  new  tone  waxed.  At  the  break,  the  old  tone,  already  faint, 
would  suddenly  cease.     Consequently,  before  breaking,  both  the 
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old  and  new  tones  might  be  recognized,  forming  a  sort  of  com- 
bination tone.     With  the  shorter  tube  lengths,  which  involved  a 
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Fig.  145.    Humming  cycles  with  cyclic  changes  in  tube-length. 

greater  jump  of  frequency  at  the  breaks,  these  combination  tones 
were  rarely  heard,  and  the  old  note  would  break  suddenly  into  the 
new  note,  without  any  suggestion  of  a  trill. 
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Irregularities  in  the  fitting  of  the  telescoping  tube  sections,  or 
in  other  acoustic  connections,  were  found  to  be  productive  of 
superposed  notes.  Although  occasionally  such  plural  tones  or 
superposed  tones  could  be  discerned,  yet,  as  a  general  rule,  the 
emitted  note  was  clear  and  flute-like  in  quality. 

Effects  of  Mechanical  Changes  in  the  Diaphragm  of  the  Receiver. 
—  Altering  the  resonant  frequency  of  the  receiver  diaphragm, 
either  by  applying  a  load  at  the  center,  or  by  altering  the  dimen- 
sions of  the  diaphragm,  had  a  very  marked  influence  on  the  pitch 
of  the  emitted  hum.  It  was  found  that  the  mean  pitch  agreed 
closely  with  the  resonant  frequency  of  the  diaphragm.  Weaken- 
ing the  receiver  electromagnetically,  without  altering  the  me- 
chanical constants  of  the  diaphragm,  had  very  little  effect  on  the 
pitch  of  the  emitted  hum,  but  affected  the  range  over  which  the 
pitch  could  be  altered  without  breaking,  when  the  tube  length 
was  changed.  With  a  very  weak  receiver,  the  hum  could  only 
be  set  up  when  the  tube  length  was  close  to  a  mean-frequency 
point.  A  small  change  in  tube  length  either  way  would  then 
cause  the  hum  to  disappear. 

Effects  of  Mechanical  Changes  in  the  Transmitter.  —  Altering 
the  load  carried  at  the  center  of  the  diaphragm  in  the  carbon- 
microphone  transmitter  did  not  appreciably  alter  the  points  of 
tube  length  at  which  the  mean  frequency  hum  of  the  receiver 
diaphragm  was  emitted.  Such  variations  of  load  affected,  how- 
ever, the  pitch  and  the  tube  lengths  at  breaks  in  the  tone.  This 
shows  that  it  is  the  resonant  pitch  of  the  receiver  diaphragm  which 
determines  the  normal  mean  frequency  of  the  emitted  tone.  The 
transmitter  only  determines,  in  conjunction  with  other  factors, 
the  limits  of  pitch  above  or  below  the  mean  frequency,  at  which 
the  tone  will  break  and  recommence. 

Effects  of  Electrical  Changes  in  the  Humming-telephone 
System.  —  Inserting  resistance  in  either  the  primary  (transmitter) 
or  secondary  (receiver)  circuit  of  Fig.  141,  weakened  the  emitted 
tone  and  finally  caused  it  to  disappear.  The  value  of  the  extra 
resistance  which,  in  either  case,  brought  about  extinction  of  the 
tone,  was  called  the  extinguishing  resistance  in  the  primary,  or 
secondary  circuit,  respectively.  Just  before  extinction,  the  pitch 
of  the  emitted  tone  was  always  close  to  the  mean  frequency,  or 
resonant  frequency,  of  the  receiver  (in  most  of  the  tests  825  ~). 
The  amount  of  either  primary  or  secondary  extinguishing  resist- 
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ance,  keeping  the  battery  voltage,  receiver  and  tube  length  con- 
stant, was  found  to  depend  on  the  quality  of  the  transmitter. 
Normal  transmitters  permitted  of  a  normal  extinguishing  resistance 
in  their  circuits.  Defective  transmitters  were  accompanied  by 
abnormal  extinguishing  resistances.  This  method  of  determinat- 
ing the  amount  of  extinguishing  resistance  in  a  given  humming 
system,  therefore,  lends  itself  to  the  testing  of  transmitters  within 
certain  limits.  A  number  of  such  tests  are  detailed  in  the  original 
paper  mentioned  above. 
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TUBE  LENGTH  -  CENTIMETERS. 
Fig.  146.    Frequencies  and  primary  current  strengths  for  different  condensers 
in  secondary  circuit. 

Change  of  Battery  EMF.  —  It  was  found  that  between  the 
limits  of  6.5  and  10.5  volts  in  the  terminal  emf.  of  the  storage 
battery  B  (Fig.  141),  such  change  of  emf.  produced  very  little 
noticeable  effect  in  the  humming  system. 

Condenser  in  the  Secondary  Circuit.  —  A  condenser  inserted  in 
the  secondary  circuit  was  found  to  be  capable  of  producing  a 
marked  influence  upon  the  tube  lengths  at  which  the  mean  tone 
was  produced.  A  series  of  observations  are  indicated  in  Fig.  146. 
Here  the  tube  length  was  reduced  steadily  from  270  cm.  to 
75  cm.,  with  8.6  volts  in  the  primary  circuit.  Three  sets  of  curves 
are  shown,  for  0.2  nf.  (microfarad),  0.5  ju/.,  and  oo  nf.  (condenser 
shorted)  respectively.     Referring  to  the  pitch  lines,  it  will  be  seen 
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that  there  is  not  much  difference  between  the  cases  of  oo  and  0.5 
nf.  The  ascending  branches  of  the  zig-zags  cut  the  mean-fre- 
quency line  of  825  ~}  at  90,  132.5,  175,  and  210  cm.,  or  fairly  in 
conformity  with  the  series  (10  +  40  m.)  cm.,  as  in  curve  II,  of  Fig. 
142.  With  0.2  /xf.,  however,  the  intersections  occur  at  100,  145, 
and  185  cm.,  or  more  nearly  in  conformity  with  the  series 
(22  +  40  m.)  cm.;  that  is,  at  points  12  cm.  further  along  the 
tube.  Moreover,  the  breaks  occur  at  higher  frequencies,  by  about 
40  ~.  In  other  words,  this  condenser  produced  a  change  of  phase 
approximately  equal  and  opposite  to  the  phase  lag  in  12  cm.  of 
tube  at  825  ~  (12/40ths  of  a  cycle,  or  108°). 

Conclusions.  —  As  is  described  in  greater  detail  in  the  original 
paper,  or  as  here  above  described  in  abstract,  a  receiver  con- 
nected acoustically  with  a  transmitter  and  a  d.-c.  source  of  elec- 
tric energy,  tends  to  emit  a  humming  note,  of  the  same  fre- 
quency as  that  to  which  its  diaphragm  is  resonant.  In  the  tests 
described,  this  mean  frequency  was  emitted  at  tube  lengths  of 

(1/4  +  m)  \T)  cm.,  for  one  connection,  and  at  (3/4   +  m)  ( -r) 

cm.,  for  the  other  connection  of  the  receiver,  where  v  =  33000 
cm./sec,  the  velocity  of  sound  in  air,  and  /0  is  the  resonant  fre- 
quency of  the  receiver  diaphragm,  m  being  any  integer.  As  the 
tube  length  was  slightly  reduced  from  such  a  mean-frequency 
point,  the  pitch  rose  to  a  certain  extent,  and  then  broke.  Under 
feebly  reinforcing  conditions,  it  broke  permanently  until  close  to 
the  next  point  in  the  series  of  mean-frequency  lengths.  Under 
strongly  reinforcing  conditions,  it  broke  to  a  note  below  the  mean- 
frequency  pitch. 

Outline  Theory  of  Humming-telephone  Action.  —  The  hum- 
ming telephone  is  a  particular  case  of  a  system  of  reinforced  and 
sustained  oscillations.  Examples  of  such  systems  are  (1)  the 
ordinary  clock  or  watch,  in  which  a  source  of  unidirectional 
power  (a  clockspring  or  a  slowly  falling  clockweight)  maintains 
a  pendulum  or  vibrator  in  sustained  oscillation;  (2)  the  ordinary 
electric  bell,  in  which  a  voltaic  source  of  unidirectional  power 
maintains  a  hammer  in  sustained  vibration;  (3)  the  ordinary 
electrically-driven  tuning  fork;  (4)  the  electric  oscillator  of  the 
triode  vacuum-tube  type,  in  which  a  source  of  unidirectional 
current  maintains  an  oscillation  circuit  in  activity. 

The  case  of  reinforced  and  sustained  oscillation  is  discussed  in 


THE    HUMMING    TELEPHONE 


297 


Dk 


+F 


Appendix  VI.  It  needs  only  to  be  pointed  out  at  this  point  that 
a  vibrator  having  a  resonant  angular  velocity  coo  =  v s/m,  can  be 
sustained  indefinitely  in  action,  if  an  alternating  force  which 
may  be  called  a  reinforce,  having  the  same  frequency  as  the 
vibrator;  i.e.,  in  synchronism  with  the  vibrator,  is  applied  to  the 
system  in  cophase  with  the  vibratory  velocity  x,  and  therefore  in 
opposite  phase  to  the  damping  force  —  rx. 

Figure  147  is  a  vector  diagram  of  reinforced  oscillation.  The 
force  OF  represents  the 
elastic  restoring  force,  op- 
posed to  the  mechanical 
displacement  x,  which  dis- 
placement is  directed  along 
OE.  The  value  of  the 
elastic  force  OF,  at  reso- 
nance, is  jsx/cjo  dynes,  in  a 
rectilinear  vibrator,  or 
jsd/uo  dyne-p.-cm.  torque 
in  a  rotary  vibrator.  We 
shall  retain  the  rectilinear 
notation  throughout,  on 
the  understanding  that  the 
rotary  notation  may  be 
substituted  in  appropriate 
cases.  The  vibratory 
velocity  x  will  be  directed 
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Fig.  147.  Diagrams  indicating  reinforced 
oscillation  and  the  effects  of  the  phase  of 
reinforcement. 


along  OR,  in  lagging  quadrature  to  OF.  The  force  OE  is  the 
inertia  force  of  the  system,  and  has  the  value  —  jmwax.  At 
resonance,  OE  and  OF  are  equal,  opposite,  and  in  equilibrium. 
The  force  OD  =  —rx  is  the  damping  force,  opposed  to  the  velocity, 
and  tending  to  bring  the  system  to  rest.  If  now  a  reinforce  OR 
is  introduced  and  applied  to  the  system,  equal,  opposite,  and  in 
equilibrium  to  the  damping  force,  the  system  will  remain  in 
sustained  oscillation.  If  the  four  vectors  OD,  OE,  OF,  and 
OR  rotate  positively  or  counterclockwise  about  0,  with  uniform 
angular  velocity  w0,  their  instantaneous  projections  upon  a  properly 
directed  reference  axis,  in  the  rotation  plane  passing  through  0, 
will  indicate  the  instantaneous  values  of  these  respective  forces. 
The  size  of  OR,  or  the  magnitude  of  the  applied  reinforce,  deter- 
mines the  amplitude  \x\  of  the  sustained  velocity;  since  OR  =  rx, 
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a  weak  reinforce  produces  a  correspondingly  weak  sustained 
vibration. 

If  the  reinforce  OR,  instead  of  being  applied  at  the  proper  and 
appropriate  cophase  with  the  velocity  x,  and  90°  lagging  behind 
OF,  should  be  applied  say  at  OR  u  lagging  150°  behind  OF, 
and  60°  behind  the  phase  of  x ;  then  this  reinforce  may  be  resolved 
into  two  components,  a  reactive  component  OR/',  along  OEh 
and  an  active  component  OR/  along  OD,  reversed.  This  disturbs 
the  reactive  equilibrium  which  previously  existed,  at  resonance, 
between  the  elastic  force  OF  and  the  inertia  force  OE.  With  the 
aid  of  OR\" ,  the  reactive  force  of  inertia  is  virtually  increased,  as 
though  the  mass  m  of  the  system  were  suddenly  increased.  In 
order  to  restore  equilibrium,  the  angular  velocity  of  the  system 
must  fall  to  a  value  say  oox  radians  per  second,  which  is  lower  than 
co0;  but  need  not  be  the  quadrantal  value.  This  will  increase 
OF i,  since  coi  appears  there  in  the  denominator.  The  system  will 
now  remain  in  sustained  oscillation,  with  the  new  angular  velocity 
coi  of  new  apparent  resonance,  and  with  the  reinforce  OR/,  at 
the  proper  phase  position,  opposite  to  ODi.  Introducing  the 
extra  lag  of  phase  in  the  reinforce  has,  therefore,  two  effects.  It 
lowers  the  angular  velocity,  or  frequency  of  the  sustained  oscilla- 
tion, and  it  reduces  the  magnitude  of  the  active  component 
OR/,  available  for  overcoming  resistance.  The  vibrations  will 
be  lowered  in  frequency,  and  will  be  weakened  in  amplitude.  As 
the  lag  angle  /3  is  increased,  towards  180°,  the  pitch  of  vibration 
is  continually  lowered,  and  the  amplitude  reduced.  When  B 
reaches  180°,  the  active  component  of  reinforce  vanishes,  and  the 
oscillations  cannot  be  sustained. 

If  now  the  reinforce  is  applied  at  say  OR2,  and  at  a  lag  of  less 
than  90°  behind  OF2,  the  reinforce  is  resolved  into  a  virtual  elastic 
reactive  force  OR/',  and  an  active  driving  force  OR/.  The 
system  has  its  elastance  artificially  increased,  and  resonance  will 
now  occur  at  a  new  frequency.  The  system  will  now  find  a  new 
angular  velocity  co2,  greater  than  co0,  at  which  equilibrium  between 
—  jmwox,  and  (jsx/co2  +  OR/')  will  be  restored.  The  pitch  will 
rise,  and  the  amplitude  will  fall  to  that  determined  by  OR/. 

On  this  reasoning,  reinforced  sustained  oscillation  can  only 
occur  when  OR  is  applied  with  a  lag  angle  0  between  the  limits 
0°  and  180°.  It  will  be  most  effective  when  (3  =  90°,  in  which 
case  the  reinforce  will  maintain  the  original  resonant  angular 
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velocity  co0.     At  other  values  of  the  lag  angle  /?,  the  angular  velocity 
will  be  changed. 

When  the  receiver  diaphragm  is  connected  acoustically  with 
its  transmitter,  in  such  a  manner  that  the  reinforce  current  in  the 
receiver  circuit  sets  up  a  reinforce  pull  on  the  diaphragm  in 
cophase  with  its  velocity  x,  (90°  ahead  of  the  displacement  x,  or 
90°  behind  the  elastic  force  OF),  then  the  hum  should  be  most 
powerful,  and  its  pitch  should  be  the  same  as  the  resonant  pitch 
of  the  diaphragm.  If  the  acoustic  tube  length  is  such  that  the 
reinforce  pull  on  the  diaphragm  is  not  at  this  proper  phase,  the 
action  reinforce  component  will  be  reduced,  and  the  pitch  will 
also  be  altered.  If  the  acoustic  wave  length  were  kept  constant, 
then  we  should  expect  to  find  alternate  half-wave  lengths  of  tube 
in  which  reinforcement  could  occur,  interspersed  with  half-waves 
in  which  no  reinforcement  could  occur.  Actually,  however,  with 
any  change  in  pitch,  there  is  a  corresponding  change  in  wave 
length,  and  in  phase  relations,  so  that  when  the  acoustic  tube  is 
shortened  say,  below  the  point  of  mean-frequency  maximum  action, 
the  pitch  rises  regularly,  and  the  amplitude  diminishes  to  perhaps 
/3  =  20°,  but  before  it  is  completely  extinguished,  a  lower  pitch 
is  generally  found,  ready  to  give  a 
louder  hum  at  some  large  lag  angle  0, 
perhaps  160°. 

The  results  obtained  and  given  in 
the  paper  of  1908,  are  in  fairly  satis- 
factory agreement  with  the  above 
outline  of  theory.  There  remain, 
however,  a  number  of  details  to  be 
cleared  up.  An  adequate  expression 
for  the  relations  involved  would  in- 
clude a  quantitative  knowledge  of  the 
change  in  resistance  of  the  carbon 
transmitter  with  change  of  vibratory 
amplitude  for  its  diaphragm.  At  that 
time,  the  motional-impedance  circle 
of  the  telephone  receiver  had  not  been 
found  out;  so  that  there  were  several 
gaps  in  the  theory  of  the  humming 
system.     On   the    assumption,   how- 
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ever,  that  the  maximum  cyclic  amplitude  of  vibration  of  the 
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receiver  diaphragm  under  the  most  favorable  reinforce  conditions 
was  10  ji,  and  that  the  reinforce  on  that  diaphragm  received 
through  the  action  of  the  transmitter,  varied  as  the  square  root 
of  the  amplitude,  the  frequency  curves  of  Fig.  148  have  been 
worked  out  for  different  assumed  values  of  A,  the  damping  con- 
stant of  the  receiver.  Of  these,  the  curve  for  A  =  500,  is  that 
which  would  probably  most  nearly  represent  the  conditions  of 
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Fig.  149.    Motional-impedance  circle  of  the  receiver  used  in  receiver-trans- 
mitter tests. 

the  instrument  used.  This  theoretical  curve  resembles  fairly 
well  the  curve  /  of  observed  frequencies  in  Fig.  143,  between  50 
and  80  cm.  of  tube  length. 

The  subject  of  the  humming  telephone  was  again  taken  up  and 
studied  experimentally  by  Professor  H.  Mori,  in  1918,  using 
motional-impedance  methods.  The  receiver  was  a  bipolar  in- 
strument of  the  Western  Electric  Company,  type  143,  of  the 
75ohm  d.-c.  winding.  It  was  acoustically  coupled  to  a  solid- 
back  carbon  transmitter  of  the  Western  Electric  Company,  type 
No.  329,  having  a  quiescent  d.-c.  resistance  of  about  25  ohms. 
The  instruments  were  similar  in  all  substantial  respects  to  those 
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used  in  Professor  Upson's  research  of  1908,  described  above.  The 
acoustic  coupling  between  the  receiver  and  transmitter  was  a 
telescoping  tube  of  smooth  fiber,  1.6  cm.  in  internal  diameter, 
and  of  various  lengths  up  to  227  cm.  The  measurements  were 
made  (1)  by  finding  the  motional-impedance  circle  of  the  receiver 
alone,  and  (2)  by  connecting  the  receiver  and  transmitter  together 
in  simple  series,  and  measuring  the  motional  impedance  of  the 
combination.     It  should  then  be  possible  to  analyze  the  electric 
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and  mechanical  properties  of  the  transmitter  microphone  and 
diaphragm  from  these  data. 

Figure  149  is  a  motional-impedance  circle  of  the  receiver  alone. 
It  has  a  diameter  Z'0  of  164  ohms,  dipping  at  an  angle  of  2  /3  =  51°. 
The  resonant  frequency  f0  is  958  ~,  and  the  damping  constant 
A  =  90. 

Figure  150  shows  the  motional-impedance  diagram,  for  the  same 
receiver,  when  tested  in  series  with  the  acoustically  coupled  trans- 
mitter, the  length  of  the  coupling  air  tube  being  8  cm.  It  will  be 
seen  that  the  circle  has  been  flattened,  or  distorted  into  elliptic 
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form,  and  there  are  two  other  distortions.  One  is  between  425.6  ^ 
and  727  ~.  The  other  is  between  1162  ~  and  1642  ~.  In  this 
case,  the  coupling  air  tube  was  so  short  that  there  was  very  little 
opportunity  to  develop  the  proper  relation  of  reinforce.  Figure 
151  shows,  however,  the  corresponding  motional-impedance  graph 
obtained  when  the  coupling  air  tube  was  227  cm.  long.  The  suc- 
cessive resonances  occur  approximately  at  the  following  impressed 
frequencies:— 565,  634,  700,  760,  837,  901,  958,  1007,  1070,  1145, 
and  1220  ~.     The  average  difference  of  frequency  between  suc- 


Fig.  151.  Motional-impedance  graph  of  receiver  and  transmitter  in  simple 
series,  with  227  cm.  of  acoustic  tube  between  them.  Testing  current  2.2 
milliamperes. 

cessive  resonances,  in  this  series,  is  65.5  <~.  The  principal  reso- 
nance occurs  at  or  near  958  ~,  the  resonant  frequency  of  the 
receiver  diaphragm.  The  other  resonances  occur  at  the  frequencies 
which  can  produce  the  most  favorable  phases  of  reinforce,  under 
the  electrical  and  mechanical  couplings  of  the  system.  A  number 
of  motional-impedance  diagrams  were  secured  by  Professor  Mori, 
of  which  only  those  in  Figs.  149-151  are  here  presented.  The 
data  have  not  yet  been  properly  analyzed  in  detail.  A  large  field 
for  further  investigation,  both  experimental  and  analytical,  lies 
open  in  this  direction.  Under  favorable  circumstances,  it  should 
lead  to  the  analysis  of  the  intrinsic  constants  of  the  transmitter 
diaphragm,  for  which  the  data  are  still  lacking. 


APPENDIX  I 

APPLICATION   OF  BESSEL  FUNCTIONS  TO   THE  ELEMENTARY 
THEORY  OF   PLATE  VIBRATION 

We  assume  a  uniform  flat  circular  diaphragm  uniformly  clamped,  at 
radius  a  cm.,  in  such  a  manner  that  the  displacement  is  always  zero  at 
the  clamping  circle,  and  also  that  there  is  neither  bending  nor  slope  of  the 
plate  at  this  circle.  Required  the  free  pitch  of  the  plate  in  its  fundamental 
mode,  and  also  the  law  of  ascending  pitches  in  its  third  mode,  the  second 
mode  being  absent.     (See  Chapter  III.) 

The  formula  for  the  instantaneous  amplitude  of  free  vibration  in  a  flat 
plate  in  Rayleigh's  "Theory  of  Sound,"  Vol.  I,  page  352,  is 

(308)  wnT  =  P{Jn  (kr)  +  \Jn  (ikr) }  cos  (nd  +  an)  cos  (<at  +  /3)         cm. 
where  n  =  number  of  nodal  diameters  (numeric) 

wnT=  instantaneous  displacement  at  a  point  on  the  plate,  whose  cen- 
tral polar  coordinates  are  r  cm.,  8  radians  (cm.) 
P=  constant  of  amplitude-magnitude  (cm.) 

(309)  k=  Vw/c,  a  constant  of  the  material  (cm.-1) 
c=  a  constant  of  the  material  defined  by 

mm  ,-  4I  gfr2  cm 

q=  Young's  modulus  for  the  plate  material  (dyne/cm.2) 

p=  density  of  the  plate  material  (gm./cm.3) 

cr=Poisson's  ratio  for  the  plate  material  (numeric) 

b=  thickness  of  plate  (cm.) 

X=a  boundary-condition  constant  (numeric) 
Jn=  a  Bessel's  Function  of  the  nth  order  (numeric) 

i=V^Y 
a„=a  phase-angle  measured  around  the  plate  (radians) 

/=  frequency  of  free  vibration  (cycles/ sec.) 

co=2  7r/=  angular  velocity  of  free  vibration  (radians/ sec.) 

f=time  elapsed  from  a  given  epoch  (seconds) 

/3=  a  timephase  determined  by  the  epoch  (radians) 

a=  radius  of  clamping  circle  (cm.) 

If  the  second  mode  of  motion  is  absent,  there  will  be  no  nodal  diameters, 
and  subscript  n=0.     Consequently  (308)  reduces  to 

(311)  wr  =P{J0  (kr)  +  XJ„  (ikr)}  cos  (ut  +  j8)  cm. 
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Following  Rajdeigh's  demonstration,  we  have  for  the  case  under  con- 
sideration, wr  =  0  at  r  —  a,  and  also  dwr/dr  =  0  at  r  =  a. 
Hence 

(312)  0  =  P  {J0(ka)  +  XIo(ika)  \  cos  (cot  +  p)  cm. 
or 

(313)  X~imkaj- 

Again,  differentiating  (311)  with  respect  to  r,  for  r  =  a,  where  dw/dr 
vanishes,  we  have 


(314) 


ldWr 

k  dr 


=  Jo(Jca)  +  i\Jo'(ika)  =  0, 
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(315)  X  = 

Combining  (313)  and  (315) 
Jo(ka) 


Fig.  152.   Graph  of  a  Bessel's  equation. 
.        —  Jo'(ka) 


iJo'(ika) 
Jo'(ka) 


Ji(ka) 


Jo(ika)       iJo'iika)      Ui(ika) 
J0(ka)  _  Jo(ika) 


(316) 
Hence 

(317)  J](ka)  ~  iJ,{ika) 

This  last  equation,  involving  Bessel's  functions  of  ka,  of  the  first  and 
zeroth  orders,  must  be  satisfied  for  free  vibrations.  It  can  be  satisfied 
by  graphical  solution,  as  in  Fig.  152.     Here,  the  abscissas  are  of  y  =  ka, 
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and  the  ordinates  give  the  corresponding  numerical  values  of  -°   :  ., 

i"j  i\iy) 

in  the  rising  curve.     The  four  upright  curves  follow  the  numerical  values 

of  yY\  •     At  each  of  the  four  intersections  of  the  rising  with  the  upright 

J  Ay) 
curves,  the  abscissa  is  a  root  of  equation  (317),  such  as  corresponds  to 
a  possible  vibration  frequency.      These  roots  occur  at  the   numerics 
y  =  3.196,  6.306,  9.425,  and  12.56      There  is  no  limit  to  the  number  of 
such  increasing  possible  roots.     The  lowest  root  ka  =  3.196,  corresponds 
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Fig.  153.    Curves  of  vibration  of  telephone  diaphragm.     Amplitudes  along  a 
radius. 

to  the  fundamental  mode,  with  no  nodal  circles.     Substituting  this  root 
in  (313),  we  obtain  from  tables 

-  J0(3.196)  -  0.3197 


(318) 


=  +  0.05571 


J0(i  3.196)  5.730 

Reentering  (311)  with  this  value  of  X,  we  have  for  the  fundamental 
mode  of  vibration  of  such  a  circular  plate : 
(319)  wrm  -  P\J0(kr)  +  0.05571  J0(ikr) }  max.  cy.  cm. 

In  Fig.  153,  the  abscissas  are  drawn  to  two  different  scales:  namely  the 
upper  for  kr,  k  =  1.21  crrr\  for  the  particular  case  where  a  =  2.62  cm. 
(ka  =  3.196),  and  the  lower  for  r  in  cm. 
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The  upper  faint  curve  follows  Jo(kr),  as  taken  from  Bessel  Function 
Tables,  and  the  lower  faint  curve  follows  0.05571  J0(ikr).  The  heavy 
curve  is  the  sum  of  these  two  curves,  and  represents  the  amplitude  of  dis- 
placement of  points  along  any  radius  of  the  plate,  when  freely  vibrating 
in  its  fundamental  or  first  mode,  taking  1 .056  as  the  maximum  or  central 
amplitude.  The  small  circles,  lying  near  to  the  heavy  curve,  indicate  a 
series  of  observed  amplitudes  to  the  right-hand  scale,  in  the  forced  vibra- 
tion of  a  receiver  diaphragm  as  detailed  in  Chapter  III,  page  26.  The 
observations  show  that  the  amplitudes  of  acoustically  forced  vibrations 
over  the  surface  of  the  diaphragm,  substantially  agreed  with  the  theo- 
retical amplitude  distribution  of  free  vibrations  for  a  corresponding  cir- 
cular plate,  according  to  the  Rayleigh  formula. 


APPENDIX  II 
OUTLINE  THEORY  OF  EQUIVALENT  MASS  OF  A  DIAPHRAGM 

Let  M  =  the  mass  of  a,  uniform  circular  diaphragm   within  the  circle 
of  the  clamping  ring  of  radius  a  cm.  (gm.) 
p  =  superficial  density  of  the  diaphragm  (gm./cm.2) 
Wo  =  maximum  cyclic   vibration  amplitude  at  the  center  of  the 

diaphragm  (cm.  Z ) 
wT  =  maximum  cyclic  vibration  amplitude  at  the  radius  r  cm.  of 

the  diaphragm  (cm.  Z  ) 
wo  =  maximum  cyclic  vibration  velocity  at  the   center  of    the 

diaphragm  (cm./sec.  Z ) 
ib  =  maximum  cyclic  vibration  acceleration  at  the  center  of  the 

diaphragm  (cm./sec.2  Z ) 
W  =  maximum  cyclic  kinetic  energy  of  vibration  of  the  diaphragm 
(maximum  cyclic  ergs) 
It  is  assumed  that  the  diaphragm  is  vibrating  in  its  first  fundamental 
mode,  and  that  all  of  its  parts  have  the  same  phase.     Moreover,  the 
frequency  of  vibration  is  single;   so  that  all  parts  possess  a  simple  har- 
monic motion. 

The  maximum  cyclic  kinetic  energy  of  an  element  of  the  diaphragm 
of  surface  area  ds  sq.  cm.,  having  a  maximum  cyclic  velocity  wT,  is 
(320)  dW  =  \  (p.ds)  w2  max.  cy.  ergs. 

The  total  maximum  cyclic  kinetic  energy  of  the  diaphragm  will  be  the 
integral  of  this  value  over  the  surface,  or 


J\p  ■  27rr  •  w2  •  dr  =  irp   I 
0  J  0 


(321)  W  =  I    \p  ■  27rr  •  wr  •  dr  =  irp   I    w2  •  r  •  dr  max.  cy.  ergs. 

Jo  Jo 

If  we  assume  that   the   displacement  distribution  is   symmetric   with 
respect  to  the  center,  where  it  is  a  maximum  we  may  write 

(322)  W  —  \  m0wo2  max.  cy.  ergs, 

where  m0is  the  equivalent  mass  of  the  diaphragm  with  respect  to  the  velocity 
at  the  center,  or  the  mass  which,  vibrating  with  the  velocity  at  the  center, 
would  have  the  same  kinetic  energy  as  the  whole  diaphragm  with  its 
actual  graded  velocity  distribution. 
Hence,  by  (321)  and  (322) 

(323)  m0  =  -?§  f    wT2-r-dr=-^\    w?  •  r  •  dr  gms. 

wo2  Jo  wo2  Jo 
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In  a  monopolar  receiver,  the  central  equivalent  mass  m0  would  be  of 
essential  practical  interest.  In  a  bipolar  receiver,  however,  the  theory 
attaches  mainly  to  the  actions  over  the  poles,  where  also  the  displacement 
and  velocity  may  be  as  great,  or  even  greater,  than  at  the  center.  If  wh 
and  wi  be  the  observed  maximum  cyclic  displacement  and  velocity  of  the 
diaphragm,  over  one  of  the  poles,  and  mx  the  equivalent  mass  with  respect 
to  the  velocity  over  the  poles,  i.e.  the  polar  equivalent  mass,  then 

(324)  .  W  =  \  miivi2  max.  cy.  ergs, 
whence  as  before 

(325)  mi  =  -t-£   I    wf  •  r  •  dr  =  — =-  I    wT  •  r  ■  dr  gm. 

Wi2Jo  Wi2  Jo 

and 

/onc\  w<>2  Wo2 

(326)  mi  =  fflo-,  =  m0  — «  gm. 

Thus  the  polar  equivalent  mass  is  to  the  central  equivalent  mass,  as  the 
squares  of  the  displacements  at  the  center  and  poles  respectively. 

In  the  electrical  measurements  of  the  equivalent  mass  of  the  diaphragm 
in  a  bipolar  instrument,  it  is  the  polar  equivalent  mass  which  is  theoreti- 
cally evaluated. 

Central  Equivalent  Mass  on  the  Assumption  that  the  Vibrational  Dis- 
placements follow  the  Rayleigh  Bessel-Function  Distribution  of  Free 
Plate  Vibration.  —  We  have  seen  in  Appendix  I,  equation  (311),  that  in  the 
theory  of  free  vibrations  of  a  uniform  circular  plate,  flat-clamped  at  the 
edge 

(327)  wrm=  P{  Jo(kr)  +  XI0(ikr)}  max.  cy.  cm., 
also,  at  the  center, 

(328)  wo  =  P\  Jo(0)  +  Wi  0)}  =  P(l  +  X)  max.  cy.  cm. 
Thus 

wrm      Jo(kr)  +  \Jo(ikr) 


(329) 


Wo  1  +X 


and  by  (323) 

(330)      m0  =  (12_^)2  j   C\  Jo{kr)  +  \J0(ikr)  j  V  •  dr  gm. 


LTX?  [  faj°2(-kr)r  '  dr  +  f-XWtfr)r  •  dr 


2b. 

-X)2Uo 

+ 


j    2  XJo(Ar)  •  J0(ikr)r  •  dr  gm. 

(I^PX?  [f  ]^2(^)  +  J'0ca)  \  +  ^~  j  Jo2(ika)  +  J  Aika) 


+  rs~ ~.-2j3  ]kJ0(ika)Ji(ka)  —  ikJ0(ka)  Ji(ika)  t 


k2  -  i2k2 
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But  M 

(333)      \ 


irpa2,  is  the  total  vibrating  mass;  so  that 


^-2  [  j  J<f(ka)  +  Jr(ka)  |  +  X2  j  J02(ika)  +  Jx2(ika)  [ 
+  ~  j/0(a»)/i(Aw)  -  i/o(*a)/i(*Jfco)  [1  • 


Using  the  ratios  equated  in  (316)  this  reduces  to 

!*    =    I 9    T*(ln\ 

M 

0.20378 


(334) 


=  0.18285, 


(1+X)2   --»v-^ 

(335)  =(i^5W'2Jo2(3-196)=lTl45 

or  to  three  significant  digits,  the  equivalent  central  mass  coefficient  of  such 

a  plate  is  0.183. 

If  we  know  the  shape  of  the  displacement  curve,  wT  versus  r,  for  the  dia- 
phragm, from  exploration  measurements,  we  can  compute  the  equivalent 
central  mass  coefficient  m0/M  of  the  diaphragm,  on  the  assumption  that 
the  distribution  of  displacement  is  uniform  about  the  center,  or  independ- 
ent of  the  azimuth,  by  a  method  of  quadratures,  as  follows: 

Draw  the  wr  curve  as  in  Fig.  154.  Divide  the  line  of  abscissas  into  an 
integral  number  n  of  annular  rings  of  equal  area  and  successively  diminish- 


Fig.  154. 


Illustrating  method  of  diaphragm  equivalent  mass  determination 
from  exploration  data. 


ing  width,  each  ring  will  therefore  have  a  mass  of  M/n  gm.  Find  the 
middle  ordinate  ivr  at  the  mid  radius  of  each  ring,  which  will  be  the  mean 
displacement  at  that  ring.  Find  its  square.  Let  the  successive  squares 
of  these  displacements  be  Wi2,  w22,  w2,  •  •  -wn2;  then 

(336)      —^  =  h  —  \  w?  +  w22  +  u>32  +  •  •  •  +  wn2  f  max.  cy.  ergs. 


(337) 


IS  (uP) 
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This  process  was  actually  carried  out  on  the  curve  of  Fig.  153,  before  the 
integration  of  (331)  and  (332)  had  been  derived,  and  as  is  shown  in  the 
original  *  paper,  the  value  of  the  equivalent  central  mass  coefficient  from 
50  concentric  annuli  was  just  0.183,  which  indicates  that  for  the  case  of 
this  diaphragm  acoustically  set  into  forced  vibration,  the  distribution  of 
amplitudes  over  its  surface  conformed  closely  with  the  Rayleigh  Bessel- 
function  theory  of  free  plate  vibration. 

*  Kennelly  —  Taylor  Paper,  Bibliography  56,  page  133.  The  writers 
were  indebted  to  Dr.  Geo.  A.  Campbell  for  an  indication  as  to  how  the  mathe- 
matical integral  could  be  derived. 
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ELEMENTARY   THEORY   OF  A   SIMPLE   VIBRATOR,   WITH 

ESPECIAL  REFERENCE   TO   A  TELEPHONE-RECEIVER 

DIAPHRAGM 

Forced  Vibrations.  —  The  rectilinear  vibration  of  a  vibrator  of  one 
degree  of  freedom,  upon  which  a  simple  harmonic  vibromotive  force  is 
steadily  impressed,  is  perhaps  most  easily  presented  by  considering  the 
case  of  a  particle  of  mass  m  grams  rotating  uniformly  in  a  circular  orbit. 

In  Fig.  155,  a  particle  P,  is  assumed  to  describe  the  circular  orbit  PQ, 
about  center  0,  with  uniform  angular  velocity 
w  of  its  radius  vector  OP.  The  particle  is 
to  be  acted  upon  by  an  "elastic  force,"  or 
elastic  restoring  force,  always  directed  to- 
wards the  center  0,  and  proportional  to  the 
particle's  distance  from  the  center.  This 
distance  is  the  constant  radius  xm  cm.  If 
the  particle  occupies  the  position  P  at  the 
instant  t  =  0,  then  its  radius  vector,  or  dis- 
placement vector  OP,  at  any  subsequent 
elapsed  time  t  seconds,  will  be 

(338)  x  =  xm  e]wt  inst.  cm  Z . 
The  position  OP  in  Fig.  A  represents  the 
displacement  at  times  t  =  0,  1//,  2//,  3//,  etc 
of  rotation  in  cycles  per  second. 

At  any  moment  when  the  particle  is  at  P,  its  velocity  is  tangentially 
directed  from  P  to  P'.     Calling  this  velocity  x,  we  have  from  (338) 

(339)  x  =  jco  •  xme3"1  =  jux  inst.  cm/sec.  or  kines  Z . 

At  the  same  moment,  the  acceleration  of  the  particle  will  be  directed 
along  the  tangent  QQ',  taken  from  the  point  Q,  advanced  90°  in  phase 
beyond  P.     Calling  this  acceleration  x,  we  have  from  (339) 

(340)  x  =  ( jco)2  ■  xm  e'wt  =  jw  ■  x  =  -  u?x  inst.  kines/sec.  Z . 
This  is  a  constant  vector  acceleration  of  the  particle,  or  the  steady  rate 
of  change  of  its  velocity  in  space.  In  addition  to  the  elastic  force,  we 
may  assume  that  the  particle  is  subjected  to  a  frictional  retarding  force, 
proportional  to  its  velocity  x,  and  directed  at  each  instant  oppositely  to 
x.  We  may  express  this  retarding  force  as  —  rx  dynes  Z  .  The  minus 
sign  here  indicates  the  essential  opposition  between  the  frictional  retard- 
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Fig.  155.  Vector  dia- 
gram of  vibrqmotive 
forces.     Generarcase. 

where  /  is  the  frequency 
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ing  force  and  the  instantaneous  velocity.  At  the  moment  seized  by 
Fig.  155,  since  the  velocity  is  in  the  direction  PP',  the  frictional  force  will 
be  in  the  direction  P'P. 

According  to  Newtonian  dynamics,  the  constant  vector  acceleration 
will  be  opposed  by  a  force  of  inertia,  equal  in  size  to  m'x  dynes,  and  di- 
rected at  each  instant  opposite  to  x.  Its  plane- vector  value  will  therefore 
be  —  m'x  dynes  Z .  In  Fig.  155,  the  instantaneous  acceleration  being 
along  QQ',  the  inertia  force  resisting  acceleration  will  be  directed  at  that 
instant  along  Q'Q. 

The  three  forces  of  elastance,  resistance,  and  inertia  will  not  of  them- 
selves maintain  a  steady  state  of  equilibrium.     The  particle,  under  these 

three  forces  alone,  would  come  to  rest 
at  0,  as  we  shall  see  later.  If,  how- 
ever, a  rotating  force  of  /  dynes  is 
impressed  on  the  particle,  equilibrium 
may  be  steadily  maintained.  The 
vector  size  and  the  position  of  this 
force  in  the  plane  of  the  orbit,  in  order 
that  steady  equilibrium  may  be  main- 
tained, depend  upon  the  value  of  the 
angular  velocity  co. 

Figures  156,  157,  and  158  are  vector 
diagrams  of  the  forces  acting  on  the 
particle  at  an  instant  when  the  particle 
occupies  the  position  P  in  Fig.  155. 
It  is  evident  that  the  elastic  force  will 
then  be  in  the  direction  PO,  Fig.  155, 
or  OC,  Fig.  156.  Since  x,  according 
to  (338),  is  measured  in  the  direction 
OP,  OC  will  be  in  the  direction  —  x.  Its  size  will  be  —  sx  dynes,  to  a 
suitably  chosen  geometric  scale. 

The  force  of  inertia,  being  opposed  to  acceleration,  will  have  the  direc- 
tion Q'Q,  Fig.  155,  or  OA,  Fig.  156.  Since  x  has  the  direction  QQ',  OA  will 
have  the  direction  —  x.     Its  size  will  be  —  |  m'x  I. 

These  two  forces  of  elastance  and  inertia  will  always  be  directly  opposite 
to  each  other,  at  all  positions  of  P  in  its  orbit.  The  two  vectors  OC  and 
OA  are  always  in  the  same  straight  line  through  0,  but,  as  we  shall  see, 
their  relative  sizes  depend  upon  co. 

The  retarding  force  of  friction,  being  opposite  to  the  velocity  x,  will 
have  the  direction  P'P,  or  OD,  Fig.  156.  This  has  direction  —  x,  and  its 
size  is  —  |  rx\.  The  direction  of  the  velocity  x  will  be  OB  on  the  diagram. 
It  is  convenient  to  keep  the  x  direction  OB,  as  standard,  or  as  the  phase 
of  reference.  The  frictional  force  OD  is  always  diametrically  opposite  to 
this,  or  in  the  standard  phase  reversed. 


A 
Fig.    156.      Vector 
vibroraotive  forces 


diagram     of 
Resonance. 
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From  (339)  we  have  the  vector  relation 

(341)        x  =  —  (x)  =  —  j-  inst.  cm.  Z. 

This  means  that  the  displacement  x  is  always  in  —  j  phase  relation  to  the 
velocity,  is  in  lagging  quadrature  thereto,  or  has  the  direction  OA  with 
reference  to  OB  as  x.  Consequently,  the  elastic  force  —  sx  or  OC,  being 
opposite  to  OA,  is  always  in  leading  quadrature  to  x  and  OB. 

Again,  from  (340),  x  being  in  +  j  phase  relation  to  x,  or  along  OC,  the 
inertia  force  opposed  to  it  will  be  in  —  j  phase  relation  to  x  and  OB,  or 
along  OA. 

Consequently,  the  three  vectors  OC,  OB,  and  OA,  respectively,  of 
elastance,  friction,  and  inertia,  maintaining  their  fixed  phase  relations  at 
all  times,  rotate,  together  with  the  force  OB,  about  the  fixed  reference 
point  0,  Fig.  156,  at  the  angular  velocity  co  of  the  orbit  in  Fig.  155.  The 
reference  point  0  may  be  supposed  to  coincide  with  the  particle  at  all 
times  and  to  travel  with  it. 

In  a  circular  orbit,  and  with  circular  oscillation,  such  as  occurs  with  the 
circular  pendulum,  the  vector  forces  would  rotate  about  the  axis  0  of 
system  Fig.  155,  as  by  rotation  of  the  diagram  in  Fig.  156.  In  a  rectilinear 
path,  and  with  rectilinear  vibration,  such  as  occurs  in  a  telephone  dia- 
phragm with  its  simplest  mode,  the  diagram  of  Fig.  156  may  be  regarded 
as  a  stationary- vector  diagram,  the  vectors  indicating  relative  phases  only. 
We  may,  however,  also  regard  it  as  a  rotary- vector  diagram,  if  in  rota- 
tion about  center  0,  with  angular  velocity  co,  we  take  instantaneous  pro- 
jections of  the  several  vectors  upon  the  reference  axis  OB.  These  in- 
stantaneous projections  along  OB  will  represent  the  corresponding  mo- 
mentary values  of  the  respective  forces  in  the  rectilinear  vibration  system. 

Case  of  Resonant  Angular  Velocity.  —  If  we  assign  to  co  the  particular 
value 


(342)  coo 


Vs  rad. 


so  that  mo)0  =  s/co0  =  Vms,  we  have,  in  terms  of  the  corresponding  veloc- 
ity x,  _ 

(343)  x  =  -  jx  V-  inst.  cm.  Z, 
and 

(344)  x  =  jx  >^ 
so  that  the  elastic  force  OC  is 

(345)  —  sx  =  +  jx  y/ms  —  4-  jx  —  inst.  dynes  Z , 

COo 

and  the  inertia  force  OA 

(346)  —  mx  =  —  ji-y/ms  =  —  jxmcoo  inst.  dynes  Z, 


inst.  kines 
sec  Z 


314  ELECTRICAL   VIBRATION    INSTRUMENTS 

At  this  particular  angular  velocity  of  orbital  rotation,  which  is  called  the 
resonant  angular  velocity,  the  elastic  and  inertia  forces,  always  diametri- 
cally opposed,  exactly  equate,  or  maintain  equilibrium.  This  leaves  the 
frictional  force  OD  =  —  rx,  as  the  only  unbalanced  force  acting  on  the 
system.  In  order,  therefore,  to  maintain  the  system  in  equilibrium  as 
a  whole,  a  vector  force  OB  =  —  OD,  Fig.  156,  must  be  applied  opposite 
to  the  frictional  force.     Its  magnitude  will  be 

(347)  f  =  rx  inst.  dynes  Z , 
or 

(348)  x  =  -  inst.  kines  Z . 

This  means  that,  at  the  resonant  angular  velocity  co0,  as  determined  from 
(342),  the  force/  which  will  maintain  the  system  in  equilibrium  is  equal 
and  opposite  to  the  frictional  force,  and  will  be  entirely  expended  in  over- 
coming friction.     The  velocity  then  obeys  an  Ohm's  law  equation  (348). 

In  rotational  vibration  with  a  circular  orbit,  the  velocity  x  as  expressed 
by  (348)  will  be  constant  in  size,  its  direction  in  the  orbital  plane  varying, 
however,  from  moment  to  moment.  The  force  /  would  have  to  be  main- 
tained in  the  tangential  position,  or  in  leading  quadrature  to  the  displace- 
ment. In  rectilinear  vibration,  with  a  straight-line  orbit,  the  velocity  x, 
as  expressed  by  (348) ,  will  be  a  maximum  cyclic  velocity,  or  the  maximum 
projection  of  x  on  the  OB  axis,  i.e.,  when  x  is  in  phase  momentarily  with 
OB.  The  direction  of  x  will  not  rotate.  It  will  always  lie  in  the  axis  OB 
of  its  rectilinear  orbit,  but  it  will  vary  in  magnitude  from  moment  to  mo- 
ment, following  the  instantaneous  projections  on  OB  of  a  vector  x,  rotating 
about  0,  Fig.  156,  with  uniform  angular  velocity  co.  Each  of  the  forces 
OB,  OD,  OC  and  OA  then  becomes  a  simple  harmonic  force,  i.e.,  varies  as 
sin  cot. 

If  we  impress  a  constant  tangential  rotary  force/  on  the  rotating  particle 
P,  Fig.  155,  with  the  resonant  angular  velocity  co0  peculiar  to  the  system, 
then,  after  the  system  has  had  time  to  settle  down  to  the  steady  state,  the 
velocity  x  of  the  system  will  become  the  constant  Ohm's  law  quantity 
(348),  and  the  diagram  of  Fig.  156  will  be  established  as  a  rotary  vector 
diagram,  with  OB  in  equilibrium  with  OD,  and  OA  with  OC.  If,  on  the 
other  hand,  we  impress  a  maximum  cyclic  alternating  vibromotive  force 
on  a  rectilinearly  vibrating  particle  with  the  resonant  angular  velocity  co, 
then  after  the  system  has  become  steady,  the  maximum  cyclic  velocity 
will  follow  the  Ohm's  law  relation  of  (348),  and  the  diagram,  Fig.  156,  will 
be  established  as  a  projection  rotary-vector  diagram. 

Any  such  vibratory- vector  force  diagram  as  that  of  Fig.  156  therefore 
may  be  regarded  in  any  of  the  three  following  ways: 

(1)  As  a  pure  rotary  diagram  for  a  simple  circular  vibratory  case,  with 
the  four  forces  maintaining  fixed  magnitudes,  but  varying  their 
directions  progressively  in  space. 
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(2)  As  a  projecting  rotary  diagram  for  a  simple  rectilinear  vibratory 
case,  with  the  four  forces  each  keeping  to  one  direction  in  space, 
but  with  their  magnitudes  varying  according  to  a  law  of  geo- 
metric projection.     The  instantaneous  value  of  the  force  /  say, 
is  then/  =  Fm  sinatf. 
(3    As  a   stationary-vector  diagram  applicable  to  either  circular  or 
rectilinear  vibrations,  for  indicating  merely  the  relative  magni- 
tudes and  phases  of  the  various  forces  acting  on  the  vibrating 
mass. 
We  shall  proceed  to  employ  these  vector  diagrams  with  reference  to 
any  of  these  three  interpretations,  according  to  the  convenience  of  the 
case. 

It  may  be  observed  that,  according  to  a  well  known  dynamic  proposi- 
tion, two  simple  rectilinear  vibrations  at  right  angles,  superposed  upon  a 
particle,  give  rise  to  an  elliptic  oscillation  in  the  plane  of  the  two  com- 
ponents. If  the  two  components  happen  to  be  equal  and  in  phase  quad- 
rature, the  resulting  oscillation  will  be  circular.  Consequently  circular 
vibration  and  rectilinear  vibration  are  the  two  limiting  cases  of  elliptic 
vibration. 

Case  of  Sub-resonant  Angular  Velocity.  —  In  the  case  where  the  angular 
velocity  co  of  the  system  is  less  than  that  which  makes  it  resonant,  we  see 
from  (341)  that  the  elastic  force 

(349)  —  sx  =  +jx--  inst.  dynes  Z 

w 

will  be  greater  than  when  co0  is  introduced.     On  the  other  hand,  the  force 
of  inertia 

(350)  —  m'x  =  —  jx  ■  mo)  inst.  dynes  Z 

will  be  less  than  when  co0  is  introduced.    Consequently  the  equilibrium 
between  these  two  reactive  forces  will  be  lost. 
A  condition  of  the  type  indicated  in  Fig.  157  f1 

will  be  brought  about.     The  force  /  which 
must  be  applied  to  the  system,  in  order  to 
maintain  equilibrium,  must  not  only  balance     ^ 
the  frictional  force  OiDu   but   also  the  un-    /£; 
satisfied  remnant  OiC  of  the  superabundant 
elastic  reactive  force  OCi.     This  remnant  will 
be  —  jx(mu  —  s/co)  dynes  Z .     The  total  force       d  ^    -ri. 
to  be  equilibrated  will  thus  be  OxEu  and  the 
force  to  be  impressed  will  be  0\FU  equal  and 
opposite  to  this.     The  X  component  OiBj  is 
Fa,  the  active  component  engaged  in  over- 
coming the    frictional    force    —  rx.     The    Y   „        ,__  *  ,. 

A    r,  r.  /->         n    ■     .,  ,•        FlG-    157-      A    vector   dia- 

component   BXFX  =  c01  =  FT  is  the  reactive       gram      of      vibromotive 

component,  engaged  in  overcoming  the  super-       force.    Subresonance. 
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abundant  reactive  force  of  elastance.  The  resultant  vector  force  Ft  lags 
behind  the  velocity  x  of  the  particle  in  its  orbit  by  the  angle  ah  whose 
tangent  is  FT/Fa.    We  have  the  planevector  relation,  amended  from  (347) 

(351)  /  —  sx  —  rx  —  mi  =  0  inst.  dynes  Z, 
or 

(352)  /  +  jxs/oi  —  rx  —  jxmw  =  0  inst.  dynes  Z , 
whence 

(353)  /  =  x  { r  +  j  (mu  —  s/u)  \  inst.  dynes  Z , 
and 

(354)  x  =  — : — t~- t-^t  =  -  inst.  kines. 

r  +  j  (mo)  —  s/o))      z 

In  the  last  equation,  z  is  the  impedance  to  the  velocity,  or 

dvnes 

(355)  z  =  r  +  j(mci)  —  s/co)  ™ —  ,  or  mech.  abohms  Z  ; 

also 

W  V 

(356)  xm  =  — r— -. — i-z  =  —  max.  cy.  kines  Z  , 

where  Fm  is  the  maximum  cyclic  value  of  /  in  the  case  of  rectilinear  vibra- 
tion, and  xm  the  corresponding  maximum  cyclic  value  of  the  velocity  x. 

We  may  substitute  the  rms.  values  FT  and  xT  for  the  maximum  cyclic 
values  Fm  and  xm  in  (356),  where  xm  =  xTV2,  and  Fm  =  FrV2. 

These  equations  express  the  Ohm's  law  relation  extended  to  include  the 
alternating-motion  case. 

It  may  be  noted  that  all  of  the  vibrational  phenomena  here  considered 
have  their  complete  analogies  in  the  alternating-current  £RS  branch- 
circuit  case  (Fig.  27),  when  inductance  £  is  substituted  for  mass  m,  elas- 
tance s  for  s,  resistance  r  for  r,  and  emf .  E  for  vmf .  F.  This  correspondence 
between  the  electric  and  mechanical  systems  is  helpful  to  follow. 

If,  instead  of  beginning  with  a  sub-resonant  angular  velocity  coi  and 
ascertaining  what  force  Fi  will  keep  the  system  in  equilibrium,  we  begin  by 
impressing  a  force  Ft  with  the  same  angular  velocity  a>i  on  the  system,  then 
after  the  steady  state  has  been  attained,  the  velocity  x  will  become  estab- 
lished in  accordance  with  (354).  If  we  take  0Fh  Fig.  157,  as  the  reference 
phase,  or  as  the  axis  of  X,  then  the  velocity  x  will  lie  along  0BU  leading 
in  phase  by  ah  and  all  the  other  quantities  will  take  their  corresponding 
vector  relations. 

In  a  case  of  circular  vibration,  the  impressed  force  would  have  to  be 
maintained  at  an  angle  ai  behind  the  instantaneous  tangent,  or  the  active 
component  Fa  would  lie  along  the  tangent  PP',  while  the  reactive  compo- 
nent FT  would  lie  along  OP,  to  keep  the  superabundant  elastic  force  in 
check.  In  a  case  of  rectilinear  vibration,  the  impressed  force  would  have 
its  maximum  cyclic  value  Fm  equal  to  /  in  the  circular  case,  but  retarded 
in  phase  by  ax  behind  the  axis  of  reference  OBu  which  we  have  taken  as 
parallel  to  the  straight  path  of  vibration. 
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Case  of  Super-resonant  Angular  Velocity.  —  If  we  impress  upon  the 
vibratory  system  of  Fig.  155  an  angular  velocity  co2  exceeding  that  of 
resonance  in  its  system,  an 
examination  of  (352)  and 
(353)  will  show  that  the 
inertia  force  —  mx  must 
now  exceed  the  elastic  force 
—  sx,  and  leave  an  unsatis- 
fied remnant  jx(mu  —  s/co) 
in  the  direction  02A2,  Fig. 
158.  The  force  equili- 
brating the  system  will  be 
02F2  =  02B2+jB2F2  =  Fa-\- 
jFT,  which  leads  the  phase 
of  velocity  0B2  by  the  angle 
a2.  Equation  (354)  applies 
also  to  this  case,  but  the 
sign  of  the  j  quantity  will 
be  reversed,  since  mu2  is 
greater  than  S/W 

In  the  circular  vibration 
case  of  Fig.  155,  the  ap- 
plication of  a  steadily 
rotating  force /to  the  particle  with  angular  velocity  co2  would  lead  to  such  a 
steady  state  as  would  leave  an  active  component  Fa  along  the  tangent  PP' 
to  overcome  friction,  and  a  reactive  component  Fr,  along  PO,  to  overcome 
the  superabundant  reactive  force  of  inertia.  The  impedance  of  the  system 
to  velocity  would  be  defined  by  (355).  In  the  corresponding  rectilinear 
vibration  case,  the  application  of  a  steady  vmf.  of  maximum  cyclic  value 
Fm  (equal  in  magnitude  to  circular/)  would  lead  in  the  subsequent  steady 
state  to  a  maximum  cyclic  velocity  x  defined  by  (356),  in  which  the  phase 
of  x  would  lag  behind  Fm  by  a2. 

Vibratory  Power  and  Energy.  —  In  the  steady  circular-vibration  case 
of  Fig.  155,  the  activity,  or  power,  of  the  force  /,  Fig.  156,  at  the  resonant 
angular  velocity  co0  is  the  product  of  the  force  and  of  its  velocity,  or 

(357)  P  =  f  |  x  |  =<af\x\  abwatts, 

because  this  force  is  directly  exerted  on  the  particle  P  and  the  force  is 
always  moving  at  the  velocity  x.     This  may  also  be  written 

(358)  P  =  p/r  =  |  x  \2r  =  u2r  |  x  |2  abwatts. 

The  energy  expended  by  the  impressed  force  in  a  given  time  will  be  the 
product  of  this  time  and  of  the  power. 

In  the  corresponding  steady  rectilinear  vibration  case  of  Fig.  156,  with 
resonant  angular  velocity  w0,  the  power  will  fluctuate  in  each  cycle  of  Fm 


A* 

Fig.   158.     Vector  diagram  of  vibromotive 
forces.     Super-resonance. 
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between  the  maximum  value  Fm2/r  =  xm2r  and  zero.  The  average  value 
of  the  power  will  be 

(359)  P  =  i^2=iiw2r-^  =  ir2r  abwatts, 

where  FT  is  the  scalar  rms.  value  of  F,  and  xT  is  the  rms.  value  of  x 
during  the  cycle.  Consequently,  the  power  in  a  resonant  vibratory 
case  is  always  the  square  of  the  rms.  velocity  multiplied  by  the  resistance 
r  of  the  medium.     The  energy  is  dissipated  in  the  medium  as  heat. 

In  the  case  of  sub-resonant  angular  velocity,  Fig.  157,  with  circular 
vibration,  the  reactive  component  FT  of  the  impressed  force  F,  being  in 
quadrature  to  the  velocity  x,  exerts  no  power.  It  is  merely  engaged  in 
maintaining  the  superabundant  reactive  component  of  elasticity  in  static 
equilibrium.  On  the  other  hand,  the  active  component  Fa  exerts  power, 
and  does  work  just  as  in  the  resonant  case.  The  energy  expended  by  FT 
is  zero  at  all  times  in  the  steady  state,  while  that  expended  by  Fa  corre- 
sponds to  the  active  power  and  to  the  elapsed  time.  In  the  rectilinear 
case,  however,  the  reactive  component  FT  expends  energy  or  delivers 
power  to  the  system  in  one  part  of  the  cycle  and  restores  energy  or  absorbs 
power  from  the  system  in  the  remainder  of  the  cycle,  the  total  reactive 
energy  being  zero  during  one  complete  cycle  of  the  steady  state.  The 
active  component  Fa  delivers  power  and  dissipates  energy  from  the  system 
into  the  frictional  medium  just  as  in  the  resonant  case,  except  that,  instead 
of  being  uniform  at  all  times,  the  active  power  delivery  varies  alternately 
between  a  maximum  and  zero. 

The  maximum  rate  of  active  power  delivery  is 

(360)  Pam=F^-  =  ±m2  r  =  a>2rxm2  abwatts. 

The  maximum  rate  of  reactive  power  delivery  is 

(361)  PTm  =  F2/x  =  xm2  x  =  co2  x  xm2  abwatts, 
where  the  mechanical  reactance  is 

(362)  x  =  mw  —  s/o)  mech.  abohms. 

Active  power  is  thus  engaged  in  sending  energy  out  of  the  system  into 
the  medium.  It  is  always  positive  or  plus.  Its  average  value  in  the 
cycle  is  half  the  maximum  value  Pam.  Reactive  power  is  zero  in  the 
circular  case,  and  alternately  plus  and  minus  in  the  cycle.  It  is  engaged 
during  the  one  interval  in  storing  energy  in  the  system,  and  in  the  other 
interval  in  reabsorbing  this  stored  energy. 

Although  the  power  and  energy  relations  of  a  vibrational  system  are 
not  vectorially  directional,  in  the  same  sense  as  the  forces,  displace- 
ments, and  velocities,  there  are  great  systematic  advantages  in  con- 
sidering power  and  cyclic  energy  as  plane-vector  quantities.     The  vector 
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power  P  then  contains,  as  its  real  part,  the  active  or  dissipatory  com- 
ponent Pa,  while  its  imaginary  part  is  the  reactive  component  PT,  which 
is  the  internal  activity  of  the  system  and  which  is  conserved.  Thus 
(362a)  P  =  Pa   +  jPr  abwatts  Z ; 

see  formulas  (116),  (117),  (128),  (177),  (179),  (264)  and  (265). 

Steady-State  Vector  Diagrams  of  Forced  Vibrations  at  Constant 
Impressed  Frequency.  —  A  simple  and  convenient  method  for  follow- 
ing the  quantitative  relations  in  a  simple  single-frequency  forced- 
vibration  mrs  system,  is  to  prepare  a  set  of  schedule  vector  diagrams,  like 
those  which  are  correspondingly  applicable  to  a  simple  £RS  a.-c.  system.* 
Such  a  set  of  diagrams  is  presented  in  Fig.  158a,  for  the  case  of  a  simple 
vibrator  having  the  following  constants:  Mechanical  impedance  z  =  80 
+  J60  =  100  Z  36°  52' 11"  vector  mech.  abohms,  see  triangle  ABC. 
The  vibromotive  force  F  =  1000  dynes  rms.,  or  1414  max.  cy.  dynes,  at 
an  impressed  angular  velocity  co  =  1000  rad.  per  sec,  corresponding 
to  an  impressed  frequency  of  /  =  159.1  ~.  The  velocity  x,  set  up  by 
F  in  the  system,  will  be  10  \  36°  52'  11"  kines  rms.,  see  triangle  def,  or 
10  kines,  lagging  by  this  phase  behind  the  impressed  vmf.  of.  The 
mechanical  activity  or  power  in  the  system  will  be  either  8000  —  j  6000 
or  8000  +  j  6000  abwatts  (triangles  ghk  or  GHK),  according  as  this 
power  is  referred  to  of  or  OV,  as  standard  phase.  The  maximum  cyclic 
energy  is  likewise  either  4  —  j  3  or  4  +  j  3  ergs,  according  to  the  standard 
of  phase  selected. 

In  the  case  of  Fig.  158a,  the  system  has  preponderating  inertia  re- 
actance, with  the  slopes  of  F  and  z  positive.  If,  however,  the  reactance 
should  be  negative,  the  slopes  of  the  triangles  z  and  F  would  be  nega- 
tive, while  those  of  y  and  x  would  become  positive. 

Complete  Solution  including  a  Transient  Initial  Velocity.  — 
Equations  (353)  and  (354)  express  the  dynamic  solution  of  a  case  of  simple 
circular  or  simple  rectilinear  vibration  under  an  impressed  vector  force  F 
in  the  steady  state,  or  the  steady-state  solution  of  the  differential  equa- 
tion 

(363)  f=\F\  elwt  =  sx  +  rx  +  mx  dynes  Z . 

The  complete  solution  of  this  equation  in  terms  of  the  velocity  x  is 

I  F I  (■  7at 

(364)  x  =  -j-~-       -r\  +  ^  e~lmry  kines  Z 

(365)  =  j  +  xt  t*  *~*9  =^+xi€~  '«*-*-  ^^)  kines  Z , 

where  ±i  is  a  certain  vector  initial  velocity  at  t  =  0,  or  an  arbitrary 
velocity  constant.  The  time  t  is  chosen  from  the  proper  epoch.  Here 
Bo  =  A/coo  is  the  oscillatory  bluntness  of  the  system. 

*  Bibliography  34  and  71,  page  126. 
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The  first  terra  in  (365)  expresses  the  steady-state  solution,  as  already 
found  in  (354).  The  second  is  a  transient  term,  and  expresses  a  temporary 
or  evanescent  condition  which  rapidly  dies  away.  The  second  term 
differs  from  the  first,  not  only  in  its  temporary  character,  but  also  in 
possessing  a  different  angular  velocity,  i.e.,  the  angular  velocity  co0  \  y 
of  free  vibration,  and  which  is  independent  of  the  impressed  angular 
velocity  co.  The  free  angular  velocity  w0  \  y  is  a  complex  quantity,  and 
will  be  considered  in  Appendix  IV. 

The  quantity  i\  in  (364)  is  an  initial  vector  velocity  satisfying  the 
dynamic  conditions  of  a  suddenly  impressed  change  in  vmf.  For  example, 
if  the  vmf.  is  suddenly  applied  to  a  system  previously  at  rest,  then  at 
the  instant  of  application,  it  is  evident  that  the  initial  velocity  x  =  0, 
because  the  velocity  cannot  instantly  and  discontinuously  change  from 
zero  to  a  finite  value.  Consequently  xt  must  be  equal  and  opposite  to 
the  velocity  F/z  which  should  pertain  to  the  steady  state  at  the  instant 
of  application.     The  case  is  considered  further  in  Appendix  IV. 

Dynamic  Illustration  in  the  Case  of  an  Unbalanced  Shaft.  —  The 
foregoing  principles  receive  illustra- 
tion in  the  well  known  dynamical 
case  of  an  unbalanced  shaft.  Fig- 
ure 159  represents  at  SSi  a  steel 
shaft  in  longitudinal  section 
through  the  axis.  It  is  mounted 
in  bearings  BB,  and  carries  a 
symmetric  pulley  P,  by  which  it 
may  be  belt  driven  in  either 
direction  of  rotation,  at  adjustable 
speeds.  At  the  lower  part  of  the 
figure  is  an  enlarged  cross-section 
of  the  shaft  with  a  vector  diagram 
of  forces. 

We  may  suppose  that  the  shaft 
is  so  formed  and  constituted  that 
it  may  be  considered  as  perfectly 
symmetric  about  its  axis,  except 
for  a  single  excessive  mass  m', 
situated  at  a  certain  radial  distance 
a  from  the  axis.  When  the  shaft  is 
rotated  at  a  uniform  angular 
velocity  co  radians  per  second,  this 
unbalanced  mass  w!  develops  a 
force  F  along  its  own  radius,  of 
m'au?  dynes.  This  force  will 
tend    to    throw  the  mass  of   the 
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Fig 


159.    Unbalanced  rotating  shaft 
and  its  vector  diagram. 
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shaft  at  any  moment  in  the  instantaneous  direction  of  the  radius 
Om'. 

If  the  bearings  are  supposed  to  be  set  up  tightly  in  the  vertical  direc- 
tion, but  to  admit  of  a  certain  small  amount  of  elastic  play  in  the  hori- 
zontal plane,  then  the  geometric  constraints  may  be  regarded  as  equiv- 
alent to  those  in  the  lower  part  of  the  figure,  where  the  stiff  springs  gg' 
resist  the  lateral  motion  of  the  shaft  with  an  elastic  coefficient  s  dynes  per 
cm.  of  displacement.  The  displacement  produced  in  a  direction  per- 
pendicular to  the  axis  of  the  springs  gg'  is  negligible,  because  the  elastic 
forces  in  the  perpendicular  direction  are  much  greater.  Under  these 
conditions,  the  centrifugal  force  F  will  set  up  a  horizontal  vibromotive 
force  on  the  shaft,  whose  maximum  size  is  equal  to  m'aco2,  and  whose 
phase  is  that  of  the  radius  Om'. 

The  resonant  angular  velocity  of  rotation  will  be  co0  =  Vs/m  where  m 
is  the  effective  mass  of  the  shaft  entering  into  vibration.  Unless  s  is 
unusually  small,  by  reason  of  weak  equivalent  springs  gg',  in  the  bear- 
ings, this  angular  velocity  is  likely  to  be  high.  If  the  shaft  is  driven  by 
a  belt  at  an  angular  velocity  co,  in  the  direction  of  the  arrow,  we  may 
assume  at  the  outset  that  this  is  a  sub-resonant  angular  velocity,  and  the 
vector  diagram  of  Fig.  157  will  apply  to  it.  We  may  therefore  take  the 
force  F  =  0Fh  Fig.  157,  as  horizontal,  or  at  standard  phase,  and  cor- 
respondingly draw  in  the  lines  OA  i,  OBlt  OCi,  and  0DX  on  Fig.  159,  noting 
that  the  angle  ax  with  which  the  vibration  velocity  x  leads  the  force,  is 
at  present  unknown.  This  angle  <xi  will  be  90°  at  a  very  small  angular 
velocity,  and  will  fall  to  zero  when  co  =  co0. 

With  the  shaft  rotating  steadily  at  angular  velocity  co,  the  vmf.  of  the 

unbalanced  mass  will  produce  a  horizontal  vibratory  displacement  .r  in 

the  bearings,  and  also  a  horizontal  vibratory  velocity  x.     The  shaft  will 

throb  in  its  bearings  with  a  total  amplitude  of  displacement  of  2  xm  cm., 

where  xm  is  the  maximum  cyclic  value.    The  vector  direction  of  the 

velocity  x  will  be  along  OBh  with  the  frictional  retarding  force  along 

ODj.     The  vector  direction  of  the  displacement  x  will  be  along  OAx  as 

also  will  be  the  vector  force  of  inertia.     Opposite  to  OAi  will  be  OCi, 

the  vector  direction  of  the  elastic  force  opposing  displacement.     The 

two  directions  AiOCi  and  B^ODx  will  always  be  mutually  perpendicular, 

but  their  joint  relations  with  the  unbalanced  force  OF  depend  upon  co, 

being  such  that 

(oaa\                                      *                mco  ~  */<"> 
(ooo)  tan  aii  = 

None  of  the  quantities  m,  r  and  s  is  likely  to  be  known  under  the  con- 
ditions of  the  test.  All  we  know  is  that  the  maximum  cyclic  displace- 
ment of  the  shaft  will  lag  behind  the  unbalanced  force  by  some  angle 
/3  =  90°  —  ai,  which  is  zero  at  a  vanishingly  low  angular  velocity  co,  but 
increases  to  90°  at  resonance. 
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If  now  a  piece  of  chalk,  or  a  lead  pencil,  is  presented  carefully  towards 
the  shaft  near  w!  in  the  horizontal  plane,  the  pencil  will  first  touch  the 
surface  of  the  shaft,  at  the  instants  of  maximum  cyclic  displacement, 
in  the  direction  from  which  the  pencil  approaches.  At  these  instants, 
the  shaft  will  present  the  surface  line  through  p,  to  the  horizontal  pencil, 
because  that  will  be  the  phase  position  of  maximum  cyclic  displacement 
with  respect  to  the  unbalanced  mass  m'.  Consequently,  if  the  pencil  is 
carefully  presented  in  the  horizontal  plane  to  the  rotating  shaft,  until  it 
just  touches,  and  is  then  withdrawn,  the  shaft  will  receive  a  pencil  mark 
at  a  point  on  its  surface  /3°  behind  the  radius  Om'  of  unbalanced  mass. 
With  the  shaft  brought  to  rest,  the  pencil  mark  should  be  perceptible, 
but  the  angle  /3°  is  still  unknown. 

If  now  the  pulley  P  is  driven  in  the  opposite  direction,  as  may  be 
done  by  crossing  the  belt,  which  should  be  quite  smooth  and  free  from 
irregularities,  the  same  angular  velocity  a>  imparted  to  the  shaft  in  the 
opposite  direction  will  give  rise  to  a  reversed  vector  diagram,  such  as 
would  be  seen  by  regarding  Fig.  159  in  a  horizontal  mirror,  with  the  plane 
of  the  page  vertical.  At  the  correct  speed,  the  pencil  brought  up  to  the 
shaft  as  before,  will  give  a  mark  at  the  point  of  maximum  cyclic  displace- 
ment p,  which  will  lag  by  the  same  angle  /3°  behind  Om',  but  will  lie  op- 
positely on  the  oppositely  rotating  shaft.  When  the  shaft  is  brought  to 
rest,  the  two  pencil  marks  should  subtend  at  the  axis  an  angle  of  2  /3°,  and 
midway  between  them  should  be  the  radius  Om'  of  unbalanced  mass. 
A  counterpoise  of  the  proper  amount  should  then  be  applied  opposite 
to  this  midpoint,  in  order  to  reduce  the  shaft  to  the  balanced  condition. 

If  the  impressed  angular  velocity  co  happened  to  be  super-resonant 
instead  of  sub-resonant,  the  only  change  in  the  effect  produced  from  this 
standpoint  would  be  an  angle  /3°  greater  than  90°.  The  arc  2  j3°  would  be 
greater  than  1S0°  but  the  middle  of  the  arc  should  still  coincide  with 
the  radius  of  unbalanced  mass  Om'.  In  practice,  cases  present  them- 
selves where  it  is  uncertain  whether  m'  lies  at  one  end  or  the  other  of  a 
diameter  through  Om'.  In  such  cases,  marks  with  chalks  of  different 
colors  made  at  successive  measured  velocities  co,  may  remove  the  un- 
certainty. 

Theoretically,  it  would  be  possible  to  find  the  radius  Om'  of  unbalance 
by  increasing  the  impressed  angular  velocity  to  the  resonant  value,  when 
the  pencil-mark  radius  would  be  in  lagging  quadrature  to  Om'.  Reso- 
nance in  such  cases  is  supposed  to  be  detected  by  the  maximum  vibratory 
throb.  Actually,  however,  maximum  vibration  may  not  coincide  with 
the  resonant  angular  velocity,  partly  because  of  the  fact  that  maximum 
displacement  does  not  occur  at  w0,  partly  because  the  force  F  increases 
with  w,  thus  tending  to  produce  a  greater  throb  somewhat  above 
resonance,  and  partly  due  to  secondary  mechanical  reactions,  such  as 
the  bending  of  the  shaft  under  the  impressed  unbalanced  forces.    The 
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test  by  reversed  velocities  is  therefore  more  reliable,  as  a  rule,  than  the 
test  by  resonance  in  one  and  the  same  direction  of  rotation. 

In  practice,  the  dynamical  conditions  are  apt  to  be  more  complex  than 
those  above  discussed,  because  very  frequently  the  unbalanced  masses, 
instead  of  being  single,  as  here  assumed,  are  multiple.  However,  the 
single  unbalanced-mass  case  can  easily  be  experimented  with  in  the 
laboratory,  and  is  introduced  here  for  the  purpose  of  illustration. 
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ANGULAR  VELOCITIES  OF  A  SIMPLE  MECHANICAL  OR  ELECTRIC 
SYSTEM 

Periodic  Case.  —  It  has  been  pointed  out  in  connection  with  formula 
(364)  that  when  a  simple  mechanical  system  of  constants  m,  r,  and  s  (or 
a  simple  electric  system  of  corresponding  constants  £,  r,  and  s)  is  sub- 
jected to  any  sudden  change  in  impressed  vmf.,  a  transient  velocity  (or 
current)  is  set  up  in  the  system,  according  to  the  expression 

(367)  x  =  xte-'^y  =  -~y  kines  Z. 

Here  the  exponent  of  the  Napierian  base  e  is  the  product  of  the  elapsed 
time  t  sec.  and  the  resonant  angular  velocity  co0,  at  a  certain  slope  \  y, 
which,  as  we  shall  see,  depends  on  the  m,  r,  and  s  constants  of  the  system. 
The  quantity  —  cx>0  \  y  is  therefore  a  complex  angular  velocity,  having  a 
real  component  —  co0  cos  y,  and  an  imaginary  component  -f  jw0  sin  y. 
Such  complex  angular  velocities  present  themselves  in  the  study  of  free 
oscillations.  They  may  therefore  be  examined  advantageously  at  the 
outset. 

Simple  Velocity  of  a  Particle  in  a  Circular  Orbit.  —  If  a  radius  vector 
OP,  Fig.  160,  of  unit  length  and  centered  at  0,  rotates  in  the  XOY  plane 
with  uniform  angular  velocity  a>  radians 
per  second,  in  the  positive  direction 
ABC  as  viewed  from  Z  and  as  indi- 
cated by  the  arrows,  then  the  displace- 
ment position  of  the  radius  vector,  and 
of  its  free  extremity  P,  at  any  time 
t  seconds  from  the  start  is  defined  by: 

(368)  x  =  l-ej"'  cm.  Z. 
At  the  initial  time  t  =  0,  the  initial 
position  of  the  radius  vector  may  be 
taken  as  OA,  and  the  circular  angle  oot 
radians,  described  in  time  t,  will  then 
be  measured  from  this  initial  line  OY> 
in  the  positive  direction,  or  counter  clockwise  about  OZ. 

The  magnitude  of  the  angular  velocity  co  may  be  marked  off  along  the 
axis  OZ,  in  the  positive  direction,  as  shown.     If  the  angular  velocity 
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Fig.  160.  Uniform  circular  angu- 
lar velocity  w  in  XOY  plane 
about  axis  OZ. 
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should  be  —  co,  or  negative,  the  motion  of  the  radius  vector  would  be 
clockwise  in  the  XY  plane,  and  its  magnitude  would  be  indicated  in  the 
—  OZ  direction. 


Figs.  161  and  162.    Rotary  and  stationary  vector  diagrams  of  circular  angular 
velocity. 

If  the  motion,  instead  of  being  circular,  and  corresponding  to  simple 
circular  vibration,  should  be  simply  harmonic,  or  corresponding  to  simple 
rectilinear  vibration,  then  the  orthogonal  projection  of  the  circularly 
moving  particle  P  on  a  straight  line  of  reference  in  the  XY  plane  would 
represent  the  motion.  In  Fig.  161,  if  the  initial  reference  line  is  the 
axis  +  OY,  then  the  projection  p  on  this  line  of  the  point  P,  when  the 
latter  is  moving  according  to  equation  (368),  will  correspond  to  the 
cosinusoid 

(369)  x  =  1  •  cos  ut  cm. 

If,  however,  while  P  starts  from  OY  at  t  =  0,  we  take  instantaneous 
projections  upon  OX,  considering  —  OX  as  the  positive  direction,  the 
projection  will  move  according  to  the  sinusoid 
(369)  x  =  1  •  sin  ut  cm. 

Figure  161  is  thus  a  rotary-vector  projection  diagram,  or  the  so-called 
"crank  diagram,"  applying  to  a  simple  rectilinear  vibration.  We  may, 
however,  represent  the  angular  velocity  in  a  stationary-vector  diagram 
by  the  line  oz  for  +  to,  and  by  o  —  z  for  —  to,  Fig.  162.  Here  ox  is  a 
reference  line  in  the  XY  plane,  along  the  X  axis,  and  oz  is  measured  to  a 
suitable  scale  of  angular  velocity  along  the  OZ  axis;  so  that  with  refer- 
ence to  OX,  oz  is  a  j  quantity. 

Significance  of  the  Sign  of  /to.  —  In  the  case  of  a  simple  circular 
vibration,  the  direction  of  rotation  is  distinctive,  and  the  proper  sign 
of  to,  as  +  jco  or  —  jco,  must  be  conserved.  In  the  ordinary  case,  how- 
ever, of  a  simple  rectilinear  vibration,  the  direction  of  rotation  may  have 
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no  significance,  if  the  projection  axis  is  suitably  selected.  Thus,  in  Fig. 
161,  if  starting  from  OY  at  t  =  0,  two  unit  vectors  begin  to  rotate  in  oppo- 
site directions,  after  any  time  t  seconds,  one  will  have  described  the  angle 
YOP  =  +  cot  radians,  and  the  other  the  angle  YOP'  =  —  cot  radians. 
The  projection  of  either  of  these  points  P  and  P'  on  the  OY  reference 
axis  will  be  the  same,  at  p.  So  far  as  the  cosinusoid  (369)  is  concerned, 
it  is  therefore  a  matter  of  indifference  as  to  which  direction  of  rotation  is 
used.  Either  of  the  two  stationary  vectors  +  joo  or  —  joo  would  repre- 
sent the  motion.  In  the  case  of  the  sinusoid  (370),  the  reference  projec- 
tion axis  would  be  —  OX  in  the  one  case,  and  OX  in  the  other;  but  the 
result  would  be  otherwise  the  same.  At  most,  therefore,  the  difference 
between  +  joo  and  —  joo  as  angular  velocities,  would  be  a  phase  difference 
in  the  simple  harmonic  projected  motion.  If  then  in  a  discussion  of 
rectilinear  vibration,  we  meet  with  an  algebraic  expression  e****,  where 
the  sign  of  the  exponent  is  indeterminate,  we  may  interpret  it  as  cor- 
responding to  a  simple  harmonic  motion,  or  rectilinear  vibration,  of 
circular  angular  velocity  oo  radians  per  second,  the  sign  adopted  being 
either  insignificant,  or  selected  to  suit  the  phase  of  some  other  circumstance. 


Figs.  163  and  164.     Hyperbolic  angular  velocities  and  their  projections  e«« 
or  e-<«  with  corresponding  stationary  vector  diagram. 

Real  Angular  Velocities.  —  Just  as  the  expression  e*8*  may  be  inter- 
preted as  representing  a  circular  angular  velocity  oo,  or  an  imaginary 
angular  velocity  joo;  so  the  expression  eat  may  be  interpreted  as  repre- 
senting a  hyperbolic  angular  velocity  a,  or  a  real  angular  velocity  +  a. 
This  interpretation  may  be  illustrated  as  in  Fig.  163,  where  a  rectangular 
hyperbola  BAB'  is  drawn  in  the  YOZ  plane,  with  its  vertex  A  at  coordi- 
nates Y  =  +  1,  and  Z  =  —  1.  If  a  vector  centered  at  origin  0  and 
initially  at  OA  moves  along  this  hyperbola  in  the  positive  direction  AB, 
at  a  uniform  hyperbolic  angular  velocity,  a  hyperbolic  radians  (hyps.) 
per  second,  it  will  describe  equal  areas  in  equal  times,  and  its  perpendicular 
projection  at  any  time  t  seconds  on  the  axis  OY,  will  measure  eat  units  of 
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length.  Thus  in  Fig.  163,  at  time  t  =  0,  the  projection  of  the  initial 
vector  OA  is  Oa  =  1  =  e°.  After  a  time  t,  such  that  at  =  0.693  hyper- 
bolic radians,  the  radius  vector  has  advanced  to  the  position  OP,  and  its 
projection  will  be  Op  =  2  =  e0-693. 

If,  on  the  other  hand,  the  hyperbolic  angular  velocity  is  reversed,  the 
radius  vector  initially  at  OA,  will  move  in  the  clockwise  or  negative  direc- 
tion towards  B',  describing  equal  areas  in  equal  times.  After  any  elapsed 
time  t,  the  radius  vector  having  reached  OP'  say,  its  projected  position 
will  be  Op'  along  the  axis  OY,  and  Op'  =  e~at  =  0.5,  with  —  at  =  —  0.693, 
the  enclosed  sector  area  AOP'  being  0.693  units  of  area. 

Consequently,  just  as  the  projection  of  a  uniform  imaginary  or  circular 
angular  velocity  jot,  upon  a  coordinate  axis,  traces  a  simple  harmonic 
motion  of  the  type  cos  cot:  so  the  projection  of  a  uniform  real  hyperbolic 
angular  velocity  a,  upon  a  coordinate  axis,  traces  either  a  simple  damped 
motion  or  an  expanding  motion,  of  the  type  e-"'  or  e+at,  respectively. 

The  magnitude  of  the  hyperbolic  angular  velocity  a  may  be  marked 
conveniently  as  OC,  along  the  axis  OX  of  positive  rotation  in  the  hyperbola. 
If  the  angular  velocity  a  should  be  negative,  the  axis  of  rotation  in  the  hy- 
perbola is  reversed,  and  falls  along  O  —  X;  so  that  the  magnitude  of  the 
velocity  is  correspondingly  OC. 

The  hyperbola,  radius  vector,  and  plane  YOZ,  Fig.  163,  form  a  rotary- 
vector  diagram  for  the  case  of  a  simple  damped  motion  having  the 
real  angular  velocity  of  —  a  hyps,  per  sec.  This  diagram  is  the  analogue 
of  the  circle  radius  vector  and  plane  XOY,  Fig.  161,  for  the  case  of  a 
simple  undamped  harmonic  motion  having  the  imaginary  angular  velocity 
±  jo*  circular  radians  per  second. 

In  Fig.  164,  we  have  the  corresponding  stationary  vector  diagram. 
For  a  positive  real  angular  velocity  +  «,  we  draw  oc  of  a  units  length 
along  the  OX  axis.  For  a  negative  velocity  —  a,  we  draw  oc'  of  a  units 
length  along  —  OX. 

Complex  Angular  Velocity,  or  Combined  Damped  and  Harmonic  Vibra- 
tion. —  If  we  combine  a  simple  circular  angular  motion  e±Jat,  like  that  of 
Figs.  161  and  162,  with  a  simple  hyperbolic  angular  motion  e±a',  like  that 
of  Figs.  163  and  164,  we  obtain  a  combined  hyperbolic  and  circular  angular 
motion,  of  the  type  €'(±«± ■><"),  or  ent,  where  n  is  a  complex  angular  velocity, 
having  both  real  and  imaginary  components.  This  case  is  represented  in 
Fig.  165,  where  the  unit  vector  OA,  coinciding  with  the  OY  axis  at  time 
t  =  0,  begins  to  revolve  in  the  XY  plane,  either  clockwise  or  counter- 
clockwise, according  as  the  circular  angular  velocity  is  —  j<x>  or  +  jco  radians 
per  second.  At  the  same  time,  the  rotation  of  the  vector  OA  of  Fig.  163, 
in  a  hyperbola  occupying  the  YOZ  plane  with  angular  velocity  a  hyps. 
per  sec.  causes  the  projected  radius  to  expand  at  the  rate  ea'.  This  in- 
crease is  supposed  to  be  communicated  at  each  moment  to  the  radius 
vector  OP  rotating  in  the  XOY  plane.     The  resulting  motion  is  an 
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expanding  spiral,  which  is  known  geometrically  either  as  a  hyperbolic 
spiral,  or  an  equiangular  spiral.  Thus,  with  a  =  +  0.5,  and  u  =  2ir  = 
6.283,  the  radius  vector  with  positive  to  will  pursue  the  path  ABCDEFGHI, 
during  one  second  of  time.  After  one  complete  revolution  in  the  XOY 
plane,  the  radius  vector  has  increased  from  OA  to  01,  or  from  e°  to 
eo.5  =  1.649.  ifr  on  the  other  hand,  the  circular  angular  velocity  is 
—  jco,  or  negative,  the  corresponding  path  will  be  A'B'C'D'E' .  . .  .R'S'T'. 
In  either  case,  the  projected  positions  on  the  OY  axis  at  successive  eighths 
of  a  second  will  heA,  bOdEfOhl.  This  rectilinear  motion  may  be 
described  as  an  expanded  cosinusoid  eat  cos  cot.  It  is  evident  that  the 
cosinusoid  will  be  the  same,  whichever  direction  of  rotation  may  be  selected 
in  co. 


Figs.  165  and  166.     Rotary  and  stationary  vector  diagrams  of  a  complex 

angular  velocity  ( ±  a  ±  ju) . 

If  the  hyperbolic  angular  velocity  a  is  negative,  the  projection  of  the 
hyperbolic  radius  vector  will  shrink  with  time  according  to  the  expression 
e~at.  This  shrinkage  being  communicated  to  the  rotating  vector  in  the 
XY  plane,  we  obtain  the  contracting  spirals  AUVWZ,  or  AU'VW'Z, 
according  as  co  is  positive  or  negative.  These  curves  are  also  equiangular 
spirals,  and  are  the  inward  continuations  of  the  expanding  spirals  already 
described  for  the  expanding  case.  The  projected  motion  of  the  radius 
vector  on  the  OY  axis  will  be  a  damped  cosinusoid  e_arf-  cos  cot.  Conse- 
quently, although  the  sign  of  jco  does  not  affect  the  cosinusoidal  motion, 
the  sign  of  a  changes  the  motion  from  an  expanding  cosinusoid  to  a  con- 
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trading  or  damped  cosinusoid.  In  one  second,  for  the  case  selected  in 
Fig.  165,  the  circular  angle  a>£  described  will  be  2  t  radians,  or  one  revolu- 
tion in  the  XY  plane;  while  the  hyperbolic  angle  as  described  will  be  0.5 
hyp.  in  the  YZ  plane.  The  vector  will  have  passed  from  OA  =  1.0  to 
OZ  =  0.6065.  It  will  thus  have  lost  39.4  per  cent  of  its  amplitude  in  one 
cycle,  and  each  successive  cycle  will  be  attended  by  a  similar  loss  of  39.4 
per  cent  of  what  remains. 

Stationary-Vector  Diagram  of  Complex  Angular  Velocity.  —  Figure  165, 
based  upon  associated  rotations  in  the  XY  and  YZ  planes,  may  be  regarded 
as  a  rotary-vector  diagram  for  a  complex  angular  velocity.  The  projec- 
tion of  the  spirally  rotating  point  upon  a  properly  selected  axis  gives  the 
required  expanding  or  contracting  harmonic  motion.  The  corresponding 
stationary  vector  diagram  appears  in  Fig.  166,  where  OB  =  a  +  jco, 
OB'  =  a  —jo),  OU  =  —  a  +  jco,  and  OU'  =  —  a  —  jco.  Here  the  real  com- 
ponent of  hyperbolic  angular  velocity  is  taken  along  the  OX  axis,  as  in 
Fig.  164,  and  the  imaginary  component  ju>  of  circular  angular  velocity 
along  the  OZ  axis,  as  in  Fig.  162. 

It  may  be  observed  that,  in  each  case,  the  slope  of  the  stationary  vector 
in  Fig.  166  is  the  same  as  the  slope  which  the  advancing  tangent  to  the 
corresponding  spiral  in  Fig.  165  makes  with  the  radius  vector  as  reference 
line.  Thus  OB,  Fig.  166,  makes  a  slope  of  y  degrees  or  radians  with  OX. 
The  curve  of  a  +  jco  in  Fig.  165  is  the  heavy  expanding  spiral  ABCD. . . . 
At  any  point  P  on  this  spiral,  the  advancing  tangent  Pt  has  the  same  slope 
7,  with  respect  to  the  instantaneous  radius  vector  OPQ.  Similarly  OB', 
Fig.  166,  has  a  slope  of  —  y,  which  is  the  same  as  the  tangent  P't'  has 
with  respect  to  OP'Q'.  In  other  words,  the  slope  of  the  vector  angular 
velocity,  in  the  stationary-vector  diagram,  is  the  same  as  the  slope  of  the 
equiangular  spiral  in  the  corresponding  rotary-vector  diagram. 

Conjugate  Pairs  of  Complex  Angular  Velocities.  —  From  the  foregoing, 
it  will  be  seen  that  the  conjugate  pair  of  angular  velocities  a  ±joo,  when 
referring  to  a  simple  vibrating  system  with  one  degree  of  freedom  (recti- 
linear or  angular)  jointly  define  an  expanding  vibration.  The  sign  of  the 
imaginary  is  indifferent,  if  the  projection  axis  is  properly  selected.  Ex- 
panding vibrations  relate  to  reinforced  oscillations,  and  rarely  present 
themselves  in  cases  of  free  vibration.  The  conjugate  pair  —a  ±joo 
jointly  define  a  contracting  vibration,  or  damped  harmonic  motion.  The 
projected  motion  of  e<-«  *»><  is  e-«*  •  cos  (cot  +  /3),  where  /3  is  some  phase 
angle  appropriate  to  the  projection  axis.  Damped  vibrations  of  this 
kind  very  frequently  present  themselves  in  the  study  of  free  electric  or 
mechanical  vibrations. 

Since  f 

(370)  e-(«±*»)'  =    ,   * 

it  follows  that  a  damped  or  contracting  harmonic  vibration  is  the  vector 
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reciprocal  of  an  expanding  harmonic  vibration  of  the  same  components 
a  and  ±  jco.  On  the  rotary  diagram,  both  pertain  to  the  same  equiangular 
spiral,  traversed  respectively  in  opposite  directions.  In  the  stationary 
diagram,  the  vectors  have  equal  sizes  and  opposite  slopes.  Reversing  the 
sign  of  a  complex  angular  velocity  reverses  the  direction  of  both  real  and 
imaginary  components.  The  reversal  of  the  imaginary  component  may 
have  no  effect  upon  the  projected  motion;  but  the  reversal  of  the  real 
component  changes  the  motion  from  expansion  to  contraction,  or  vice 
versa. 

Application  of  Complex  Angular  Velocities  to  Transient  Vibrations.  — 
Returning  to  equation  (364)  we  see  that  z 

the  transient  term  is 

(371)  x  =  xt  •  e-t°x*y 

=  iJ€tooZ(x-7)  kiries  Z. 

The  angular  velocity  a)0  /.  (ir  —  y)  is  a 
complex  quantity  of  size  co0  =  Vs/ra, 
the  resonant  value,  and  of  slope 
(t  —  y)  whose  cosine  is 

(372)  cos  (tt  -  7)  =  cos  -  (ir  —  ?) 

A 

=  —  cos  7  = 


Bo, 


or 
(373) 


cos  7 


=  £0. 


■*■— X 


This  is  represented  in  Fig.  167  by  the 
plane- vector  OU.  The  conjugate  value 
is  OU'  =  co0\  (x  —  7)  hyps,  per  second. 

OV  =  A  =  ,r—    is  called   the  damping 

constant  of  the  system.      It  will  be  seen  that  vectorially 

hyps 
sec. 


Fig.  167.  Stationary  vector 
diagram  of  free  angular  ve- 
locity.    Damped. 


(374) 

or 

(375) 

whence 

(376) 

and 

(377) 


COo  \  (7T   —  7) 


JO>f 


A 


1  \  (tt  -  7) 


B0  -  juf, 


U; 


=  Vc 


A2  =  cooVl  -  Bo 


CO0SU17 


rad. 
sec. 


Vl  -  B0 


uf  =  v  1  —  &o*  =  sin  7, 

Consequently,  to  find  the  circular  angular  velocity  uf  of  free  vibration, 
geometrically,  draw  (Fig.  167)  the  circle  Z,  —  X,  —  Z,  with  radius  co0. 
Along  0  -  X  mark  off  OV,  the  numerical  value  of  A  =  r/(2  m),  the  damp- 
ing constant.     The  ordinate  through  V  which  meets  the  circle  in  U  or  U' 
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is  the  required  free  angular  velocity  co/,  in  circular  radians  per  second. 
Either  of  the  two  conjugate  values  ijco/  may  be  used,  with  the  proper 
selection  of  phase. 

Undamped  Vibration.  —  In  the  ideal  case  of  a  vibratory  system  without 
resistance,  energy  losses,  or  damping,  A  =  0,  and  co/  =  co0.  The  vector 
diagram  becomes  that  of  Fig.  168,  where  the 
angular  velocity  is  a  pure  j  quantity,  ou  or  ou', 
equal  to  the  resonant  angular  velocity  co0.  The 
slope  7  is  then  ±  ir/2  radians,  or  ±  90°.  This 
case  is  considered  particularly  in  Appendix  VI. 

Aperiodic  Case.  —  As  the  damping  increases, 
the  real  component  A,  Fig.  167,  increases  and 
ay  diminishes,  the  vector  OV  rotating  counter- 
clockwise towards  0  —  X.  When  A  =  co0,  or 
Bo  =  1,  co/  =  0,  and  there  ceases  to  be  any  circular 
angular  velocity,  or  to-and-fro  vibration.  The 
angular  velocity  may  be  regarded  as  wholly 
hyperbolic.  This  may  be  called  the  aperiodic 
case.  It  is  the  case  of  unit  bluntness  of  reson- 
ance Bo  =  1,  or  of  unit  sharpness  A0  =1.  It  is 
usual  to  regard  any  non-periodic  vibration  as 
aperiodic,  i.e.,  to  consider  as  aperiodic  any  case 
whose  sharpness  A0  of  resonance  does  not  exceed 
unity.  There  are,  however,  as  we  shall  see,  certain 
advantages  in  restricting  the  term  aperiodic  to  the  case  A0  =  B0  =  1. 

Although  all  kinds  of  free  vibration  present  themselves  in  practice, 
from  cases  where  B0  is  very  small,  to  cases  where  B0  approaches  unity, 
yet,  in  order  to  develop  the  properties  of  free  vibration,  B0  must  be  small 
compared  with  unity,  or  the  damping  must  be  small.  Otherwise,  the 
vibrations  may  disappear  so  quickly  as  to  leave  little  evidence  of  their 
existence.  In  general,  a  freely  vibrating  system  is  one  in  which  B0  is 
not  greater  than  say  7r/100,  or  0.031,  the  logh.  decrement  8  not  greater 
than  0.2,  7  not  less  than  88°,  and  uf  not  less  than  0.9995  If  the  free 
frequency  is  not  over  99  per  cent  of  the  resonant  frequency,  the  damping 
is  so  great  that  only  a  very  few  cycles  of  vibration  can  ordinarily  be 
distinguished  on  the  record. 

Vector  Diagram  of  Damped  Vibrations.  —  In  Fig.  169,  let  a  particle  at 
P,  of  mass  m  gm.,  be  attracted  centripetally  towards  0,  with  an  elastic 
force  varying  directly  as  the  size  of  the  displacement  x,  and  be  subjected 
to  a  frictional  retarding  force  opposite  to  the  instantaneous  velocity  x, 
as  well  as  to  an  inertia  force  opposite  to  the  acceleration  x.  Then, 
because  there  is  no  impressed  force  to  give  energy  to  the  particle,  energy 
will  continually  be  absorbed  from  it,  and  the  orbit  of  the  particle  will 
dwindle,  until  finally  the  particle  will  fall  to  rest  at  0.     This  means  that 


„.  r 

Fig.  168.  Undamped. 
Stationary -vector 
diagram  of  free  angu- 
lar velocity. 
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the  orbit,  instead  of  being  a  circle,  will  be  an  equiangular  spiral,  in  which 
the  tangent  PP'  at  any  orbital  position  P,  makes  an  angle  y,  less  than  90°, 
with  the  reversed  radius  vector  PO.  The  instantaneous  acceleration 
will  be  directed  along  the  tangent  QQ'  of  the  spiral,  at  the  point  Q, 
(180°  —  y)  in  advance  of  P.  The  centripetal  force  will  thus  be  directed 
along  PO,  the  frictional  force  along  P'P,  or  parallel  to  QO,  and  the  inertia 
force  along  Q'Q,  or  parallel  to  VO. 


Figs.  169  and  170. 


Loci  of  damped  oscillatory  displacement,  velocity  and 
acceleration  force. 


These  force  vector  relations  are  indicated  in  Fig.  170,  where  Op  is  the 
centripetal  force  —  sx  dynes,  Oq  is  the  frictional  force  —  rx,  and  Ov  the 
inertia  force  —  m'x,  x  being  the  instantaneous  displacement  in  cm. 

(378)  x  =  xte<-~*  +*0«  cm.  Z, 

where  a/  =  uf,  is  the  free  angular  velocity  of  the  particle  about  0  in 
radians  per  second,  and  xt  is  a  properly  selected  initial  plane- vector  dis- 
placement at  t  =  0. 
Hence 

(379)  rx  =  r(-  A  +  jcc')x^-A  +**0«  =  r(-  A  +  ju')x  dynes  Z, 
and 

(380)  m'x  =  m(-  A  +  ju')2xie^-A+}^t  =  m(—  A  +  ja/)2.t  dynes  Z . 
For  equilibrium  we  require  that 

(381)  —  sx  —  rx  —  m'x  =  0  dynes  Z, 
or 

(382)  -  s  -  r(-  A  +  jo/)  -m(-  A  +  ju')2  =  0 
whence 

(383)  w'  =  VW  -  A2  =  coo  Vl  -  B}  =  coo  sin  y  =  <s>f 
where 


cm. 

radians 
sec. 


(384) 


cos  7  =  —  =  50, 

Wo 
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and  co'  =  a?/,  is  the  free  angular  velocity  of  rotation.  Each  of  the  vector 
quantities  x,  x  and  x,  pursues  an  equiangular  spiral  around  center  0,  or 
may  be  considered  to  pursue  a  circular  path  with  uniform  angular  velocity 
co'  =  co/,  subject  to  an  independently  applied  damping  coefficient  e~At. 

In  the  case  of  simple  rectilinear  vibrations,  the  projections  of  the 
spiral  motion  may  be  taken  on  a  reference  axis  such  as  COD,  Fig.  170. 
The  initial  vector  velocity  xt  must  be  such  as  meets  the  physical  condi- 
tions of  the  system  at  the  moment  of  the  application  of  the  impressed 
vmf.  After  the  application,  the  vibratory  motion  will  be  the  sum  of 
the  two  terms  in  (364),  or  the  sum  of  the  projections  of  the  respective 
vectors  in  Figs.  158  and  170,  the  former  rotating  at  the  impressed  angular 
velocity  co,  and  the  latter  at  free  angular  velocity  co'  or  co/.  The  latter 
motion,  however,  speedily  expires  by  damping,  leaving  the  former  in  the 
steady  state,  uninterfered  with. 

Complete  Solution  in  Terms  of  Displacement.  —  Equation  (364)  gives 
the  solution  of  the  differential  equation  (363)  in  terms  of  velocity  x.  We 
may  however  integrate  for  the  solution  in  terms  of  displacement  x. 

(385)  x  =  (^-\  -  +  xte-'^y  cm.  Z, 

F 

(386)  =  -  +  xte-^y  cm.  Z . 

Here  xt  is  an  initial  vector  displacement  chosen  to  meet  the  initial  condi- 
tions. 

Generalized  Complex  Angular  Velocities.  —  An  alternative  method  of 
finding  the  frequency  of  an  electric  or  mechanical  vibrating  system  is  by 
the  method  of  generalized  angular  velocities. 

Any  complex  angular  velocity  of  the  type  ( ±  A  ±  jco)  may  be  denoted 
by  the  symbol  n.     Thus 

(387)  eC±A±*)i  =  tnt 

where  n  is  a  complex  number  or  plane-vector  quantity.  A  mass  of  m 
grams,  actuated  by  such  an  angular  velocity,  develops  a  vector  oscillatory 
mass  impedance  of  mn  mechanical  abohms  Z ,  or  dynes  per  kine  Z .  In 
an  electric  system,  the  corresponding  vector  oscillatory  impedance  is 
£n  ohms  Z  or  abohms  Z.  The  proposition  applies  either  (1)  to  ex- 
panding or  contracting  spiral  vibration,  (2)  expanding  or  contracting 
rectilinear  vibration,  or  (3)  to  expanding  or  contracting  rotary  vibration. 

Similarly,  the  oscillatory  elastic  impedance  of  the  system  is  s/n  me- 
chanical abohms  Z ,  corresponding  to  s/n  =  l/(cn)  ohms  Z  or  abohms  Z 
in  the  electric  case.  The  oscillatory  impedance  of  a  resistance  r  remains 
simply  r. 

When  n  is  a  pure  imaginary  quantity  jco,  with  A  =  0,  corresponding 
to  steady  forced  vibration,  the  oscillatory  mass  impedance  mn  becomes 
jmw,  and  the  oscillatory  elastic  impedance  s/n  becomes  —  js/co.     These 
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are  pure  j  quantities,  which  have  already  been  discussed  in  dealing  with 
the  steady  state.  When,  however,  n  is  a  complex  quantity,  with  a  real 
component  A,  both  the  oscillatory  mass  impedance  and  the  oscillatory 
elastic  impedance  cease  to  be  pure  j  quantities,  and  are  general  com- 
plex quantities. 

Thus,  if  we  consider  a  vibratory  system  having  the  following  con- 
stants s  =  250,000,  m  =  0.1,  r  =  200,  B0  =  0.632,  its  oscillatory  mass 
impedance  to  a  sustained  angular  velocity  ju  =  j  158 1.1 4,  would  be 
jmca  —  J158.114  mechanical  abohms,  and  its  oscillatory  elastic  impedance 

—  js/oi  =  —  J158.114.  These  are  simple  j  quantities,  or  ordinary  me- 
chanical reactances.  At  this  particular  frequency,  they  are  equal  and 
opposite,  so  that  this  is  the  resonant  angular  velocity  o>0  of  the  system. 
If,  however,  the  angular  velocity,  instead  of  being  a  pure  sustained  circular 
or  j  quantity,  contains  a  real  or  hyperbolic  term,  so  that  n  =  —  1581.14 

X  50°  46'  6°  =  -  1000  +  J1224.75  hyps,  per  sec,  then  the  oscillatory 
mass  reactance  raw  =  -  158.114  \  50°  46' 6"  =  -  100  +  J122.475  mech. 
abohms,     and     the     oscillatory     elastic    impedance    s/n  =   —  158.114 

Z  50°  46'  6"  -  -  100  -J122.475  mech.  abohms. 

In  any  free  oscillation,  the  angular  velocity  w  is  such  that  the  total 
oscillatory  impedance  automatically  reduces  itself  to  zero.     In  this  case 

/ooc.                       .  s    .  _  mechanical/   ,    , 

(388)  ran  -| \-  r  =  0  .       .  \  abohms  Z , 

whence 


(389)  ».  -JL±if--(<\*  Jag, 

2  ra  '  m       \2  mj  sec. 

(390)  =  -  A  ±  j  vV  -  A2  =  -  A  ±  jw0  Vl  -  Bo2  ^'  Z, 

sec. 

(391)  -  -A  ±jw'  =  -A  ±jaf  =  -woZ  ±7  ^ZP^Z. 

sec. 

This  represents  a  damped  harmonic  vibration  with  a  hyperbolic  angular 
velocity  of  —  A,  and  a  circular  angular  velocity  of  co/.  The  sign  of  juf 
is  indifferent,  for  reasons  already  discussed. 

Generalized  angular  velocities  are  of  great  service  in  dealing  with 
vibration  systems.* 

*  The  application  of  generalized  angular  velocities  to  electrical  and  me- 
chanical impedances,  powers,  etc.,  was  pointed  out  by  the  author  in  1915, 
Bibliography  59.  For  earlier  references  in  the  same  direction,  see,  however, 
Heaviside,  1887,  Bibl.  7,  p.  373,  Campbell,  1911,  Bibl.,  37a,  Eccles,  1912, 
Bibl.  42  and  Fleming,  1915,  Bibl.  57b;  also  Bush,  1916,  Bibl.,  66a. 
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FREE  DAMPED   VIBRATIONS   OF  A   SIMPLE   MECHANICAL   OR 
ELECTRIC    SYSTEM.     PERIODIC   VIBRATION 

The  quantitative  relations  affecting  damped  vibrations  in  mechanical 
systems  are  completely  analogous  to  those  which  occur  in  electric  systems. 
Therefore  the  two  sets  of  phenomena  may  be  studied  advantageously 
together.  There  is  an  extensive  literature  on  the  subject,  both  in  mechan- 
ics and  in  electrodynamics.  The  subject  is  usually  treated  algebraically 
with  the  aid  of  differential  equations.  For  engineering  purposes,  the 
simplest  method  of  treatment  is  perhaps  with  the  aid  of  vector  diagrams. 
These  vector  diagrams  have  their  counterparts  in  the  theory  of  sustained 
oscillations  *  or  alternating  currents.  (See  Fig.  158a.)  There  are  ten  such 
diagrams,  as  presented  in  Fig.  171,  in  two  series  of  five  each;  namely  the 
co,  y,  ±i,  Pi,  Wt  series,  and  the  u~l,  z,  Ft,  Pu  Wt  series. 

The  problems  to  be  dealt  with  ordinarily  present  themselves  in  one  of 
the  following  forms.  A  free  vibrational  system  has  its  resonant  angular 
velocity  co0  and  its  damping  constant  A  given.  Its  free  vibration  is  started  at 

time  t  =  0,  either  kinetically  energized  with  a  known  initial  j  '   , 

or  potentially  energized  with  a  suddenly  impressed  known  )FMJ?\,  or 

with  some  known  combination  of  these  two  kinds  of  energization.  A 
transient  decaying  series  of  oscillations  is  thus  set  up.  It  is  required  to 
determine  the  state  of  the  system  at  any  time  t,  during  the  existence  of  the 
transient. 

Transient  with  Given  Initial  Velocity  or  Current.  —  We  may  first  con- 
sider the  kinetically  energized  case  of  a  system  of  known  co0  and  A,  starting 
at  t  =  0  with  a  known  initial  velocity.  In  a  mechanical  case,  this  corre- 
sponds to  oscillations  started  from  rest  by  a  sudden  impulse,  which  es- 
tablishes the  given  initial  velocity  x%.  In  an  electric  case,  it  would  corre- 
spond to  oscillations  started  in  a  simple  £RS  circuit  with  a  current  of 
known  strength  flowing  steadily  through  the  inductor  £,  from  a  local 
voltaic  battery.  At  t  =  0,  the  battery  is  suddenly  disconnected,  leaving 
the  reactor  to  discharge  into  the  empty  condenser.  For  these  cases  we 
consider  the  w,  y,  xit  Plt  Wt  series  of  Fig.  171. 

*  Bibliography  34  and  71. 
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171.     Vector  diagrams 
vibrations.     Z?0  = 
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for  (lamped    periodic   mechanical   or   electrical 
0.632,  7  =  -  50°  46'  6",  5  =  5.130. 
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Vector  co  Diagram.  —  Draw  the  right-angled  triangle  opq,  with  op 
horizontal,  and  to  such  a  scale  that  its  length  is  A  =  r/2  m  (or  r/2  £) 
hyps,  per  second.  This  represents  the  real  or  hyperbolic  component  of 
the  decaying  angular  velocity  co0  \  7  of  Fig.  167.  Draw  oq,  of  size  co0, 
and  with  the  slope  7  =  cos-1  (A/co0)  =  cos-1  B0.  Then  the  third  side  pq 
is  the  imaginary  component  of  the  hyperbolic  angular  velocity;  i.e.,  a  real 
circular  angular  velocity  —  jco/.  Its  size  is  cof,  the  angular  velocity  of  free 
vibration,  in  circular  radians  per  second.  With  A  =  0,  pq  =  oq,  oof  =  co0 
and  7  =  90°. 

In  the  case  represented  in  Fig.  171,  the  system  might  have  the  constants 
last  above  specified;  viz.,  m  =  0.1  gm.,  r  =  200  dynes  per  kine,  s  =  2.5 
X  105  dynes  per  cm.  Hence  co0  =  ^2.5  X  106  =  1581  cir.  rad.  per  sec, 
and  A  =  1000  hyp.  rad.  per  sec.  The  corresponding  electric  case  might  be 
£  =  0.1  henry,  r  =  200  ohms,  s  =  2.5  X  105  darafs,  i.e.,  4  microfarads. 
We  then  find  pq,  the  angular  velocity  of  free  vibration,  to  be  —  ju)f  =  —  j 
1224.75  cir.  rad.  per  sec.     That  is 

(392)  co/  =  coo  sin  7  cir.  radians  per  sec, 
or 

(393)  //  =  /o  sin  7  cycles  per  sec, 
and 

(394)  it/  =  sin  7. 

This  would  represent  a  highly  damped  system,  because  the  oscillatory 
time  constant  would  be  r0  =  1/A  =  0.001  second;  or  the  oscillations  would 
fall  to  1/eth  in  a  millisecond,  during  which  time  only  about  l/5th  of  an 
oscillatory  cycle  could  be  executed.  Moreover  7  =  50°.46'.6"  and  B0 
=  0.632.  Such  a  case,  however,  aptly  illustrates  the  behavior  of  an 
oscillographic  vibrator  of  low  resonant  frequency,  operating  in  oil. 

Oscillatory  Admittance  or  y  Diagram.  —  If  we  multiply  the  00  diagram 
by  c  =  1/s,  we  obtain  the  corresponding  y  diagram,  of  oscillatory  admit- 
tance, abc.  This  means  that  we  may  repeat  the  co  triangle  opq,  but  alter 
its  scale  of  linear  dimensions.  The  vector  oscillatory  admittance  will 
now  be  ac,  in  this  case  0.006  3246  mechanical  abmhos,  or  kines  per  dyne. 
The  real  component  ab  =  A/s  may  be  called  g,  the  oscillatory  conductance, 
and  the  imaginary  component  —  jyf,  the  oscillatory  susceptance.  This 
is  the  susceptance  which  the  spring  offers  to  the  impressed  initial  velocity 
±i  at  the  actual  free  oscillation  angular  velocity  co/. 

Oscillatory  Velocity  £i,  6i  or  Current  Diagram  I,-.  —  If  the  damped 
system  is  set  into  oscillation  with  the  actual  initial  velocity  xr,  or  actual 
initial  current  IT,  then  the  side  ef  of  the  velocity  triangle  def,  Fig.  171, 
must  be  given  this  value  to  scale,  and  the  other  two  sides  cle,  and  df  given 
proportional  values,  so  as  to  keep  the  triangle  def  similar  to  opq,  or  abc. 
In  other  words,  the  scale  of  triangle  opq  must  be  altered  in  the  ratio  which 
will  make  ef  have  the  correct  initial  velocity  or  current.     In  Fig.  171,  this 
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initial  value  has  been  made  6.3246  kines;  because  it  happens  to  be  con- 
sistent with  another  case  to  be  considered  later.  The  velocity  df  is  a 
fictitious  vector  velocity,  useful  for  obtaining,  by  projection  on  the  axis  of 
ef,  the  instantaneous  actual  velocity,  when  rotated  about  center  d  with 
angular  velocity  ccy.  Whereas  the  co  diagram  opq,  and  the  y  diagram  abc 
are  essentially  stationary,  the  x  or  velocity  diagram  def  may  be  regarded 
either  as  stationary  or  rotary. 

The  rotary  application  of  the  def  triangle  is  illustrated  in  Fig.  172,  where 
at  the  instant  of  release,  or  t  =  0,  the  triangle  starts  from  the  position 
shown,  and  then  rotates  about  center  d,  with  uniform  angular  velocity  uf, 
in  the  direction  of  the  arrow.  The  projection  of  df  on  the  dX  axis  is  then 
the  actual  initial  velocity,  assumed  in  this  case  as  6.3246  kines  or  do. 

If  there  were  no  damping,  i.e.,  if  A  were  zero,  the  path  of  the  vector  end 
/,  rotating  with  angular  velocity  w/f  would  be  the  circle///,  Fig.  172;  but  in 
the  presence  of  damping,  the  path  is  the  contracting  equiangular  spiral 
fmnd.  The  positions  of  the  rotating  vector  ef  are  indicated  at  successive 
sixteenths  of  a  cycle.  Instead  of  reaching  the  negative  velocity  d  —  X, 
the  actual  value  is  then  dQ;  although  the  maximum  negative  value  of 
velocity  c?4  was  reached  at  an  earlier  instant,  when  the  rotating  vector 
reached  dn. 

The  velocity  vector  diagram  def,  Fig.  171,  may  thus  be  regarded  either 
as  a  stationary  diagram,  to  indicate  the  relative  components,  or  as  a  rotary 
diagram,  operated  with  angular  velocity  ocy,  to  indicate  instantaneous 
values. 

Diagram  of  Damping  Coefficients.  —  It  is  not  actually  necessary,  in 
Fig.  172,  to  draw  in  the 
equiangular  spiral  of 
velocity  fmn.  It  is 
sufficient  to  draw  the 
circle  fIJ  of  undamped 
oscillation,  and  then 
apply  to  its  instant- 
aneous projections  on 
OX,  the  proper  corre- 
sponding values  of  the 
damping  coefficient 
€"•*'.  These  values  may 
be  obtained  (1)  by 
projection  from  a  dia- 
gram of  hyperbolic 
angular  velocity  as  in 
Fig.  163,  or  (2)  by  the 
use  of  a  table  of  logar- 
ithms, exponentials  or 


Fig.    172. 


Rotary-vector    diagram    of    damped 
velocity  or  current. 
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other  suitable  functions,  or  (3)  by  the  use  of  a  damping-coefficient 
diagram,  such  as  appears  in  Fig.  173.  This  is  drawn  on  semi- 
logarithmic  paper.  The  time  abscissas  are  ruled  at  regular  intervals, 
in  the  ordinary  way.  The  damping-coefficient  ordinates  are  ruled  to 
logarithmic  intervals,  and  may  be  marked  off  from  a  slide  rule.  The 
graph  of  e_A',  on  such  paper,  is  then  always  a  straight  line.  In  the 
case  under  consideration,  the  damping  factor  or  coefficient  at  any  time  t,  or 
time-phase  angle,  is  found  on  the  straight  line  \A.  At  t  =  0.001  second, 
the  value  of  the  coefficient  is  seen  to  be  0.3679  or  e_1,  and  this  should  be 
applied  to  the  projection  of  the  circularly  rotating  vector  in  Fig.  172,  after 
1  millisecond.  The  result  will  then  be  the  same  as  that  given  by  the  pro- 
jection from  the  spiral  fmn  at  the  same  instant. 


"a         "8         "3  s         '&  b     g          &         "8         "8  I 

Time.  Phase.  *" 

Fig.  173.     Damping  factors   at   different   time-intervals  after  release. 

Logarithmic  Decrement.  —  The  damping  coefficient  at  time  t  being 
e_A',  the  exponent  is  the  logarithm  of  this  coefficient  to  the  Napierian 
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base  e,  and  is  commonly  called  the  logarithm  of  the  decrement  or  the  log 
decrement*  or  "log  dec."  Denoting  this  by  the  symbol  8,  the  logh  decre- 
ment at  time  t  may  be  indicated  as  8t,  the  damping  factor  or  coefficient 
being  e~At  =  e~»t.     The  exponent  is 

(395)  8t  =  At. 

The  simplest  value  of  t  to  employ  for  the  logh  decrement  is  perhaps  the 
time  th  during  which  the  rotating  radius  vector  passes  over  1  radian. 
It  is 

(396)  ti  =  —  seconds. 
Denoting  the  corresponding  logh  decrement  for  a  radian  by  8^, 

(397)  8l=Ati=-  =  B-°. 

CO/         Uf 

The  most  useful  time  interval  is,  however,  that  in  which  the  rotating 
vector  passes  over  1  revolution  or  2  ir  radians,  i.e.,  the  free  periodic  time 
T,  or  time  of  one  cycle 

(398)  T  =  —  =  y  seconds. 
Denoting  the  corresponding  logh  decrement  for  a  cycle  by  8t, 

(399)  5r  =  A:r  =  ^  =  ^=  -  =  27rctn7  =  27rtan7/  =  B0  ■—  ■ 

Uf  ff         T0  Uf 

The  term  logh  decrement  is  ordinarily  understood  as  meaning  the  logh 
decrement  for  a  cycle,  when  no  other  specification  is  given.  With  that 
understanding,  8t  may  be  replaced  by  8,  and  when  the  damping  is  small, 

(400)  5  =  2tt7'  =  27r5„  =  ^  =  tt£s  =  f  =  ^  =  ^ 

A0  As        z0        z0 

where  y'  is  x/2  —  7,  or  the  complement  of  the  angle  7.  In  any  system  that 
oscillates  freely,  in  the  practical  sense  of  having  small  damping,  and  exe- 
cuting many  cycles  before  coming  to  rest,  7  is  necessarily  nearly  7r/2 
radians,  and  y'  a  relatively  small  angle,  whose  radian  value  is  substantially 
the  same  as  its  sine  or  its  tangent. 

The  angle  y'  is  thus  a  measure  of  the  bluntness  of  resonance  in  an  oscil- 
lating system,  and  indicates  its  degree  of  departure  from  a  perfectly  un- 
damped or  perpetual  oscillator.  It  may  be  called  the  phase  defect  of 
the  oscillation  system.  In  an  a.-c.  circuit,  i.e.,  a  circuit  of  sustained  oscil- 
lations, the  phase  defect  of  a  condenser  or  other  purely  reactive  device f 
is  Bs  and  not  B0.     It  is  sometimes  called  the  power-factor  of  the  circuit. 

*  It  might  be  better  identified  as  a  hyperbolic  logarithm  under  the  abbrevia- 
tion "logh  dec." 
t  Bibliography  78. 
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In  any  series  of  damped  oscillations,  like  that  presented  by  Fig.  140,  the 
ratio  of  any  two  successive  displacements  in  the  same  direction  is  e~sT 
=  e~s;  so  that  if  xn  and  xn+i  are  any  two  successive  cyclic  displacements 
in  the  same  direction  or  of  the  same  sign,  we  have  8  for  the  hyperbolic 
logarithm  of  their  ratio,  or 

(402)  logh-^-  =  5, 

Xn+i 

and 

(403)  log—-  =0.4343  3. 

Xn+i 

In  any  free  vibrational  system,  the  ratio  xn/xn+u  and  its  logh  decrement 
5,  should  be  constant  for  all  values  of  n,  provided  that  the  vibrations  are  of 
small  amplitude.  If  8  is  observed  to  vary  at  different  stages  of  amplitude 
decay,  it  is  an  evidence  that  the  conditions  in  the  system  are  not  those 
assumed  in  our  theory.  Such  mechanical  cases  present  themselves  when 
the  resistance  r  is  not  simply  proportional  to  the  velocity,  or  when  the 
elastance  s  is  not  simply  proportional  to  the  displacement.  Electric  cases 
also  occasionally  present  themselves  in  which  8  is  not  constant  during 
decay,  when  the  resistance  r  varies,  as  when  an  arc  is  included  in  the  path 
of  discharge. 

Initial  Vector  Motive  Force  Fi.  —  In  the  kinetically  energized  case, 
where  the  co,  y,  and  xt  vector  triangles  have  been  drawn  as  above  described, 
the  ratio  of  the  a;*  to  the  y  triangle  is  Fh  the  size  of  the  initial  vector  displace- 
ment force.  In  the  case  considered,  this  ratio  of  corresponding  sides  in  the  xt 
and  y  triangles  is  1291.  This  is  the  initial  vector-displacement  force  in 
the  mechanical  case,  or  condenser  emf.  in  the  electric  case.  The  vector  re- 
lations of  this  force  to  the  velocity  or  current  are  shown  in  Fig.  174.  Here 
the  Xi  triangle  def  occupies  the  same  initial  position  as  is  indicated  in  Fig. 
172,  but  the  force  Ft  assumes  the  vertical  position  OFt,  coincident  with  the 
side  de.  The  vector  projection  of  this  force  on  the  reference  axis  OX  is 
zero,  at  the  moment  t  =  0.  As  time  advances,  and  the  vectors  rotate  in 
the  direction  of  the  arrow  ccy,  this  projected  value  of  Ft  becomes  increas- 
ingly negative.  In  the  mechanical  case,  the  spring  becomes  bent  and  op- 
poses resilient  force.  In  the  electric  case,  the  condenser  becomes  nega- 
tively charged. 

Associated  with  the  force  OFt  of  displacement  in  Fig.  174,  is  an  equal 
vector  force  OEt  of  inertia,  or  of  inductance.  The  angle  FiOEt  is  2  y,  or 
each  of  these  two  equal  vector  forces  OFt  and  OEt  makes  the  same  angle  y 
with  the  vector  velocity  OIt.  Its  initial  projection  on  the  OX  axis  is  1264.9 
volts,  or  dynes,  in  the  positive  direction.  Immediately  opposite  to  the 
velocity  is  a  third  vector  force  due  to  frictional  resistance  to  velocity 

—  Ur,  1633  volts  or  dynes.     The  projection  of  this  on  the  axis  OX  is 

—  1264.9  volts  or  dynes.     These  three  vector  forces  OFit  OEt,  and  ORt 
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equilibrate  initially,  and  continue  to  do  so  as  time  goes  on.  Moreover,  the 
sum  of  their  instantaneous  projections  along  OX  remains  constantly  zero. 
Each  of  these  forces  may  be  regarded  as  pursuing  a  contracting  equiangular 
spiral  of  angle,  or  as  rotating  in  circles,  each  subjected  to  the  damping 
coefficient  e~At,  as  t  increases.  Thus,  from  Fig.  174,  the  conditions  of  the 
forces  and  velocities  in  the  system  can  be  found  for  any  time  t  from  the 
moment  of  release. 


Fig.  174.     Vector  diagram  of  initial  forces  and  currents  or  velocities  in  a 
kinetically  energized  system,  commencing  to  execute  damped  oscillations. 


Rotative  Vector-Power  Diagram.  —  If  we  multiply  the  sides  of  the  xt 
triangle  def,  in  Fig.  171,  by  FJ2,  or  alter  the  scale  of  its  linear  dimensions 
in  that  ratio,  we  obtain  the  initial  vector-power  diagram  ghk,  where  gh  is 
the  initial  active  power,  hk  the  initial  reactive  power,  and  gk  the  initial 
vector  power.  This  may  be  regarded  as  a  stationary-vector  diagram,  or  it 
may  be  rotated,  as  shown  in  Fig.  175,  with  the  angular  velocity  2  o>f.  In 
the  latter  case,  the  initial  projection  of  the  point  g  at  0  is  the  zero  for 
instantaneous  active  power  on  the  reference  axis  OX.  It  will  be  seen  that 
with  no  damping,  the  circular  rotation  of  the  triangle  ghk  about  center  k, 
Fig.  175,  would  develop  power  in  the  system  between  the  limits  of  0pt 
=  +  8603.3,  and  Opt  -  1936.6  abwatts  or  watts.  Actually,  however, 
the  damping  coefficient  e-"'  has  to  be  applied  to  all  these  projections. 
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The  broken  straight  line  1  B,  in  Fig.  173,  indicates  the  value  of  this  co- 
efficient as  time  advances  from  t  =  0  to  t  =0.0012  second. 

Oscillatory  Energy  Diagram.  —  If  we  divide  the  sides  of  the  Pt  diagram 
ghk  by  2  cof,  we  obtain  the  vector  cyclic-energy  diagram  Imn.  This  is  also 
either  a  stationary  vector  diagram,  or  a  rotary  diagram  for  giving  in- 
stantaneous projections,  if  accompanied  by  rolling. 


Fig.  175.     Rotative  vector  power  diagram  to  force  standard  phase  and  also 
to  velocity  standard  phase. 


In  order  to  derive  the  rotary  energy  vector-diagram,  we  take  the  tri- 
angle Imn  or  LAIN  of  Fig.  171,  and  lay  LM  along  the  OY  axis  as  shown 
in  Fig.  176.  With  the  point  N  as  pole,  the  equiangular  spiral  NL'  is  drawn, 
of  angle  y.  This  will  be  tangent  to  the  OY  axis  at  U .  We  then  draw  a 
vector  NC  =  NM,  and  making  with  NM  an  angle  of  2  7.  The  mid-point 
S  of  the  straight  line  MC  is  then  connected  to  N  by  the  vector  NS.  We 
may  call  NC  the  elastic-energy  vector,  NM  the  kinetic-energy  vector, 
and  NS  the  semi-system-energy  vector,  i.e.,  the  vector  of  the  half  sum  of 
the  residual  energy  in  the  elastance  and  inertia.     We  now  rotate  the  three 
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vectors  and  the  spiral,  with  angular  velocity  2co/,  while  permitting  the 
spiral  to  roll  along  the  axis  OY.  The  successive  turns  of  the  spiral  are  to 
be  capable  of  rolling  on 


this  axis,  as  by  displacing 
them  infinitesimally  out 
of  the  plane  of  the  paper, 
like  the  wards  of  a  conical 
band  spring.  The  vectors 
NC,  NS,  and  NM  are  also 
to  shrink  as  they  rotate,  by 
application  of  the  damp- 
ing-factor e~2A'.  Then  the 
projections  of  C,  M,  and  S, 
on  the  OX  axis,  will  define 
the  instantaneous  energy 
in  the  elastance,  inertia, 
and  semi-system  respect- 
ively. The  path  of  the 
pole  N  will  be  the  straight 
line  NT,  pursued  with 
damped  velocity.  The 
paths  C  and  M  will  be 
exponential  cycloids,  that 
of  S,  an  exponential  tro- 
choid. The  positions  of 
C,  S,  and  M  are  traced  in 
Fig.  176, for  several  energy 
phase  intervals  of  30°,  or 
0.0002138  second,  the  first 
two  of  which  are  marked 
1,  2,  on  each  curve.  It 
will  be  seen  that  taking  the 
energy  scale  along  OX  con- 
formably with  that  of 
LMN,  the  condenser  energy 
0.0004276   second,  it   falls   to 


gy  Joules 


Y 

Fig.  176.  Rotating  and  rolling  vector  dia- 
gram of  the  elastic  energy,  the  kinetic 
energy,  the  system  energy,  and  the  dissi- 
pated energy  in  a  damped-oscillation 
system. 


starts  at  2  joules,  and  after  60°  or 
1.3811  joules.  The  reactive  energy  01 
commences  at  zero,  and,  after  60°  power  and  energy  phase,  it  rises  to  0.3544 
joule.  The  semi-system  energy  Os  starts  at  1  joule,  and,  after  60°,  falls  to 
0.8678  joule.  The  displacement  s0s  is  therefore  half  the  dissipated  energy 
=  0.1322  joule.  The  total  dissipated  energy  at  this  instant  is  thus  2  s0s 
=  0.2645  joule.  All  three  vectors  finally  terminate  and  shrink  into  the 
point  T.  The  distance  TU  =  NL'/ 'cos  y  and  NT  is  perpendicular  to  NU . 
Case  of  Initial  Impressed  VMF.  or  EMF.  —  When,  instead  of  having  an 
initial  velocity  xu  the  transient  state  commences  with  an  initial  vmf.  Fif 
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the  set  of  diagrams  in  the  right-hand  column,  Fig.  171,  is  to  be  preferred. 
This  corresponds  to  the  case  where  a  simple  emf.  is  suddenly  discharged 
from  or  applied  to  a  £RS  branch,  initially  without  energy,  or  a  simple  vmf . 
is  suddenly  applied  to  a  mrs  vibrator  initially  at  rest. 

Oscillatory  Impedance  Diagram.  —  We  first  form  the  z0  triangle  ABC, 
by  taking  the  reciprocal  of  y;  or  we  first  form  the  or1  triangle  OPQ 
by  taking  the  reciprocal  of  co0,  and  then  multiply  it  by  s  to  obtain 
the  z0  triangle.  The  real  component  AB  of  the  oscillatory  impedance 
is  p  =  r/2,  the  oscillation  resistance.  The  hypothenuse  AC  is  Vrns 
=  y/£/c  abohms,  corresponding  to  what  is  called  the  surge  impedance 
of  a  circuit,  but  at  the  slope  7.  The  perpendicular  BC  is  then  the 
oscillatory  reactance,  or  the  reactance  offered  by  the  mass  m  at  the 
free  angular  velocity  ccy  actually  developed.  In  the  case  considered,  the 
oscillatory  impedance  is  100  +  J122.475  =  158.114  Z  58°  46'  6"  ohms. 

Oscillatory  VMF.  or  EMF.  Vector  Diagram.  —  If  the  damped  system 
is  set  into  oscillation  with  the  actual  initial  force  Fr  volts  or  dynes,  then 
the  side  EF  of  the  force  triangle  DEF,  Fig.  171,  must  be  given  this  value 
to  scale,  and  the  other  two  sides  DE  and  DF  given  proportional  values, 
so  as  to  keep  the  triangle  DEF  similar  to  ABC.  Then  DE  will  be  the 
active  component,  or  the  initial  emf.  directed  to  overcoming  Ir  drop, 
or  xr  resisting  force.  EF  is  the  initial  reactive  emf.  directed  to  overcom- 
ing the  initial  emf.  of  inertia,  and  also  the  actual  initial  impressed  emf. 
in  the  condenser.  The  resultant  DF  is  the  total  initial  vector  emf.  The 
ratio  of  the  actual  initial  force  EF  to  the  reactive  impedance  BC  of  the 
z  triangle  will  then  give  the  initial  vector  current  /*  or  velocity  xt  in  the 
system.  Thus,  in  the  case  considered,  the  initial  impressed  emf.  being 
1000  volts,  the  initial  vector  discharging  current  will  be  1000/122.475 
=  8.165  amperes,  which  is  found  at  df,  in  the  xt  triangle.  The  reactive 
component  of  this,  or  ef  =  6.3246  amperes,  was  the  actual  initial  discharg- 
ing current  in  the  corresponding  kinetically  energized  case  (Fig.  174). 

The  vmf.  diagram  may  be  considered  not  merely  as  stationary,  for 
assigning  initial  vector  relations,  but  also  as  rotatable,  for  assigning  sub- 
sequent instantaneous  relations.  With  the  vertex  F  as  center,  rotate  the 
triangle  at  the  angular  velocity  oj/,  and  take  projections  on  the  FE  axis. 
The  example  already  considered  may  illustrate  the  application.  A  con- 
denser of  4  microfarads  is  charged  to  an  initial  potential  difference  1000 
volts  and  then  allowed  to  discharge  at  t  =  0,  through  an  inductance  £  of 
0.1  henry,  and  a  total  resistance  r  of  200  ohms.  Find  the  conditions  at  any 
time  t.  In  the  mechanical  case  this  is  a  spring  of  s  =  250  000,  compressed 
by  a  force  of  1000  dynes,  and  then  suddenly  released  on  a  mass  of  0.1  gm. 

Here  the  numerical  relations  are  represented  in  the  co  triangle  opq  of 
Fig.  171,  and  the  impedance  triangle  ABC  also  applies.  The  emf. 
triangle  DEF  is  then  constructed,  so  that  the  initial  reactive  emf.  is 
1000  volts,  this  being  the  starting  voltage  at  condenser  terminals. 
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Figure  177  contains  a  rotating- vector  emf.  diagram  and  also  a  rotating- 
vector  current  diagram  for  this  case.  The  vector  0Ft  of  1291  volts,  with 
its  projection  0FT  of  1000  volts  on  the  X0X_axis,  is  a  reproduction  of  the 
DEF  triangle  in  Fig.  171.  By  rotating  OFt  at  angular  velocity  ur,  in 
the  direction  of  the  arrow,  the  positions  1,  2,  and  3  will  be  reached  on  the 
inner  circle  in  1,  2,  and  3  milliseconds,  respectively.  Projections  on  the 
X  axis,  from  these  successive  points,  will  give  the  corresponding  in- 


Vector    diagram    of    potentially    energized    damped-oscillation 
system,  at  instant  of  release  (J,  =  0) . 

stantaneous  emfs.  at  condenser  terminals,  after  the  damping  coefficient 
from  Fig.  173,  has  been  applied.  Or  the  contracting  equiangular  spiral 
on  OFt  may  be  drawn  as  shown,  with  the  angle  7  between  the  tangent 
and  the  radius  vector.  The  rotating  radius  vector  OFt  will  intersect  this 
spiral  at  the  points  1',  2'  and  3',  after  the  corresponding  number  of 
milliseconds  have  elapsed.  The  projections  from  these  points  on  the 
X  axis  are  indicated  at  1,  2,  and  3.  They  scale  off  from  0  the  instan- 
taneous condenser  voltages,  or  mechanical  elastic  forces. 
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The  vector  0EU  Fig.  177,  indicates  the  initial  vector  emf.  of  inertia, 
induced  in  the  inductance  £  or  mass  m  by  the  discharge,  in  accordance 
with  (408)  or  with  Fig.  171.  The  projection  OE  on  the  X  axis  is  the  initial 
cemf.  of  inertia  or  self-induction.  The  vector  OEt  also  rotates  with 
angular  velocity  uf.  Its  damped  instantaneous  projections  on  OX,  after 
1,  2,  and  3  milliseconds,  are  indicated  below  the  X  axis  at  1,  2,  and  3 
respectively. 

Each  of  the  rotating  vectors  OF%  and  OEt  contributes  an  initial  active 
component  along  OIt  equal  to  DE,  Fig.  171,  or  816.5  volts.  The  sum  of 
these  two  active  components  is  initially  1633  volts  along  the  direction  01. 
The  initial  resistance  vector  cemf.  or  Itr  drop  is  represented  by  the  up- 
right line  OR,  of  1633  volts,  with  its  associated  equiangular  spiral.  The 
first  three  millisecond  positions  are  shown  on  this  spiral,  and  likewise 
these  projections  on  the  X  axis.  It  will  be  seen  that  the  Ir  drop  com- 
mences at  zero,  when  t  =  0,  increases  to  a  maximum  near  640  volts  in 
less  than  2  milliseconds  and  then  subsides  rapidly. 

The  three  emf.  vectors  OFt,  OEh  and  OR,  of  displacement,  inertia  and 
resistance  drop,  rotate  together  in  fixed  circular  phase  relations.  Con- 
sidered as  undamped,  or  rotating  in  circles,  they  maintain  equilibrium  at 
all  times.  Being  damped  by  the  application  of  one  and  the  same  damping 
coefficient  e_A',  their  damped  vector  values,  in  rotating,  must  also  re- 
main in  equilibrium.  That  is,  the  vectors  rotating  in  the  three  spirals 
shown,  must  equilibrate  at  all  times.  Finally,  their  vector  instantaneous 
projections  on  the  OX  axis  must  also  equilibrate  at  all  times. 

Taking  the  vector  instantaneous  current  diagram  def,  from  Fig.  171, 
and  applying  this  current  at  the  position  Iu  according  to  Fig.  177,  we 
rotate  this  initial  vector  current  of  8.165  amperes  as  shown  in  the  tri- 
angle def,  with  the  angular  velocity  cof,  or  attach  it  to  the  rotating  emf. 
system,  midway  between  OFt  and  OEt.  The  vector  01  may  be  conceived 
of  as  rotating  in  a  circle,  undamped,  but  subject  to  a  separately  applied 
damping  coefficient  e~At;  or,  an  equiangular  spiral  (not  shown),  of  angle  y 
may  be  constructed  upon  it,  and  rotation  effected  in  this  spiral.  In- 
stantaneous projections,  in  either  case,  on  the  X  axis,  will  determine  the 
corresponding  instantaneous  currents.  Or  the  instantaneous  currents 
may  be  obtained,  by  taking  the  projections  of  the  emf.  vector  OR  on 
OX,  reversing  them  in  sign,  and  dividing  by  r. 

It  may  be  noted  that  whereas  in  the  a.-c.  circuit  of  sustained  vibrations, 
the  vector  current  is  always  in  quadrature  with  the  reactive  emfs.,  and 
therefore  takes  no  power  from  or  into  them,  in  the  damped  oscillatory 
circuit  of  free  vibrations,  these  two  vector  reactive  emfs.,  OFt  and 
OEh  Fig.  177,  are  each  inclined  at  an  angle  y  with  the  current,  and  each 
of  them  delivers  power  to  the  current.  That  is,  the  stores  of  potential 
energy  in  the  condenser  and  inductor  are  both  drawn  upon  to  supply  the 
energy  dissipated  in  resistance. 
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Rotating  Power  Diagram.  —  If  we  multiply  the  DEF  diagram,  Fig.  171, 
by  Xf/2,  at  zero  slope,  we  obtain  the  initial  vector-power  diagram  GHK. 
This  is  identical  with  the  power  diagram  ghk  previously  obtained,  except 
that  the  slope  7  is  reversed.  This  apparent  discrepancy  may  be  ex- 
plained by  remembering  that  the  GHK  power  diagram  is  obtained  with 
reference  to  velocity  standard  phase,  or  zero  slope  in  x,  whereas  the  ghk 
power  diagram  is  obtained  with  reference  to  vmf.  standard  phase  or  zero 
slope  in  Ft.  The  oscillatory  power  is  actually  developed  at  a  phase  inter- 
mediate between  Ft  and  x,  so  that,  leading  one,  it  must  lag  the  other. 

The  initial  vector  active  power  is  3333  watts  and  reactive  power  4802.5. 
We  may  rotate  the  triangle  GHK,  about  the  vertex  K,  at  the  angular 
velocity  2  ay,  as  indicated  in  Fig.  175.  The  undamped  or  circularly 
revolving  vectors  Ka,  KH  and  KG,  will  then  project  upon  the  X  axis 
the  instantaneous  values  of  undamped  active,  reactive,  and  total  power. 
Or,  we  may  use  and  rotate  the  ghk  triangle  instead,  starting  from  the 
position  indicated  in  Fig.  175.  The  undamped  power  will  oscillate 
between  the  projected  limits  0Fp%  =  +  8603.3,  and  Opi  =  -  1936.6 
watts,  respectively  the  sum  and  difference  of  the  base  and  hypotenuse 
in  the  power  triangles  GHK  and  ghk.  The  undamped  reactive  power 
will  vary  between  the  limits  +  4082.5  and  —  4082.5  watts.  The  un- 
damped active  or  dissipative  power  will  vary  between  the  projected 
limits  Opa  =  6666.6  watts.  Since,  however,  the  emf.  OEt,  Fig.  177,  also 
develops  active  power  on  the  current  equally  with  OFt,  the  total  undamped 
active  power  will  range  over  twice  this  amount,  or  13333  watts.  In- 
stantaneous projections  of  these  undamped  powers  may  be  made  on  the 
X  axis  when  the  diagram  rotates  at  angular  velocity  2  ay. 

The  damping  coefficient  of  power  to  be  applied  to  the  projected  powers 
in  Fig.  176  is,  as  already  stated  in  connection  with  Fig.  173, 

_L  _^        _£ 

(404)  e-2A*  =  e    m'  =  e    To  =  e    V 

Figure  178  shows  the  undamped  sinusoidal  values  of  the  various  quanti- 
ties in  the  system,  before  applying  the  damping  coefficients.  The  cor- 
responding diagram  of  damped  values  appears  in  Fig.  179.  It  will  be 
seen  in  the  latter  that  the  current  rises  to  a  maximum  of  3.04  amperes  in 
about  0.0006  second. 

In  Fig.  178,  the  sinusoid  u  represents  the  projection  value  of  the  rotat- 
ing vector  emf.  OFt  at  condenser  terminals.  This  appears  to  reach  1291 
volts,  but  the  damping  coefficient  actually  prevents  it  from  rising  above 
the  initial  value  of  1000.  Similarly  the  sinusoid  e  represents  the  projec- 
tion of  the  rotating  vector  OEt  of  reactance  or  self-induction.  These 
sinusoids,  u  and  e  being  out  of  phase  with  the  current,  are  divided  each 
into  two  components  uT,  ux  and  er,  eh  the  former  being  in  phase  with  the 
current,  the  latter  in  quadrature  therewith.     The  maximum  cyclic  values 
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of  ur  and  eT  will  be  816.5  volts  each,  as  in  Fig.  177,  and  the  maximum 
cyclic  values  of  ux  and  ei  =  1000  volts  each.     The  undamped  power  of 
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Fig.  178.  Curves  of  potential  difference,  current,  power,  and  energy  in 
simple  oscillating-current  circuit  containing  resistance,  leaving  damping 
out  of  account. 

the  cophase  components  %  and  ur  is  the  double-frequency  PT  of  3333.3 
watts  amplitude  about  the  zero  line  oo,  itself  elevated  3333.3  watts.  The 
power  of  i  and  eT  will  be  an  identical  sinusoid.  The  total  power  of  cophase 
components  is  thus  the  sinusoid  2  pT  of  6666.6  watts  amplitude,  about  the 
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zero  line  oo,  oo,  itself  elevated  6666.6  watts.  The  reactive  power  ex- 
pended by  the  quadrature  voltage  component  of  ux  upon  the  current  i, 
is  the  double-frequency  sinusoid  pi  of  4082.5  watts  as  at  HK,  Fig.  171. 
This  power  is  in  the  magnetic  field  of  the  reactance.  The  total  power 
exerted  by  u  upon  i  is  the  heavy  double-frequency  sinusoid  p,  of  5270 
watts  amplitude,  about  the  zero  line  oo  elevated  3333.3  watts. 
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Time.       Degrees,    Current  Phase 
Fig.  179.    Curves  of  potential  difference,  current,  power,  and  energy  in  simple 
oseillating-eurrent   circuit  containing  resistance  after  applying  damping- 
factors  to  the  ordinates  of  Fig.  178. 

The  undamped  energy  of  reactance  magnetic  flux  is  the  double  fre- 
quency sinusoid  wu  of  1.66  joules  amplitude,  about  the  zero  line  qq, 
itself  elevated  1.66  joules.  The  undamped  energy  of  dissipation  in 
resistance  due  to  uT  and  I  is  the  double-frequency  sinusoid  wT  of  1.3608 
joules,  as  in  the  Wt  diagrams  of  Fig.  171.  An  identical  sinusoid  would 
represent  the  energy  of  dissipation  due  to  eT  and  i;  so  that  the  total  un- 
attenuated  energy  of  dissipation  would  be  a  double-frequency  sinusoid 
of  2.7216  joules  amplitude.  The  total  undamped  energy  of  u  acting  on 
i  is  the  heavy  double-frequency  sinusoid  w,  of  2.151  65  joules  amplitude, 
about  the  zero  line  qq. 
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If  we  apply  the  attenuation-factors  of  Fig.  173  to  the  ordinates  of  Fig.  178, 
that  is,  multiplying  the  currents  and  voltages  by  e~At,  while  multiplying 
the  powers  and  energies  by  e~2A',  we  obtain  the  curves  of  Fig.  179.  This 
diagram  represents  the  actual  succession  of  events  in  the  oscillating- 
current  circuit.  The  potential  difference  at  terminals  falls  along  u.  The 
emf.  of  self-induction  pursues  the  opposite  curve  e.  The  current  follows 
the  heavy  line  i,  reaching  a  maximum  of  3.04  amperes  near  to  45°  of  its 
phase,  or  0.00064  second  after  release.  The  components  of  voltage  in 
phase  with  the  current  (ur  and  eT)  both  coincide  with  its  curve.  The 
quadrature  components  of  voltage  are  Ui  and  d.  The  total  component 
of  voltage  in  phase  with  the  current  follows  the  curve  marked  2  uT.  The 
power  curve  p  reaches  a  maximum  of  2200  watts  at  about  60°  of  its  phase. 
This  power  rapidly  subsides,  and  only  crosses  the  zero  line  in  feeble 
measure.     The  total  dissipative  power  is  shown  by  the  curve  2  pr. 

The  energy  in  the  inductance  follows  the  curve  wu  This  corresponds 
to  wh  in  Fig.  178,  after  applying  the  factor  e~2At.  The  total  energy  dissi- 
pated in  the  resistance,  and  the  total  energy  expended  by  the  condenser 
follow  the  curves  wT  and  w,  respectively. 

Algebraic  Scalar  Relations.  —  In  dealing  with  damped  oscillations,  it  is 
sometimes  convenient  to  refer  to  algebraic  rather  than  to  geometric  rela- 
tions. Retaining  the  electric  case,  if  we  charge  the  condenser  to  Fr  volts 
initial  potential  difference  and  discharge  it  at  t  =  0,  the  condenser  potential 
difference  at  time  t  seconds  is 

(405)  /  =  FT  esc  7  e-u  •  sin  fajt  +  7) 

=  Fte-At  ■  sin  (o)ft  +7)  dynes  or  volts, 

where  F<  is  the  size  of  the  vector  motive  force  in  the  emf.  diagram  DEF, 
Fig.  171. 

The  instantaneous  velocity  or  current  is 

F  Ft 

(406)  x  or  i  =  — rco0  esc  7  •  e~Al  •  sin  u)ft  =  —  e~At  •  sin  o)ft 

=  Iie~At  •  sinco/  amp.  or  kines, 

where 

T?  W  F         F 

(407)  It  =  77^-  =  — ^  =  —  =  —  uo  =  Fty0  amp.  or  kines. 

Jbco/      muj      zQ         s 

Retaining,  in  what  follows,  only  the  electric  unit  of  each  dual  case,  the 
instantaneous  emf.  of  inertia  or  self-induction  in  the  system  is 

(408)  e  =  Fr  esc  7  e~At  -sin  (wft  —  7)  =  F^-^-sin  (u/t  —  7)  volts. 
The  instantaneous  power  of  the  condenser  or  spring  is 

(409)  Vc  =  fi  =  ^jr  «- 2A(  j  cos  7  -  cos  (2  «/*+  7) } 

=  FJi  e~2At  sin  co/J-sin  (uft  +  7)  watts. 
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The  instantaneous  power  of  the  inductor  or  mass  is 

(410)  p,  =  ei  =  F-^ e-2^  {cos 7  -  cos  (2 uft  -  y)\ 

=  FJi  e~2At  sin  <oft  •  sin  (ooft  —  7)  watts. 

The  total  instantaneous  power  of  the  system  is 

(411)  p  =  pe  +  pi  =  FiQ  ■  *-2A<  (1  -  cos  2  cojt) 

=  h2  p  e-2A'  (1  -  cos  2  o}ft)  watts. 

The  instantaneous  elastic  energy  of  the  system,  taking  Wt  =  MN  =  mn, 
Fig.  171,  is 

(412)  wc  =  ~  e~2^    j  1  -  cos  (2  (aft  +  2T)} 

=  FFje-2^  { 1  -  cos  (2  uft  +  2  7) }  joules. 

The  instantaneous  inertia  energy  is 

(413)  wt  =  ~-  €•**  (1  -  cos  2  uft)  =  Wt  <r2A<  (1  -  cos  2  coft)  joules. 

The  instantaneous  total  system  energy  is 

(414)  w  =  wc  +  wt  =  2  Wit"2*1  Jl  —cos  (2 o)ft  +  7)  cos 7}  joules. 
The  initial  energy  in  the  system  is 

(415)  Wt  =  ^-sin27  =  2  Wt  sin2 7  =  ^  joules. 
The  total  instantaneous  dissipated  energy  is 

(416)  Wd  =  Wt  -w=^-  [sin27  -  { 1  -  cos  (2  uft  +  7)  cos 7 }   r**] 

joules. 

mT 
After  m  complete  energy  cycles,  cos  (2  <oft  +  7)  =  cos  7  and  t  =  -^-; 

so  that 

(417)  Wd  =  ^  {sin2 7(1  -  e-*mT)\  =  Wt{\  -  r***)  joules. 

The  total  energy  dissipated  in  the  first  energy  cycle  when  m  =1  and 
t  =  T/2  is 

(418)  wi  =  Wt  (1  -  e~*T)  =  Wt  (1  -  e~s)  joules. 
The  dissipation  in  the  first,  second,  third,  etc.,  energy  cycles  is 

(419)  i0i,  Wie~s,  uhe~2S,  etc.  joules. 
The  total  ultimate  energy  dissipated  is  thus 

(420)  Wt  =  10,(1  +  e~»  +  e-25  + )  =  1  ^e_s  joules. 

With  the  values  in  the  case  considered  of  Ft  =  1291,  FT  =  1000, 
c  =  4  X  10"",  W/  =  1224.75,  7  =  50°  46',  A  =  1000,  T  =  0.00513,  Wt  =  2, 
we  have  for  the  attenuation  factor  of  one  power  period,  or  semi-period 
of  potential  difference,  e~'°  =  0.005917.    The  energy  dissipated  in  resistance 
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during  the  first  energy  cycle  is  thus  2  X  0.994083  =  1.988  166  joules.  The 
second  cycle  dissipates  0.005917  X  1.988  166  =  0.0119  joule.  Each  suc- 
cessive cycle  dissipates  0.5917  per  cent  of  the  amount  dissipated  in  the 
last  preceding  cycle.  It  is  thus  evident  that  in  a  heavily  damped  oscilla- 
tory motion,  a  relatively  large  fraction  of  the  initial  energy  is  rejected 
from  the  system  in  the  first  half-cycle  of  motive  force  or  velocity,  i.e.,  the 
first  complete  energy  cycle. 

Comparative  Relations  between  Potentially  and  Kinetically  Energized 
Oscillations.  —  If  we  compare  the  vector  diagram  of  Fig.  174  of  damped 
oscillations  in  a  kinetically  energized  system  (72£/2  or  ±i2m/2)  with  that 
(Fig.  177)  of  the  same  system  potentially  energized  (FT2/(2s)  or  F//(2s)), 
with  the  same  stock  of  energy,  in  this  case  4  joules,  we  shall  see 
that  the  two  vector  diagrams  differ  from  each  other  only  in  phase. 
The  vector  system  in  the  kinetically  energized  system  of  Fig.  174  is  the 
same  as  that  of  the  potentially  energized  system  of  Fig.  178,  but  leads  the 
latter  by  (w  —  7)  in  phase.  Moreover,  whether  the  initial  stock  of  energy 
is  communicated  in  a  velocity,  or  in  the  elastic  compression  of  a  spring, 
it  is  evident  that  during  the  oscillatory  discharge,  the  energy  remaining  in 
the  system  is  rapidly  changing  between  the  kinetic  and  potential  forms, 
so  that  the  only  difference  in  the  initial  rotating- vector  system  must  relate 
to  their  phases  with  respect  to  the  axis  of  reference.  If  the  system  is 
kinetically  energized,  the  first  phenomenon  is  velocity  or  current,  and  the 
elastic  force  of  spring  compression  or  condenser  voltage  develops  in  the 
next  stage.  If,  however,  the  system  is  potentially  energized,  as  by  a 
compressed  spring  or  charged  condenser,  the  order  of  the  phenomena  at 
starting  is  reversed.  The  same  set  of  vector  diagrams  can  be  used  in 
either  case.  The  algebraic  relations  of  the  kinetically  energized  system 
thus  become  (see  Fig.  174) 

(42 1 )  /  =  —  FT  esc  7  •  t~At  •  sin  coft  =  —  Ft  ■  t~Al  ■  sin  u)ft  volts  or  dynes, 

(422)  i  =  —  Ii  •  e~A<  ■  sin  (a)ft  —  7)  amp.  or  kines, 

(423)  e  =  -  FT  esc  7  •  e~At  ■  sin  (uft  -  2  7) 

=  —  Ft  ■  €~At  •  sin  (co/t  —  2  7)  volts  or  dynes, 

where 

FT  =  Umwf  =  Ir  esc  7  •  muf  volts  or  dynes. 

The  three  vectors/,  ir,  and  e,  forming  at  all  times  an  equilibrating  system, 
rotate  rigidly  together  at  angular  velocity  w/,  commencing  at  time  t  =  0 
from  the  positions  shown  in  Fig.  174.  After  they  have  advanced  through 
an  angle  7,  they  will  occupy  the  same  positions  as  in  Fig.  178,  but  in- 
verted. After  advancing  through  180°  +  7,  their  positions  will  be  as  in 
Fig.  178  directly.  This  inversion  is  due  to  the  fact  that  when  potentially 
energized,  Ft  is  taken  as  positive,  whereas,  when  kinetically  energized,  xt 
is  taken  as  positive,  and  Ft  as  negative. 
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If  a  vibration  system  has  its  initial  stock  of  energy  partly  in  the  poten- 
tial, and  partly  in  the  kinetic  form,  the  vector  diagram  of  Fig.  178  can  be 
prepared  to  scale  for  the  potential  stock,  and  that  of  Fig.  174  to  the  same 
scale  for  the  kinetic  stock.  The  two  vector  systems  being  superposed 
with  the  same  line  OX  of  reference,  the  vector  sum  will  represent  the  vector 
state  of  the  composite  system  for  instantaneous  projections. 

Oscillatory  Displacement.  —  Since  the  elastic  force  in  the  system  is 
always  —  sx,  the  mechanical  displacement  x,  or  the  electric  charge  in  the 
condenser,  is  always  in  direct  proportion  to  this  force  /.  Hence,  if  the 
system  considered  were  the  vibrator  of  an  oscillograph,  the  angular  dis- 
placement of  the  vibrator,  as  indicated  by  the  deflected  beam  of  light  at 
any  instant,  would  be  in  direct  proportion  to  the  instantaneous  projec- 
tion of  the  rotating  vector  Ft,  Figs.  174  or  177.  In  the  case  considered, 
with  a  bluntness  B0  =0.632,  such  as  might  readily  be  developed  in  an 
oil-damped  oscillographic  vibrator,  the  photographically  recorded  move- 
ment of  the  vibrator  after  being  deflected  by  a  steady  current  which  was 
then  suddenly  interrupted,  should  correspond  to  the  curve  u,  Fig.  179, 
which  crosses  the  zero  line  near  to  t  =  0.0018  second,  and  after  reaching 
—  100  volts,  near  t  —  0.0026  second,  comes  very  nearly  to  rest  at 
t  =  0.004  second.  This  shows  that  with  such  a  vibrator,  a  transient 
wave  of  rectangular  form  would  actually  leave  a  record  of  the  reversing 
wave  form  uu.  A  vibrator  of  greater  bluntness  B0  and  damping  con- 
stant A  would  move  from  an  initial  deflection  to  rest  more  quickly  and 
directly,  but  no  mechanical  vibrator  could  pass  instantly  from  full  initial 
deflection  to  complete  rest.  In  other  words,  no  simple  mrs  vibrator  can 
ever  be  expected  to  execute  a  strictly  rectangular  wave  form  of  dis- 
placement, even  if  it  could  be  subjected  to  a  strictly  rectangular  wave  of 
impressed  force.     (See  Fig.  105.) 

Reversal  Time.  —  By  reference  to  Figs.  178  and  179,  it  may  be  ob- 
served that  in  the  potentially  energized  case,  the  elastic  force  reverses  in 
a  time  rT  =  (ir  —  t)/w/  seconds  from  the  start,  and  which  may  be  called 
the  reversal  time  of  the  force.  Thereafter  it  will  reverse  every  x/a>/  or 
T/2  seconds.  The  velocity  or  current  will  also  reverse  regularly  every 
T/2  seconds  from  the  start.  In  the  case  considered,  rT  =  0.00184  sec- 
ond, and  T/2  =  0.002565  second. 

In  the  kinetically  energized  case,  the  current  or  velocity  reverses  after 
y/oof,  or  0.00072  second  and  thereafter  every  T/2  seconds.  The  elastic 
force  /  also  reverses  regularly  every  T/2  seconds  from  the  start. 
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FREE   UNDAMPED   VIBRATION.     LIMITING   CASE   OF 
NEGLIGIBLE  RESISTANCE 

In  practice,  free  vibrations  are  always  damped  in  the  absence  of  regener- 
ative devices  or  amplifiers.  Nevertheless,  the  damping  in  some  vibration 
systems  is  relatively  small.  An  example  is  furnished  by  an  ordinary 
acoustic  tuning  fork  freely  vibrating  in  air.  Tuning  forks  can  be  made 
which,  with  a  frequency  of  15^,  fall  in  amplitude  to  1/eth  in  about  7 
seconds,  or  have  a  A  of  1/7.  The  logarithmic  decrement  of  the  damping- 
is  thus  1/(15  X  7),  or  0.01,  approximately;  so  that  the  amplitude  falls 
off  only  about  1  per  cent  in  each  cycle.  The  vector  diagrams  for  such 
vibrations  approximate  more  closely  to  those  of  undamped  vibrations  than 
to  those  of  the  heavily  damped  vibrations  discussed  numerically  in  the  last 
chapter.    The  undamped  case,  therefore,  deserves  separate  consideration. 

_,,         _  ,  „  ,  \  Displacement,  Velocity,  and  Inertia  Force } 

Phase  Relations  of  j  ^       „.      ^  . '      ,       ,  ^t,,,,,      f .  — 

(  Quantity,  Current,  and  Induced  CEMF      ) 

In  the  damped  vibrator,  we  have  seen  that  7,  being  the  slope  of  the  angular 
velocity  or  of  the  motion's  equiangular  spiral,  the  vector  displacement 
(Figs.  169  and  170)  lags  the  vector  velocity  by  (ir  —  7),  while  the  vector 
acceleration  leads  the  velocity  by  (r  —  7).  In  the  undamped  vibrator, 
7  =  7r/2  radians  or  90°,  so  that  the  phase  relations  are  those  of 
Fig.  156;  namely,  that  the  displacement  is  in  lagging  quadrature  (r/2  ra- 
dians behind)  the  velocity,  while  the  acceleration  is  in  leading  quadrature 
therewith  (tt/2  radians  ahead). 

The  angular  velocity  of  the  undamped  free  vibration  co/  is  identical  with 
o>o  =  Vs/m,  the  resonant  angular  velocity.  In  the  case  of  the  above 
mentioned  tuning  fork,  the  difference  between  cof  and  co0  would  be  less 
than  2  parts  per  million,  and  7  would  be  only  6'  short  of  90°  (7  =  89°  54'). 

Stationary  Vector  Diagrams.  —  The  ten  stationary-vector  diagrams  of 
Fig.  171  reduce  to  the  corresponding  straight-line  diagrams  of  Fig.  180, 
for  the  undamped  case.  These  are  easily  understood  by  comparison 
with  Fig.  171,  in  view  of  the  discussion  in  the  last  chapter.  The  numerical 
values  are  for  the  same  case  as  before,  but  with  r  =  0;  that  is,  m  =  0  •  1  gm., 
s  =  2-5  X  105  dynes/cm.,  Fr  =  1000  dynes.  Again,  £  =  0-1  henry, 
s  =  2-5  X  105  darafs,  FT  =  1000  volts. 
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Fig.    180.     Vector   diagrams   of   undamped   simple   mechanical   or   electric 
oscillations. 
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Fig. 181. 


Rotary-vector  diagram  of  undamped 
vibration. 


Rotative  Force  and  Velocity  Diagrams.  —  In  Fig.  180,  the  three  dia- 
grams co,  y0  and  z0  are  essentially  stationary;  but  the  remaining  five  dia- 
grams may  be  regarded  as  either  stationary  or  rotary,  like  the  corre- 
sponding diagrams  of  Fig.  171. 

Figure  181  is  a  rotary-vector  diagram  for  the  case  considered,  where 
w/  =  coo  =  1581-14   radians    per   second  =  251  -646  ~.     Here,   —  XOX 

being  the  axis  of  reference 
through  the  center  of 
rotation,  the  conditions 
are  represented  for  a 
potentially  energized  case 
at  time  t  =  0.  The 
initial  discharging  force 
is  0Fm  =  Ft  =  FT  =  1000 
volts  or  dynes.  The  initial 
inertia  force  or  ceinf.  of 
self-induction  OEm  —  Et 
=  ET  =  1000  volts  or 
dynes.  The  vector  current 
Im  or  xm  is  6.3246  kines  or 
amperes.  The  initial  value  of  this,  as  projected  on  —  XOX,  is  zero. 
The  two  rotating  vector  forces  OFm  and  OEm  are  the  only  forces  in  action, 
because  there  can  be  no  resisting  force  or  Ir  drop.  The  angular  velocity 
of  all  three  vectors  OEm,  OI m  and  OFm,  is  co0,  as  shown  by  the  arrow. 

If  the  system  is  kinetically  and  not  potentially  energized,  so  that  it 
starts  at  t  =  0,  with  an  initial  current  Im  or  velocity  xm,  and  without  initial 
force  Fm,  then  the  vector  system  of  Fig.  181  should  have  its  reference 
axis  rotated  clockwise  through  90°,  so  that  OX  should  coincide  with  Oxm. 
The  regular  rotation  of  the  vectors  at  angular  velocity  co0  will  then  project, 
on  the  new  reference  axis,  the  correct  instantaneous  values. 

Rotative  Undamped  Power  Diagrams.  —  If  we  rotate  either  of  the  two 
P  diagrams  GK  or  gk,  Fig.  180,  about  the  G  or  g  point,  at  the  angular 
velocity  2co0,  and  take  instantaneous  projections  on  the  X  axis,  we 
can  determine  the  instantaneous  power  of  the  system.  It  reaches  the 
alternate  maxima  of  +  Pt  and  —  Pt  watts.  The  vector  should  occupy 
the  position  shown  in  Fig.  180  at  time  t  =  0.  Projections  on  the  OX 
axis  will  then  give  instantaneous  values  of  the  condenser  power.  The 
inductor  instantaneous  power  can  be  obtained  by  reversing  the  rotating 
P  vector,  or  changing  its  phase  by  180°. 

Rotative  Undamped  Energy  Diagram.  —  If  we  rotate  either  of  the  two 
W  diagrams  LN  or  In,  Fig.  180,  about  the  L  or  I  point,  at  the  angular 
velocity  2  co0,  and  take  instantaneous  projections  on  the  Y  axis,  we  can 
determine  the  instantaneous  energy  in  the  condenser  and  in  the  inductor. 
These  projections  are  shown  in  Fig.  182.     Here  a  circle  LSC,  of  radius 
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SC,  equal  to  the  initial  stock  of  energy  Wm  ergs  or  joules,  is  rotated,  with 
rolling,  at  angular  velocity  2co0  up  the  Y  axis.  The  orthogonal  projec- 
tion of  the  center  S,  on  the  Y  axis, 
will  mark  times  or  time  phase 
angles.  The  orthogonal  projection 
of  the  point  C  of  the  rotating 
circle,  on  the  X  axis,  will  mark 
the  corresponding  instantaneous 
elastic  energy  Oc  =  /2/2  s.  Simi- 
larly, the  projection  on  X  of  the 
point  L  will  mark  the  correspond- 
ing instantaneous  kinetic  energy 
mx2/2,  or  £i2/2.  Finally,  the 
projection  s,  on  OX,  of  the  center 
S  in  the  rotating  and  rolling  circle, 
will  mark  the  corresponding  in- 
stantaneous half  sum  of  potential 
and  kinetic  energies,  or  what  may 
be  described  as  the  semi-system 
energy.  In  the  undamped  cases 
considered,  this  projected  semi- 
system  energy  Os  remains  constant 
at  either  1  erg,  or  1  joule. 

The  path  of  the  moving  point  C 
becomes  the  cycloid  CC,  and  the 
path  of  the  moving  point  L  becomes 
the  similar  cycloid  LLL.  These 
cycloids  differ  by  180°  in  phase. 
The  dotted  arrows  indicate  the 
successive  positions  of  the  rotating 
vectors  SC  and  SL,  for  successive 
intervals  of  30°  in  time  phase,  or 
one-twelfth  of  an  energy  cycle. 
The  first  two  positions,  as  well  as 
their  OX  projections,  are  denoted 
by  the  corresponding  small 
numerals.  This  diagram  is  the 
analogue  in  the  undamped  case  of 
Fig.  176  in  the  case  of  damped 
oscillations,  and  also  of  a  corre- 
sponding rotating  and  rolling  vector-diagram  in  the  sustained  alternating 
or  forced-oscillation  case.* 


Q    1        2  S  2 

Joules  Energy 

Fig.  182.  Rotating  and  rolling 
vector-diagram  of  the  condenser 
energy,  the  inductance  energy,  and 
the  system  energy  in  a  resistance- 
less  oscillating-current  circuit. 
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Figure  183  represents  the  instantaneous  values  of  emf.,  current,  power, 
and  energy  for  the  potentially  energized  electric  case  considered,  abscissas 
being  measured  both  in  time  and  in  time  phase,  ordinates  being  in  the  ap- 
propriate electric  units.  It  will  be  seen  that  the  heavy  sinusoid  u  of 
condenser  emf.  completes  one  cycle  within  the  diagram,  commencing 
at  t  =  0,  with  1000  volts.     The  self-induced  emf.  e  has  equal  amplitude 


Fig 


183.     Analysis  of  potential  difference,  current,  power,  and  energy  in 
simple  resistanceless  discharging  circuit. 


and  opposite  phase.  The  sinusoidal  current  i  reaches  a  maximum  of 
6.3246  amperes,  in  quadrature  with  the  emfs.  The  condenser  power  p 
is  a  sinusoid  of  double  frequency  and  3162.3  watts  amplitude.  The  in- 
ductively reactive  power  pi  is  a  similar  sinusoid  of  the  same  amplitude  and 
opposite  phase.  The  condenser  energy  w  is  initially  a  maximum  at  2  joules. 
It  is  a  sinusoid  of  double  frequency  about  the  zero  line  oo,  itself  raised 
one  joule.  The  kinetic  energy,  or  magnetic  energy,  is  the  similar  sinusoid 
Wi  of  opposite  phase. 
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Algebraic  Scalar  Relations  of  Undamped  Oscillations.  —  Taking  the 
force  as  of  standard  phase  (max.  cyclic  value  at  t  =  0),  which  would  be 
appropriate  to  the  potentially  energized  case,  we  have 

(424)  i  =  Fmy0  sin  cot,        x  =  Fmy0  sin  cot  amp.  or  kines, 

Fm  .  F   2 

(425)  pc  =  -—  y0  sin  2  cot,      pc  =  -™  y0  sin  2  cot  watts  or  abwatts, 

f?    2  f    1 

(426)  wc  =  ~~  y0  cos  2  cot,      wc  =  ---  y0  cos  2  cot  joules  or  ergs, 

4o)  4o) 

where  pc  and  wc  are  the  elastic  power  and  energy,  respectively.  The 
values  of  pt  and  wt,  the  kinetic  power  and  energy,  are  the  negatives  of 
pc  and  wc,  respectively. 

Taking  the  curent  or  velocity  as  the  standard  of  phase,  which  would  be 
appropriate  to  the  kinetically  energized  case,  we  have 


(427) 

e  —  Imz0  sin  cot,       f  =  xmz0  sin  cot 

wits  or  dynes, 

(428) 

/    2                                                   j.    2 

—  pc  =  -f-  Zo  sin  2  cot,    —pe  =  -K-  Zo  sin  2 

cot 

watts  or  abwatts, 

(429) 

—  wc  =  ~  Zq  cos  2  art,     —  wc  =  -~cL—  cos 
4a)                                    4a) 

2  cot 

joules  or  ergs, 

(435) 

72                                 x  2       . 
Pi  =  -%•  z0  sin  2  a>i,       pi  =  -^-  Zo  sin  2  a>f 

watts  or  abwatts, 

(431) 

7    2                                                 ^.2 

W;  =  -P-  Zo  COS  2  cot ,      W,  =  -P-  Zo  COS  2  0)£ 

4a>                                 4a> 

joules  or  ergs. 

The  preceding  equations  are  often  useful  in  dealing  with  damped 
oscillations  as  furnishing  first  approximations,  especially  when  the  damp- 
ing is  very  small. 

Reinforced  Oscillations.  —  In  dealing  with  a  regenerative  system,  or  a 
system  of  reinforced  vibrations,  we  assume  that  when  the  mass  m  is  given 
an  initial  displacement  x,  the  simple  harmonic  vibration  automatically  in- 
troduces a  simple  harmonic  reinforcement  into  the  system,  this  reinforce- 
ment being  capable  of  sustaining  the  vibration  in  spite  of  frictional  resist- 
ance, by  tapping  a  suitable  connected  source  of  energy.  Let  us  assume  that 
the  cyclic  magnitude  of  the  reinforcement  is  some  function  \p(x)  of  x,  the 
maximum  cyclic  displacement  of  the  mass.  The  connections  of  the  system 
are  such  that  the  reinforcement  has  a  definite  phase  with  respect  to  the 
displacement.  If  this  phase  is  favorable,  the  reinforcement  will  sustain 
the  vibration  indefinitely,  at  a  maximum  cyclic  amplitude  which  will 
depend  (1)  upon  the  phase  relation  just  mentioned,  and  (2)  upon  the 
reinforcement  function  $(x). 


362  ELECTRICAL    VIBRATION   INSTRUMENTS 

Figure  184  is  a  vector  diagram  of  the  case  drawn  in  accordance  with 
Fig.  156,  except  that  instead  of  taking  the  displacement  x  as  standard  of 
phase,  we  take  the  resilient  force  OC.  This  force  being  —  sx,  as  already 
described,  this  is  equivalent  to  a  shift  of  180°  in  the  phase  standard.  The 
resilient  force  OC  or  sx  is  now  taken  as  positive  on  the  real  axis,  the 
inertia  force  OA  is  mu>2x;  and  the  resistance  force  OD  becomes  jrux.  OF  is 
the  reinforcement,  of  size^(x),  and  lagging  j8°  in  phase  behind  the  resilient 


A'  A 

B 
Fig.  184.     Vector  diagram  of  reinforced  vibrations. 

force  OC.  Then  the  real  component  \{/{x)  cos  /3  acts  in  aid  of  the  resilient 
force,  or  causes  the  resilience  to  be  artificially  increased,  if  /3  is  less  than 
90°.  In  Fig.  184,  the  resilient  force  is  virtually  increased  from  OC  to 
OC.  In  order  to  maintain  equilibrium  between  the  resilient  and  inertia 
forces,  the  angular  velocity  co  must  increase  until  mo)2x  reaches  OA'.  The 
imaginary  component  —  j\p(x)  sin  jS  is  the  net  reinforcement  which  equi- 
librates the  frictional  force  OD  =  jurx.  Summing  up  forces  along  the 
real  axis,  we  find 

(432)  sx  +  \l/(x)  cos  /3  =  mu?x  volts  or  dynes, 

whence 
,     ^  »       s    ,  \l/(x)        _  /  radians  \2 

or 

/,.««  9  si    ^0*0        o  /radians\2 

This  means  that  if  (3  lies  between  0°  and  90°,  «  is  greater  than  the  reso- 
nant frequency  co0.  If  |8  lies  between  90°  and  180°,  co  is  less  than  co0.  In 
the  particular  case  where  /3  =  90°,  w  =  oj0. 

Summing  up  forces  along  the  imaginary  axis,  we  have 
(435)  rwx  =  \p(x)  sin  j8  volts  or  dynes. 

If  we  divide  cos  (8  from  (434)  by  sin  /3  from  (435),  we  find 
j2  —  coo2       v?  —  1 


(436)  ctn^-     2Aa}  2BqU, 

where  A  is  r/(2  m),  and  B0  =  A/to0,  as  in  preceding  Chapters.  This 
equation  is  the  same  as  (238).  It  means  that  the  value  of  B0  involved  by 
the  phase  lag  0  of  the  reinforcement  happens  to  be  identical  with  the  value 
that  is  produced  by  an  externally  and  independently  impressed  force 
acting  at  the  same  phase  displacement.     In  other  words,  so  long  as  the 
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phase  of  the  impressed  force  is  the  same  with  respect  to  the  resilient  force, 
it  is  a  matter  of  indifference  to  the  angular  velocity  produced  whether 
the  force  is  independent,  or  is  interlinked  with  the  system. 
Again,  from  (436),  we  obtain 

(437)  co2  -  2  Aw  ctn  ,3  =  co02  (radians/sec.)2, 
whence 

(438)  co  =  Vu>o2+A2ctn2p  +  A  ctn  /3  radians/sec, 
or 

(439)  u  =  Vl+^ctn2^  +  B0  ctn  (3, 

which  agrees  with  (233).  This  means  that  if  the  phase  angle  /3  of  the 
reinforcement  is  fixed  by  the  connections  of  the  system,  the  frequency 
ratio  u  selected  by  the  system  is  independent  of  the  reinforcement  func- 
tion \p(x).  If  the  reinforcement  function  is  powerful,  the  vibrations  will 
sustain  themselves  with  relatively  large  maximum  cyclic  amplitude  x, 
and  relatively  large  maximum  cyclic  velocity  x.  If  the  reinforcement 
function  is  weak,  the  vibrations  will  sustain  themselves  with  relatively 
small  x  and  x;  but  in  any  case,  the  frequency  ratio  u  =  co/co0  =  f/f0  will 
be  the  same,  and  will  be  equal  to  that  produced  in  the  system  when  it  is 
actuated  by  an  independent  force  maintaining  the  same  phase  /3. 

In  the  particular  and  most  favorable  case  when  /3  =  90°,  we  have 
u  =  1,  and  co  =  co0  =  's/s/tn;  i.e.,  the  sustained  frequency  is  identical  with 
the  resonant  frequency.  Moreover,  the  amplitude  of  the  net  reinforce- 
ment OB,  Fig.  184,  will  then  be  a  maximum. 

Consequently,  commencing  with  /3  =  0°,  the  vibrations  cannot  be 
self-sustaining.  With  the  lag  angle  /3  a  little  greater  than  0°,  feeble  sus- 
tained oscillations  are  possible  at  a  relatively  high  frequency  and  value 
of  u.  If  the  lag  angle  /3  increases,  u  diminishes,  and  x  increases  in  ac- 
cordance with  the  relation 

(440)  x  =  — max.  cy.  cm.  or  coulombs. 

rco 

When  j8  nearly  reaches  90°,  x  reaches  its  maximum.  When  0  attains 
90°,  «  =  1.  As  /3  increases  towards  180°,  u  diminishes,  and  so  also  does  x. 
When  j8  reaches  180°,  u  is  a  minimum  and  x  vanishes,  so  that  vibration 
cannot  be  self- sustained.  Between  (3  =  180°,  and  (3  =  360°,  no  vibra- 
tions can  be  self-sustained. 

If  we  assume  that  \f/(x)  is  simply  proportional  to  the  nth  root  of  x,  that 

is,  that 

_i 

(441)  \J/(x)  =  axn  dynes, 

where  a  is  a  specific  force  factor,  and  if  /3  =  90°,  we  have 

ftAn\  axn 

(442)  x  =  max.  cy.  cm., 

rco 
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max.  cy.  cm. 


(443)  *=(£)-' 
In  case  \p(x)  is  proportional  to  Vx,  n  —  2,  and  at  /3  =  90°, 

(444)  x  =  (      )  max.  cy.  cm. 

All  of  the  preceding  results  can  be  applied  to  the  case  of  the  humming 
telephone  discussed  in  Chapter  XXIII.  The  curves  in  Fig.  148  were 
computed  for  different  assumed  values  of  A,  with  n  =  2.  The  actual 
force  factor  of  the  humming-telephone  system  employed  was  not  deter- 
mined, but  the  observations  are  in  fair  agreement  with  the  theory.  The 
same  theory  applies  to  the  somewhat  more  complicated  system  of  a 
vacuum-tube  oscillator.* 

*  Bibliography  82  and  84. 
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FREE  OVERDAMPED  VIBRATION  OF  A  SIMPLE  SYSTEM. 
ULTRAPERIODIC   VIBRATION 

When  we  have  seen  in  Appendix  VI  that  a  simple  vibratory  system, 
mechanical  or  electric,  will  oscillate,  or  will  execute  cyclically  reversing 
displacements,  if  its  damping  factor  A  is  numerically  less  than  its  re- 
sonant angular  velocity  co0,  that  is,  if  its  oscillatory  bluntness  B0  is  less 
than  unity.  The  free  angular  velocity  of  the  damped  vibrations  was 
shown  to  be 

(445)  co/  =  a/coo2  —  A2  =  coo V  1  —Bo2  =  co0 sin(cos_1B0)  =coo sinY    — '-• 

If,  however,  A  exceeds  co0,  or  B0  exceeds  unity,  this  becomes 

(446)  co/  =  j  VA-^otf  =  ico0  VW^T         Cirse^ad- , 

or  the  circular  angular  velocity  co/  becomes  imaginary.  An  imaginary 
circular  angular  velocity  may,  however,  be  regarded  as  equivalent  to  a 
real  hyperbolic  angular  velocity,*  which  we  may  denote  by  ft;  so  that 

(447)  Q  =  VA2"^  =  ^VW^-1  fe^ 

sec. 

The  motion  in  the  overdamped  case  may  thus  still  be  regarded  as 
having  an  angular  velocity  in  the  generalized  sense;  but  a  simple  vibrator, 
overdamped,  no  longer  has  a  real  period  or  a  frequency.  Its  period  and 
its  frequency  become  imaginary.  Figure  185  indicates  vectorially  the 
transition  from  a  circular  to  a  hyperbolic  angular  velocity,  as  the  damping 
factor  A  increases  in  a  simple  system  of  given  resonant  co0.  This  figure 
may  be  looked  upon  as  an  extension  of  Fig.  167.  Here  the  circular  quad- 
rant OUC  is  scaled  to  have  a  radius  of  co0  =  VJJm  circular  radians  per 
second.  We  have  already  seen  that  if  A  =  0,  the  undamped  angular 
velocity  will  then  be  OU.  If  A  be  made  OA  hyps,  per  second,  a  perpen- 
dicular to  OX  from  A  will  intersect  the  quadrant  at  a.  The  vector 
co  in  Fig.  171  will  now  be  Oa  =  co0  \  y  =  A  -  jOa',  or  the  circular  angular 
velocity  will  fall  from  OU  to  Oa',  as  already  described  in  connection  with 
Fig.  167. 

*  The  writer  who  first  called  attention  to  a  hyperbolic  angular  velocity  in  the 
discharge  of  an  overdamped  £RS  system  was  A.  Macfarlane,  Bibliography  14. 
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A6  A  increases  to  OB,  the  radius  vector  advances  to  Ob  and  the  vector 

angular  velocity  be- 
comes Ob  =  coo  \  7  = 
A  -  jOb'. 

When  A  is  increased 
to  OC  =  coo,  the  radius 
vector  coincides  with 
OC  and  the  free  circular 
angular  velocity  dis- 
appears. This  is  the 
critically  damped  case, 
for  which  B0  =  1;  this 
case  will  be  considered 
in  Appendix  VIII. 

If  now  the  damping 
factor  A  is  further  in- 
creased to  OD,  the  rect- 
angular hyperbola  Cde 
may  be  drawn,  with  OC 
as  semi-axis,  and  OS  as 
asymptote.  An  ordinate 
raised  from  D  will  in- 
tersect the  curve  at  d. 
Od'  is  the  hyperbolic  angular  velocity  of  the  vibration, 
OD.    Thus  we  have 


185.      Diagram  of  free  angular  velocities 
in  periodic  and  ultraperiodic  systems. 

Then  Dd 

associated  with  the  damping  constant  A 


n  =  Va2 


Wo 


u,oVB<?  -  1, 


(448)       =  ojo  sinh  (cosh  ^Bo)  =  co0  sinh  8  =  co0  sinh  (gd  l\{/) 


hyp.  rad. 


where  8  is  the  hyperbolic  angle  of  the  sector  OCd,  in  hyp.  radians. 
Similarly,  if  A  be  increased  to  OE,  the  hyp.  angular  velocity  is  correspond- 
ingly increased  to  Oe',  associated  with  the  damping  constant  OE. 

In  Fig.  185,  if  we  draw  a  straight  line  from  C  to  d',  the  circular  angle 
Cd'd  may  be  denoted  by  \[>,  for  the  hyp.  sector  COd*  This  is  called  the 
gudermannian  angle,  or  gudermannian,  of  the  sector,  and  is  usually 
written 


(449) 


cir.  radians. 


As  is  explained  in  textbooks  on  hyperbolic  functions,  the  gudermannian 
of  any  hyperbolic  angle  6  increases  from  0  to  7r/2  circular  radians,  or 


*  This  particular  geometric  method  of  finding  the  gudermannian  of  a  hyp. 
sector  is  due  to  the  late  Dr.  G.  F.  Becker. 
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from  0°  to  90°,  as  8  increases  from  zero  to  infinity.  It  is  connected  with 
8  in  very  remarkable  but  well-known  ways;  namely, 

(450)  sin  \p  =  tanh  8 

(451)  cos  \p  =  sech  0 

(452)  sec  ip  =  cosh  8 

(453)  tan  ^  =  sinh  8. 

Thus  the  sine,  cosine,  and  tangent  of  a  hyperbolic  angle  can  be  found  from 
the  ordinary  trigonometric  tables  of  circular  angles,  by  first  finding  the 
gudermannian  belonging  to  8.  Conversely,  8  may  be  defined  in  terms  of 
\p,  by  (449),  in  the  notation 

(454)  8  =  gd-i\p  hyps. 

It  is  often  convenient  to  use  this  notation  and  mode  of  thought, 
because,  if  we  can  readily  assign  the  value  of  the  gudermannian  \p  in 
Fig.  185,  we  do  not  need  to  construct  the  hyperbola  Cde,  in  order  to  find 
the  hyperbolic  angle  8. 

We  may  readily  find  the  gudermannian  \p  in  any  ultraperiodic  case, 
where  co0  and  A  are  known.  In  Fig.  186,  at  diagram  12,  draw  op  equal 
to  A,  say  along  the  OX  axis,  and  in  the  XY  plane.  Construct  upon  op 
the  semicircle  oqp.  Mark  off  with  center  o,  a  chord  oq  equal  to  co0.  Then 
qp  will  represent,  to  scale,  the  size  of  the  hyperbolic  angular  velocity  12, 
for  the  vibration  considered.     We  then  have 

(455)  12  =  \/A2  —  coo2  =  coo  sinh  8  =  «0  tan  \p  =  co0  ctn  \f/' 


hyps. 


Moreover,  in  the  right  triangle  oqp,  the  angle  qop  is  yp,  the  guder- 
mannian of  the  corresponding  hyperbolic  angle  in  Fig.  185.  The  oppo- 
site angle  qpo  is  \p' ,  the  gudermannian  complement.  As  A/co0  =  B0 
increases  from  1  to  infinity,  it  is  evident  that  from  the  construction  that 
ip  increases  from  0  to  ir/2  radians,  and  \p'  diminishes  correspondingly 
from  7r/2  to  0. 

It  may  be  observed  that  a  simple  vibration  system  as  previously 
defined,  when  overdamped,  may  be  regarded  conveniently  as  having  a 
hyperbolic  angular  velocity  £2,  and  this  is  not  periodic.  In  more  com- 
plicated dynamic  systems,  however,  cases  present  themselves  in  which 
12  is  a  complex  hyperbolic  angular  velocity,  with  periodic  intervals  of 
2  ttj.  The  general  case  of  overdamped  vibratory  motion  may  thus 
include  periods;  although  the  simple  vibratory  system  here  considered, 
when  overdamped,  has  no  periods.  It  seems  therefore  more  rational  to 
describe  underdamped  motion  as  periodic,  overdamped  as  ultraperiodic, 
and  the  intermediate  limiting  case  of  A  =  co0  as  aperiodic.  We  shall  use 
these  terms  accordingly.  Most  writers,  however,  describe  aperiodic 
motion  as  including  all  cases  in  which  A  is  greater  than  co0;  or  in  which  no 
circular  angular  velocity  occurs. 


368 


ELECTRICAL   VIBRATION    INSTRUMENTS 


Figure  186  gives  a  set  of  ultraperiodic  stationary- vector  diagrams  cor- 
responding to  Figs.  158a,  171,  and  180  for  the  periodic  case.  The  S2 
triangle  has  been  worked  out  for  the  particular  case: 

m  =  0.1  gm,    s  =  0.25  X  106  dynes/cm.,    r  =  500  dynes/kine, 
p  =  250  dynes/kine, 
or  £  =  0.1  henry,       s  =  0.25  megadaraf,       r  =  500  ohms, 

p  =  r/2  =  250  ohms. 


Ul 


g*A 


Fig.  186.     Ultraperiodic  motion  diagrams. 

Here  co0  =  1581.14  cir.  radians  per  second,  A  =  2500  hyp.  radians  per 
second.  As  explained  in  connection  with  Fig.  185,  we  draw  op  to  scale 
to  represent  A  =  2500,  and  in  a  semicircle  on  op  as  diameter,  draw  the 
chord  oq  to  represent  co0.  The  chord  pq  then  represents  the  hyperbolic 
angular  velocity  of  the  motion,  or  1936.49  hyps,  per  second.  The  angle 
yp  is  50°  46'  6",  and  happens  to  be  the  same  as  the  angle  y  in  the  triangles 
of  Fig.  171.  It  is  the  gudermannian  of  the  hyperbolic  angle  0,  in  the 
construction  of  Figs.  185  and  186.  Whereas  the  triangles  of  Fig.  171  are 
plane-vector  triangles  and  subject  to  the  arithmetic  relations  of  com- 
plex quantities,  the  triangles  of  Fig.  185  are  of  scalar  significance  only. 
There  are  many  analogies,  however,  between  the  two  series. 
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Ultraperiodic  Admittance.  —  If  we  multiply  the  Q  triangle  of  Fig.  186 
by  c  =  1/s,  we  obtain  the  similar  triangle  abc  of  admittance.  The  side 
ac  measures,  to  a  suitable  scale,  the  surge  admittance  y0  of  the  periodic 
state;  in  this  case  6.3246  millimhos.  The  side  ab  scales  the  conductance 
g  =  Ac.     The  side  be  scales  the  susceptance  yf  =  Uc  =  7.746  millimhos. 

Initial  Current  or  Velocity.  —  Multiplying  the  y  triangle  by  Fiy  the 
initial  motive  force,  we  obtain  the  triangle  def.  The  side  df  scales  the 
initial  radius  vector  current  xt  or  It.  The  side  de  scales  the  compo- 
nent Ftg  =  8.165  amperes.  The  side  ef  scales  the  reactive  component 
IT  =  6.3246  amperes. 

Ultraperiodic  Impedance.  —  Multiplying  the  ft-1  triangle  by  s,  we 
obtain  the  impedance  triangle  z.  The  base  AB  is  p.  half  the  total  resist- 
ance in  the  system.  The  side  AC  scales  the  surge  impedance  z0  =  vms. 
The  side  BC  then  scales  the  quantity  mSl  which  may,  by  analogy,  be  called 
the  ultraperiodic  reactance. 

Initial  Motive  Force.  —  The  DEF  triangle  is  obtained  from  the  z  tri- 
angle by  multiplying  with  It  or  xt,  the  initial  radius-vector  current  or 
velocity.  The  side  DF  then  scales  the  initial  radius-vector  motive  force, 
the  side  DE  the  initial  voltage  expended  on  p,  the  semi-resistance,  the 
side  EF  the  initial  voltage  expended  on  the  reactance  £12 

Ultraperiodic  Vector  Diagram  for  Potential  Energy  Case.  —  Figure  187 
indicates  the  vector  diagram  for  an  ultraperiodic  case  of  a  mechanical  or 
electric  system  energized  potentially,  or  by  displacement,  and  released 
at  the  instant  represented  (t  =  0).  The  lower  rectangular  hyperbola 
c'B'Afc  has  the  semi-axis  OA,  and  asymptotes  Os',  Os'.  The  upper 
curve  c'b'abc  is  the  other  half  of  the  complete  hyperbola.  The  upper 
curve  E'DE  is  also  a  rectangular  hyperbola  drawn  to  the  same  asymptotes 
Os,  Os;  but  with  semi-axis  OD. 

At  the  moment  t  =  0,  or  initial  instant  of  a  system  potentially  energized, 
as  by  spring  compression,  and  suddenly  released,  there  are  three  vector 
forces  to  consider;  namely  OFit  the  initial  vector  motive  force  that 
starts  the  motion  or  discharges,  OG,  the  vector  inertia  force,  and  OD,  the 
vector  force  of  frictional  resistance  —  xtr. 

The  vector  initial  force  Ft  makes  a  hyperbolic  angle  8  as  obtained  in 
Fig.  185,  with  the  axis  OA.  The  angle  AF'Ft  is  the  gudermannian  ^, 
corresponding  thereto.  The  vector  OG  is  the  initial  counterforce  of 
inertia.  The  two  initial  vectors  OFt  and  OG  are  equally  inclined  to  the 
axis  OA,  which  is  the  direction  of  the  initial  vector  velocity  Xt.  Opposite 
to  OA  is  the  initial  vector  retarding  force  OD  or  —  rxt. 

The  three  vector  forces  OFt,  OG  and  OD,  lying  in  the  plane  XOY,  are  in 
equilibrium.  All  three  rotate  about  the  center  0  with  the  uniform  hyper- 
bolic angular  velocity  ft  hyps,  per  second,  in  the  directions  of  the  arrows. 
The  extremities  of  the  vectors  OG  and  OFt  lie  on  the  hyperbola  c'Ac, 
while  the  extremity  of  OD  lies  on  the  hyperbola  E'DE.     Each  vector 
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describes  equal  areas  in  equal  times.  The  projections  of  these  vector 
extremities  on  the  axis  —  XOX  mark  the  instantaneous  values  of  the 
three  vector  forces.  Thus  at  time  t  =  0,  OF'  is  the  projection  of  the 
initial  vector  motive  force,  while  OG'  is  the  projection  of  the  inertia  force. 
The  initial  projection  of  OD  is  at  zero. 

Y 


187.     Rotary-vector    diagram    of    ultraperiodic    vibration    potentially 
energized. 

At  a  later  instant,  vector  OFt  will  have  reached  Of,  while  vector  OG 
will  have  crossed  the  axis  and  reached  Og.  At  the  same  moment  vector 
OD  will  have  reached  Od.  These  three  vectors  continue  to  maintain 
equilibrium.  Their  projections  will  be  /',  g'  and  d'  respectively.  The 
sum  of  these  projections  will  continue  to  be  zero. 
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The  rotary-vector  diagram,  Fig.  187,  for  hyperbolic  damped  angular 
velocity  ft,  corresponds  to  rotary-vector  diagram,  Fig.  177,  for  circular 
velocity  wf.  In  each  case,  the  damping  coefficient  e~At  has  to  be  ap- 
plied at  the  instantaneous  value  of  t.  The  projections  OF',  Of,  etc.,  go 
on  increasing  indefinitely  with  time,  as  the  vector  OF  advances  over  the 
hyperbola  Afc;  but  the  effect  of  the  factor  e~At  on  these  projections  is 
always  to  bring  them  steadily  back  towards  0. 

Not  only  therefore  are  the  three  hyperbolically  rotating  vectors  OG, 
OFi}  and  OD  in  continuous  equilibrium,  but  the  sum  of  their  projec- 
tions at  any  instant,  such  as  Og',  Of,  Od'  retains  equilibrium.  The  same 
is  true  after  the  damping  coefficient  e~M  has  been  applied  to  all  three 
of  them.     The  damped-vector  system  rapidly  shrinks  to  the  center  0. 

An  examination  of  Fig.  187  will  show  that  the  velocity  x,  or  current  /, 
never  changes  sign,  since  the  vector  OD  always  moves  in  the  same  direc- 
tion over  its  hyperbola.  Its  projected  size,  however,  after  applying  the 
damping  coefficient  e~At,  rises  to  a  maximum,  and  then  dwindles  to 
zero,  —  after  an  indefinitely  long  period.  The  elastic  motive  force  of 
the  spring  acting  on  the  system  —  or  its  electric  prototype,  the  emf .  of  the 
condenser  —  likewise  keeps  the  same  direction  throughout  the  discharge. 
The  inertia  force,  however,  or  cemf.  of  self-induction,  does  change  sign. 
It  reverses  at  the  instant  when  the  vector  OG  crosses  the  axis  OA. 

It  may  be  observed  that  in  forced  oscillations,  or  in  the  alternating- 
current  circuit,  the  vector  force  of  inertia,  or  emf.  of  self-induction, 
is  always  in  quadrature  with  the  vector  of  velocity  or  current,  and 
therefore  there  is  no  continuous  work  done  by  one  upon  the  other.  In 
free  vibration,  however,  whether  periodic  or  ultraperiodic,  it  is  evident 
from  Figs.  177  and  187,  that  the  vector  inertia  force  is  inclined  to  the 
vector  current  at  an  acute  angle,  so  that  the  former  continues  to  work 
on  the  latter  during  the  discharge. 

The  hyperbolic  vector  diagram  is  presented  in  Fig.  188  for  the  particular 
electric  or  mechanical  case  already  specified,  retaining  the  electric 
analogue.  Here,  the  4  /if  condenser  is  charged  to  a  potential  difference 
Ut=  FT  =  1000  volts,  and  discharged  through  r  =  500  ohms^  and 
£  =  0.1  henry,  at  t  =  0.  It  will  be  observed  that  the  triangle  ltU<P,  is 
the  same  as  the  DEF  triangle  of  Fig.  186.  The  angle  \p  of  50°  46'  06"  is 
the  gudermannian  of  the  angle  0  =  1.03172  hyps.,  or  6  =  ^(oO0  46'  06"). 
From  Tables  of  real  hyperbolic  functions,  this  value  of  9  can  be  found 
without  depending  upon  the  graphic  accuracy  of  Fig.  188,  where 
cosh  0  =  1291/816.5  -  1.5811,  and  sinh  0  =  1000/816.5  =  1.2247,  whence, 
by  Tables,  0  =  1.03172  It  is  easy  to  see  that  at  time  t  =  0,  the  pro- 
jected or  undamped  value  of  the  condenser  potential  difference  is  OUt  = 
816.5  sinh  0  =  816.5  X  1.2247  =  1000  volts,  which  is  the  initial  condenser 
potential  difference  FT,  Fig.  186.  At  any  subsequent  time  t  seconds,  the 
undamped  projected  value  is  816.5  sinh  (Qt  +  0),  where  ft£  is  the  hyperbolic 
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angle  through  which  the  vector  OUi  "will  have  moved  along  the  hyperbolic 
during  the  interval.  In  the  first  three  ten-thousandths  of  a  second, 
the  arrowheads  1'  2'  3'  indicate  these  corresponding  positions  of  the 
radius  vector.  Applying  the  damping  factor  t~At  to  their  projections, 
the  corresponding  actual  condenser  potential  differences  will  be  01,  02, 


Fig.  188.  Rotative  vector-diagram  of  a  non-oscillating  current  or  ultra- 
periodic  circuit  containing  overdamping  resistance.  Instant  of  release  of 
condenser  charge. 

and  03,  along  OX,  at  these  instants.  Or  applying  the  damping  factor 
to  the  radius-vector  itself,  we  could  derive  the  damped  hyperbolic  spiral 
curve  Vh  V,  2',  3',  corresponding  to  the  equiangular  spiral  in  Fig.  177, 
and  project  the  damped  values  directly  from  this  curve  on  the  X  axis. 
After  about  eight  ten  thousandths  of  a  second  have  elapsed,  this  damped 
hyperbolic  curve  sensibly  coincides  with  the  asymptote  OA'. 
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The  initial  vector  0Et  is  drawn  in  Fig.  188  to  match  0U%.  It  advances, 
as  time  goes  on,  along  the  hyperbola  towards  Ii}  by  the  arrowhead 
steps  1,  2,  3,  etc.  After  5_such  ten-thousandth  second  steps,  the  vector 
crosses  the  semidiameter  OIh  and  its  projection  on  the  A'  axis  will  change 
sign.  The  damped  curve  1'  2'  3'  is  also  indicated.  The  emf.  of  self- 
induction,  which  at  first  opposes  the  current  in  the  system,  will  thus 
reverse  and  subsequently  help  to  propel  the  current,  although  in  a  stage 
where  its  size  has  become  much  reduced. 

The  initial  frictional-force  vector  —  Itr  is  shown  reversed,  or  below  the 
X  axis  in  Fig.  188,  in  order  to  save  space.  It  is  made  to  move  clockwise 
to  simulate  the  effect  of  reversal  in  direction.  Its  instantaneous  positions 
in  the  damped  curve  and  these  projections  on  the  X  axis  are  indicated. 

If  we  fit  the  def  triangle  of  Fig.  186  into  the  space  liUiO,  Fig.  188,  we 
find  that  the  initial  vector  value  of  the  discharging  current  01 \  is  5.164 
amperes,  and  its  initial  projection  on  Ar  is  zero.  This  current  vector 
also  moves  along  the  hyperbola  in  the  direction  H',  with  angular  velocity 
il.  Its  damped  projection  along  OX  undergoes  no  change  in  sign.  Its 
size  may  be  inferred  from  the  projection  of  —  Itr. 

Algebraic  Scalar  Relations  of  Ultraperiodic  Motion.  —  The  algebraic 
values  of  u,  e,  and  i  may  be  written  down  from  an  examination  of  Fig.  188. 
They  correspond  to  formulas  (405)  to  (40S)  of  the  periodic  case. 

The  instantaneous  actual  condenser  potential  difference  is 

(456)  f  =  FT  ctn^-e-A'-sinh(Q*  +  6)  =  F^-sinhp  +  0) 

=  Ft  e~to  •  sinh  (Qt  +  gdr  ^)  volts, 

where  FT  is  FE,  the  initial  actual  potential  difference,  and  Ft  the  size  of 
DF  the  semi-axis  vector  potential  difference  of  Fig.  186,  or  816.5  volts. 

(457)  i  =  It  ■  e_Ar  •  sinh  Qt  amperes, 

where 

F         U        Fi      lh 

(458)  7,  or  xt  =  — £  =  -^  =  —  =  —  amperes. 

It  scales  df  or  5.164  amperes,  Fig.  186. 
The  instantaneous  actual  emf.  of  self-induction  is 

(459)  e  =  FT  ctn  \p  ■  e"^  •  sinh  (PJ  -  6)  =  F,  ■  e_A<  •  sinh (9.t  -  d)  volts. 
The  instantaneous  power  of  the  condenser  in  the  system  is 

(460)  p=fi=  FJi  ■  e~2*  ■  sinh  fif  •  sinh  (Qt  +  9)  watts. 

It  may  be  noted  that  the  cemf.  e  changes  sign,  or  reverses,  when 

(461)  Qt  =  6  hyps, 
so  that  the  time  required  to  reverse  the  cemf.  is 

(462)  t,  =  5  seconds. 
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This  reversal  time  is  an  important  property  of  the  ultraperiodic  system. 

In  the  case  considered  it  is 

1  03179 

Jg™-  0.0005328  second. 

No  second  reversal  occurs.  The  reversal  in  e  occurs  simultaneously  wi^h 
the  recession,  or  passage  of  i  through  a  maximum.  It  corresponds  to  the 
reversal  of  current  in  the  kinetically  energized  ultraperiodic  case. 

The  apparent  resistance  of  the  circuit  to  the  discharging  potential 
difference  is,  from  (456)  and  (457) 


(463) 


/ 

2  =  - 

I 


p  +  m  ctnh  Qt 


ohms. 


This  impedance  is  always  real.     It  commences  at  an  infinite  value,  and 
tends  rapidly  to  the  value  (p  +  £ft)  ohms. 


\ 

3- 

> 

1000 

> 

f\ 

O 

a 

\\ 

u 

700 
600 
500 
400 
300 
200 
100 

, 

\ 

ft 
o 

f 

\\ 

st 

Q 

^ 

V* 

& 

^ 

<» 

/ 

^ 

v 

c 

(3 

\ 

X 

5~" 

\ 

f 

V 

J- 

c 

-100 

§ 


Time   t    Seconds 
Fig.    189.     Ultraperiodic   motion   for  potentially    energized   system  having 
constants  s  =  250,000,  m  =  0.1,  r  =  500,  o>0  =  1581,  0=  1.0317,  A  =  2500, 
a  =  1936,  +  =  50°  46',  BQ  =  1.581,  FT  =  1000,  r,  =  0.00053. 

Algebraic  Scalar  Relations  obtained  from  Exponentials.  —  We  have 
derived  the  values  of  the  ultraperiodic  forces  current  and  power  from  the 
hyperbolic  analogue  (Fig.  187)  to  the  circular  vector  diagram  (Fig.  177). 
They  are  usually  derived,  however,  from  the  fundamental  equation 
(464)         q  or  x  =  Ae-HA-^i)  +  i?e-«(A+fi)  coulombs  or  cm. 

which  is  also  a  solution  of  the  fundamental  differential  equation.     For 
the  case  of  initial  potential  energy, 

q  =  Q  =  Frc  =  Fr/s, 
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and  i  =  q  =  0,  at  t  =  0.     Consequently 

(465)  /  =  |^  (A  +  Q)e-«A-Q>  -  |x  (A  -  fi)e-«A+Q)  volts, 

(466)  i  =  jri^-  i-t(A~n)  -  ^coo2  •  c-«a+Q)  amperes, 

(467)  e  =  |^  (A  -  0)e-««A-Q)  _  li  ( A  +  Q)e-«A+0>  volts ; 

or,  in  the  case  considered, 

(468)  /=  1145.5  «-iCA-0)_  145.5  e-"A+G)  volts, 

(469)  i  =  2.582  6-«a-Q)  -  2.582  e-«A+0>  amperes, 

(470)  e=  145.5 e-'^-a  -  H45.5 e-'(A+«)  volts. 

The  hyperbolic  formulas  (456)  to  (459)  are  probably  easier  to  use  in 
computations,  except  for  large  hyperbolic  angles  and  values  of  t. 

Figure  189  gives  the  values  of  /,  e,  i,  and  ir  for  the  case  considered, 
taking  either  set  of  formulas.  It  will  be  seen  that  the  condenser  potential 
difference  /  falls  at  first  slowly  for  the  first  few  ten-thousandths  second, 
then  rapidly,  and  finally  very  slowly  towards  zero. 

The  curve  of  i  or  of  ir  is  the  differential  curve  of  /.  It  reaches  a 
maximum  value  at  0.00053  second,  the  reversal  time  for  the  system. 
The  curve  of  e  commences  at  the  initial  value  of  /,  but  falls  more 
rapidly,  changes  sign  at  0.00053  second,  and  then  slowly  ascends  to  zero. 
The  e  curve  is  a  first  derived  curve  of  the  ir  curve,  or  a  second  derived 
curve  of  the  /  curve. 

Kinetically  Energized  Ultraperiodic  System.  —  Just  as  in  the  periodic 
case,  the  initial  vector  diagram  Figure  174,  for  the  kinetically  energized 
system  differs  only  in  phase  from  that  (Fig.  177)  for  the  potentially 
energized  system,  so  in  the  ultraperiodic  case,  the  two  hyperbolic  vector 
diagrams  differ  only  in  phase,  if  the  initial  stock  of  energy  is  the  same. 

A  set  of  connections  for  the  electric  case  are  shown  in  Fig.  191.  A  low- 
resistance  reactor  is  energized  by  the  battery  E  through  the  ammeter  A. 
At  time  t  =  0,  the  switch  S  is  suddenly  and  sparklessly  opened. 

The  case  of  the  same  ultraperiodic  circuit  or  mechanical  system  that  has 
already  been  considered  is  presented  by  initial  vector  diagram  in  Fig.  190. 
It  corresponds  to  Fig.  174  for  the  periodic  case.  The  vector  current  OB 
makes  a  hyperbolic  angle  6  hyps,  with  OA,  the  semi-axis  of  the  hyperbola 
HAH'.  The  vector  emf.  of  inertia  OG  makes  a  hyperbolic  angle  of 
2d  hyps,  with  OA.  The  vector  OD  of  Ir  is  in  opposite  phase  to  OB. 
The  initial  vector  of  condenser  potential  difference  starts  on  the  semi-axis 
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Fig.  190.     Rotary-vector  diagram  of  ultraperiodic  vibration  kinetically 
energized. 

OA.    As  time  goes  on,  both  It  and  Et  will  cross  the  semi-axis  OA,  and 

their  damped  projections  on  the  OX 
axis  will  reverse  in  sign.  The  pro- 
jection of  Ft  will  not  reverse  in  sign. 
After  a  lapse  of  time  t  equal  to  the 
reversal  time  rr  =  6/9,,  the  vectors  of 
the  system  will  all  coincide  with  the 
reverse  of  Fig.  187,  or  the  inverse  of 
Fig.  190  will  coincide  with  Fig.  187, 
showing  that  the  essential  difference 
between  the  two  diagrams  is  a 
matter  of  phase  only,  after  taking 
into  account  the  fact  that  /  should 
be  reckoned  as  negative  in  the  case 
of  Fig.  190,  since  it  opposes  a  + 
current  discharge,  while  in  the  case  of 
Fig.  187,  /  is  positive,  since  it  propels 
the  +  current  discharge. 


Fig.  191.  Diagram  of  connec- 
tions for  kinetically  energizing 
a  simple  £RS  circuit  with  an 
initial  current  by  ammeter  A, 
before  suddenly  opening  at 
switch  S. 


APPENDIX    VII 


37' 


Algebraic  Scalar  Relations  of  Kinetically  Energized  Ultraperiodic 
System.  — Referring  to  Fig.  190  for  the  damped  projections  of  the  hyper- 
bolically  rotating  vectors,  we  have, 

(471)    f  =  -  Irz0ctn\P-6-u-smhttt=  -  Fi-e-^-sinhttt  volts, 
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Fig.  192.     Ultraperiodic   motion   for   kinetically   energized   system   having 


the  same  constants  as  in  Fig.  189.     1T  or  xT 


1.3246. 


amperes, 
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(472)  i  or  X  =  -  Iv  e~Al  ■  sinh  (ttt  -  6)  =  -  IT  ctn  \p  e~A*  ■  sinh  (fif  -  0) 

amperes, 
where 

U        F        Ut      F- 

(473)  L  =  -^k  =  —k  =  —  =  —  =  IT  ctn  \p  amperes 

£12      mil       z0       z0 

(474)  e  =  - ITz0 ctn yp ■  e~" ■  sinh  (Ut-2  6)=-Fi- e'** ■  sinh (Qt -2  6)  volts, 
7r  being  the  initial  actual  current  of  discharge.     See  (456) -(459). 

The  equivalent  exponential  expressions  are  found  from  (464),  by- 
taking  q  =  0  when  t  =  0,  and  q  =  i  =  —  Ir  when  t  =  0.     These  give 

(475)  /=  _^-{e-<(A-fl>_e-*CA+Q)}  Volts, 

(476)  i  =  Jr  ^.-J^-o,  _  (4+0)f-,*+Q>! 

(477)  e  =  -|^  j(A-  12)2e-'(^-»)  -  (A  +  fi)2e-'(^+")[  volts. 

If  we  plot/,  e,  i,  and  ir  as  ordinates  against  time  as  abscissas,  we  obtain 
the  graphs  of  Fig.  192.  Here  e  and  ir  both  commence  at  the  value  3162 
volts.  The  current  i  commences  at  6.3246  amperes,  which  conveys  the 
same  initial  stock  of  energy  (2  joules)  as  in  the  preceding  case  of  1000 
volts  p  jtential  difference. 

At  the  reversal  time  0.00053  second,  the  current  i,  and  the  potential 
difference  reverse.  The  inertia  force  e  does  not  reverse  until  twice  the 
reversal  time  has  elapsed. 

In  this  case,  the  system  dissipates  energy  more  rapidly  from  the  kinetic 
start  than  from  the  potential  start,  the  residual  current,  after  say  0.002 
second,  being  decidedly  less  than  at  that  elapsed  time  in  Fig.  189. 

It  is  evident  from  a  consideration  of  Figs.  190  and  192  that  it  is  inaccu- 
rate to  assert  that  the  current  cannot  reverse  in  an  overdamped  discharge. 
The  current  and  cemf.  both  reverse  in  the  case  of  Figs.  190,  191,  and 
192.  The  cemf.  reverses  in  the  case  of  Figs.  188  and  189.  The  elastic 
force  /  alone  retains  the  same  direction  throughout. 

Any  ultraperiodic  case  of  mixed  potential  and  kinetic  energization  can 
be  dealt  with  quantitatively  by  showing  each  part  separately,  and  then 
adding  the  component  results. 
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When  p,  the  semiresistance  of  the  system,  is  just  equal  to  the  surge 
resistance  z0  =  V£/c  =  Vms,  the  oscillatory  bluntness  B0  =  1,  and  the 
system  is  aperiodic,  or  intermediate  between  the  periodic  and  ultra- 
periodic  states.  There  is  then  neither  a  circular  angular  velocity  o)f, 
nor  a  hyperbolic  angular  velocity  &. 

Since  a  plane  intersecting  a  right  cone,  in  passing  from  the  position 
where  the  curve  of  intersection  is  a  circle  to  that  where  the  curve  of  inter- 
section is  a  hyperbola,  must  pass  through  a  position  where  it  is  a  parabola, 
it  might  be  surmised  that  since  a  circular  angular  velocity  applies  to  the 
periodic  case,  and  a  hyperbolic  angular  velocity  to  the  ultraperiodic  case, 
a  parabolic  angular  velocity  may  apply  to  the  intermediate  aperiodic 
case,  with  a  corresponding  parabolic  vector  diagram.  Such  a  diagram 
has  indeed  been  proposed.*  It  will  suffice  for  our  purposes,  however,  if 
we  treat  the  aperiodic  state  as  the  limiting  case  either  of  the  periodic 
state  on  the  one  hand,  or  of  the  ultraperiodic  state  on  the  other.  In 
following  each  of  these  limiting  cases  we  may  derive  the  same  results. 

Aperiodic  System  Potentially  Energized,  as  Limiting  Case  of  Periodic 

System. — When  in  the  a>  diagram  of  Fig.  171,  we  make  the  limiting 

value  of  wo  approach  A,  the  diagram  nearly 

degrades  into   a   single   straight    line.     In      r  .\        A    .^zzzU'-y 

Fig.    193,  this  diagram  is   presented  in  a  r'      "D  Q 

preliminary  stage,  with  u>f  small  but  still     Fig.  193.     Aperiodic  case  as 

easily  recognizable.      In  the  limiting  case         limiting  condition  of  o.  c. 

the  value  of  A  =  co0  may  be  indicated  as  A0.         ™cmt'  when  *  =  "0"  Sta_ 
,  ,    .  i  T„  tionary       vector-diagram 

The  angle  y  shrinks  to  zero.     If  we  con-         0f  Wo 

sider  a  simple  mrs  or  £RS  system,  poten- 
tially energized  by  bending  and  releasing  the  spring  in  the  one  case,  or 
charging  the  condenser  and  closing  its  circuit  in  the  other,  we  may, 
following  (405),  write  the  instantaneous  elastic  force  in  the  form 

(478)  /  =  FT  ■  esc  7  •  e  -  A?  •  sin  (co/f  +  7)  dynes  or  volts, 
where  Fr  was  the  actual  initial  force  at  t  =  0.     Here  we  may  substitute 
(see  Fig.  193)  1/7  for  esc  7,  and  A07  for  uf.     Moreover,  since  (uft  +  7) 
is  a  small  angle,  we  may  substitute  (coft  +  7)  for  sin  (coft  +  7).     Con- 
sequently (478)  becomes 

(479)  /=  -r  •e-^(Ao7«-f-7) 

7 

=  Fr-e~^<  (AJ  +  1)  =  FT-e-^  (Uot+l)  volts  or  dynes. 

*  Macfarlane,  Bibliography  14,  p.  179. 
379 
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Similarly,  we  obtain  from  (406)  and  the  formulas  which  immediately 
follow  it,  the  displacement 

F 

(480)  x  = -e-^  (A0t  +  1)  cm.  or  coulombs. 

The  velocity  is 

V  w 

(481)  x  =  — r  A<?t •  e-Aot  =-Tt-  e-^  kines  or  amp. 

s  m 

The  resistance  counter  force  is 

(482)  -  xr  =  -2Fr-A0t-e-^  dynes  or  volts. 
The  inertia  counter  force  is 

(483)  e  =  —  xm  =  Fr-e~^  (A0t  -  1)  dynes  or  volts. 

It  may  be  noted  that  in  these  expressions  for  /,  x,  xr  and  e,  undamped, 
or  before  applying  the  damping  coefficient  e-A°<,  all  add  equal  increments 
in  equal  times. 

The  instantaneous  power  developed  by  the  spring  or  condenser  is 

F2 

(484)  pc=fx  =  —  -e-2^  .t(Ad  +  1)  abwatts  or  watts. 

The  instantaneous  power  of  the  reactive  inertia  force  is 

F2 

(485)  pm  =  —  ex  =  xmx  =  —  -e-2^1 -t(A0t  —  1)  abwatts  or  watts. 

The  dissipatory  power  of  resistance  is 

2  F 2 
(485a)       x2r  =  pc  +  pm  =  — T-Aot2-e-2**  abwatts  or  watts. 

The  velocity  x  or  current  i  reaches  a  maximum,  according  to  (481),  when 
t  =  1/Ao  =  1/coo  =  to  sees,  when  A0£  =  1,  and 

p  f 

(486)  x  =  —  •  to-  e  x  =  —  A0  e_1  kines  or  amp., 

where  to  is  the  oscillatory  time  constant  ra/p  or  £/p  seconds.  The  elastic 
force/  diminishes  towards  zero  without  change  of  sign.  The  inertia  force 
e  reverses  direction,  however,  at  t  =  r0,  and  thereafter  propels  instead  of 
opposing  the  current.  Hence  in  an  aperiodic  system,  the  reversal  time 
7>  is  equal  to  r0.  In  the  case  considered,  rr  =  t0  =  0.000632  second. 
Aperiodic  System  Potentially  Energized  as  Limiting  Case  of  an  Ultra- 
periodic  System.  —  Considering  the  tri- 
P  S u° *?        angle  of  Fig.  186,  when  A  approaches  co0, 


A  p  the    triangle    approaches    collapse    into    a 

Fig.   194.     Aperiodic    case  straight  line  with  ft  =  0.     In  Fig.   194,  a 
as      limiting     condition  limi  st  is    indicated    with    O 

of    ultrapenodic    circuit,  H  J  6 

whenWo  =  A.   Stationary  small-      Then,    repeating    (456),    the    ex- 
vector-diagram  of «.  pression     for     the     instantaneous     elastic 


APPENDIX    VIII 


381 


force     during    discharge     at     time     t     from     the     initial     applica- 
tion, is 

(487)  /  =  ^-j-e-A°'-sinh(^  +  6)  =  Fr-ctn^-e~Ao(-sinh(^  +  6) 

dynes  or  volts. 

Here    ctn  \p  becomes  \/$,    and  sinh  (Qt  +  d)  =  Qt  +  d,  also  (Qt  +  0) 
=  &o\(/t  +  ty,  so  that  at  the  limit, 

(488)  f  =  Fr-e-Ao*  (Aot  +  1)  dynes  or  volts, 
which  agrees  with  (479).     Equations  (480)  to  (485)  follow  at  once. 


\/ 
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Fig.  195.     Aperiodic  motion  for  potentially   energized  system  having  the 
constants:  s  =  250,000,  m  =  0.1,  r  =  316.228,  w0  =  1581.14  =  A0,B0  =  1.0, 
FT  =  1000,  t,  =  to  =  0.000  632  sec. 

In  the  case  considered,  Fr  =  1000,  and  A0  =  1581.15,  r  =  316.228, 
p  =  158.114.  Figure  195  gives  the  graphs  of  /,  x,  xr,  and  e  for  this  case. 
It  will  be  observed  that  xr  reaches  a  maximum  of  735  dynes  or  volts, 
at  t  =  0.000632  second.  The  corresponding  velocity  or  current  is  2.3243 
kines  or  amperes. 
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If  the  system  is  energized  kinetically  with  an  initial  velocity  xt  or  It  at 
t  =  0,  we  obtain  from  (471)-(474) 

(489)  i  or  x  =  -  IT-(TA("  (\t  -  1)  amp.  or  kines, 

(490)  -  xr  =  2Irz0-e-^{  (A0t  -  1)  volts  or  dynes, 

(491)  f  =  -  Ir-z0-e-^<  -A0t  volts  or  dynes, 

(492)  e  =  -  Ir-Zo-e~A°<  OV  -  2)  volts  or  dynes. 
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Fig.  196.     Aperiodic  motion  for  kinetically  energized  system  having  the 
same  constants  as  in  Fig.  195.    U  or  it  =  6.3246. 

The  initial  current  Ir  for  the  aperiodic  system  above  considered,  if 
energized  kinetically  to  the  same  amount  (2  joules),  as  in  the  poten- 
tially energized  case,  is  6.3246  amperes.  Figure  196  shows  the  values  of 
/,  e,  x,  and  xr  for  this  case.  It  will  be  seen  that  the  current  reverses 
direction  when  t  =  r0  =  0.000632  second,  and  the  inertia  force  changes 
sign  when  t  =  2  r0;  but/  does  not  change  sign. 
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Figure  196a  is  an  oscillogram  of  the  discharge  of  an  inductance  through 
a  condenser  and  a  nearly  aperiodic  quantity  of  total  resistance.  The 
inductance  was  initially  energized  by  sending  a  current  of  0.078  amperes 
through  it.  The  circuit  elements  are  approximately  the  same  as  those 
dealt  with  in  Fig.  196,  but  the  exciting  current  and  the  energy  are  much 
smaller.  In  the  first  0.01  second,  the  inductance  is  energized  by  closing 
it  upon  a  pair  of  115-volt  mains  through  a  resistance  of  1475  ohms  total 
resistance,  the  connections  being  substantially  as  shown  in  Fig.  191. 
Shortly  before  the  end  of  this  0.01  sec.  interval,  the  charging  switch  is 
opened,  allowing  the  inductance  to  discharge  through  the  condenser  and 
resistance.  The  current  following  the  curve  aa,  falls  rapidly  and  reverses 
after  0.001  second  to  —  0.006  amperes.     The  shape  of  this  curve  agrees 


Fig.  196a.  Oscillogram  of  current  and  voltage  at  terminals  of 
an  inductance  of  0.107  henry  and  53  ohms,  connected  sub- 
stantially as  in  Fig.  191,  and  discharging,  after  0.01  second, 
through  a  condenser  of  4.44  microfarads,  and  a  total  resistance 
of  310  ohms.  Circuit  approximately  aperiodic.  t0  =  0.0007 
second.     B0  =  1. 

fairly  well  with  the  x  curve  in  Fig.  196.  According  to  the  theory  of  Fig. 
196,  however,  the  current  should  reverse  to  a  negative  maximum  of  about 
0.01  ampere.  The  oscillatory  time  constant  of  the  circuit  in  Fig.  196a 
being  0.0007  second,  the  current  should  pass  through  zero  at  that  time 
after  rupture.  In  the  oscillogram,  it  passes  through  zero  about  0.0010 
second  after  rupture.  These  discrepancies  may  be  accounted  for  by  the 
fact  that  the  arc  at  the  circuit-opening  switch  probably  did  not  com- 
pletely extinguish  until  about  0.0004  second  after  switch  contact  rupture, 
as  is  shown  by  the  sudden  change  in  the  shape  of  the  voltage  curve  v  at 
that  time.  This  voltage  v  was  measured  across  the  terminals  of  the 
inductance  and  not  across  the  terminals  of  the  condenser,  which  accounts 
for  the  difference  between  its  curve  and  that  of  curve  /,  Fig.  196.  That 
is,  the  voltage  v  includes  most  of  the  1R  drop  as  well  as  the  potential  differ- 
ence across  the  condenser. 
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Reversal  Times  in  Vibrators  of  the  same  m  and  s  but  with  Different 
Bluntness  Bo.  —  From  what  has  been  shown  in  this  and  preceding 
Chapters,  it  will  be  evident  that  the  reversal  time  rr  of  current  i  for  a  given 
mrs  kinetically  energized  vibrator,  or  of  cemf.  e  in  a  potentially  energized 
vibrator,  in  which  r  is  varied,  is  7/co/  in  the  periodic  case,  tQ  in  the  aperiodic 
case  and  d/9,  in  the  ultraperiodic  case.  In  the  case  considered,  the 
periodic  reversal  time  was  0.00072  sec,  the  aperiodic  reversal  time  0.00063 
second,  and  the  ultraperiodic  reversal  time  0.00053.  As  the  resistance  r 
is  increased  the  reversal  time  diminishes,  but  not  in  a  simple  ratio. 

Comparison  between  Periodic  and  non-Periodic  Damped  Vibrations.  — 
Periodic  vibrations  are  characterised  by  successive  reversals  of  the  forces 
and  velocity,  although,  when  there  is  heavy  damping,  the  amplitude  of 
these  reversals  may  be  so  small  as  to  escape  detection.  Non-periodic 
vibrations  may  be  either  aperiodic  (B0  =  1)  or  ultraperiodic  (B0  >  1). 
As  is  suggested  by  an  examination  of  the  cases  presented  in  Figs.  191-192 
and  195-196,  there  may  be  but  little  difference  between  the  curves  of 
/,  e,  and  x  in  these  two  cases.  An  essential  difference  is,  however,  found  in 
the  reversal  time  rr,  which  is  just  t0  in  the  aperiodic  case,  and  less  than 
To  in  ultraperiodic  cases. 

A  closer  approximation  may,  however,  be  secured  to  a  rectangular 
type  of  wave  (see  Fig.  105)  in  the  action  of  damped  periodic  vibrator 
(Bo  <    1)  than  in  that  of  the  same  vibrator  non-periodic  (B0  <  1). 

Table  XXII  collects  and  presents,  in  a  convenient  form,  the  formulas 
which  have  been  obtained  for  expressing  the  principal  instantaneous 
quantities  during  discharge.  The  numbers  attached  to  these  various 
formulas  in  the  text  are  included  in  the  table.  Each  of  the  eight  sets  of 
formulas  conform  to  the  fundamental  equation: — 

/*«.«  xs  +  xr  +  xm  =  0  \  .     .       .,         ,  , 

(493)  .    .     ,    ..„       A  mst.  volts  or  dynes  Z . 

v       '  qs  +  qr  +  q£  =  0) 

Free  Vibrations  in  Charging  or  Energizing  a  System.  —  We  have 
hitherto  discussed  the  vibrations  that  may  occur  in  a  mrs  system  in  any 
periodic  or  non-periodic  state,  during  discharge  or  release  of  its  energy. 
Certain  rotary-vector  diagrams  have  been  arrived  at  as  representative 
in  each.  It  may  be  noted  that  the  same  vector  diagrams  are  applicable 
also  to  the  transient  phenomena  that  occur  when  a  mrs  system  is  charged 
or  energized,  either  potentially,  as  by  bending  the  driving  spring,  or 
kinetically,  as  by  delivering  a  velocity  by  impulse. 

If  in  the  simple  £RS  branch  circuit  of  Fig.  27,  assumed  to  be  initially 
energyless,  we  suddenly  impress  a  steady  continuous  emf .  FT  volts  on  the 
mains  mm',  m  being  positive  to  m',  then,  if  the  condenser  in  its  subsequent 
discharge  will  deliver  a  current  from  s  to  r,  or  upwards,  as  a  conventionally 
+  current,  the  initial  charging  current  from  m  to  m'  will  be  a  —  current. 
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The  charge  of  electricity  or  electric  displacement  will  be  — ,  in  order  that 
q  may  be  initially  minus,  commencing  at  zero  and  terminating  at  —  Fr/s 
coulombs.  The  initial  value  of  /  must  therefore  be  minus.  If  the  resist- 
ance p  is  less  than  z0,  the  charging  vibration  will  be  periodic,  and  the  vector 
diagram  of  Fig.  177  may  be  used,  if  inverted,  i.e.,  with  the  direction  0  3 
as  the  positive  direction  of  the  X  axis.  Thus,  if  the  constants  of  the 
circuit  are  the  same  as  those  for  which  Fig.  177  was  prepared  (p  =  100, 
£  =  0.1,  s  =  250  000),  the  vector  diagram  of  that  figure  is  applicable 
with  a  change  of  180°  in  reference  phase,  if  the  impressed  voltage  FT, 
at  t  =  0,  is  1000.  In  Fig.  179,  the  emf.  must  be  read  as  commencing 
at  zero  and  ending  at  1000  volts.  The  current  i  must  also  be  read  with 
reversed  sign.  The  other  curves  remain  unaltered.  Similar  remarks 
apply  to  the  aperiodic  and  ultraperiodic  cases. 

The  charging  vibrations  of  a  simple  electric  or  mechanical  system 
differ  only  from  its  discharging  vibrations,  in  regard  to  phase  direction, 
the  absolute  numerical  values  of  the  elastic  force/,  of  the  displacement  x, 
and  of  the  elastic  energy  remaining  the  same. 

The  principal  scalar  algebraic  formulas  for  computing  the  charging 
transients  in  a  simple  £RS  or  mrs  system  are  collected  in  Table  XXII, 
for  the  undamped,  damped  periodic,  aperiodic  and  ultraperiodic  cases. 

Vibrations  in  a  Single  RMS  System  with  Divided  Elements.  —  If  we 
have  a  single  circuit  (Fig.  197)  containing  a  plurality  of  condensers,  of 
resistances  or  of  reactances,  and  subject  to  either  charging  or  discharging  vi- 
brations, we  may  refer  the  system  to  an  equivalent  single  system,  Fig.  198, 

having  the  same  total  elastance  s  =  s2  +  s2  +  s5 ,  total  resistance 

r  =  ri  +  r2  +  r3-  ■  •,  and  total  inductance  £  =  £i  +  £2  +  £3  ■  •  • .  Some 
resistance  or  resistances  may  be  hertzian,  or  radiation  resistances,  while 
the  others  may  be  joulean  resistances,  which  dissipate  their  energy  in 
heat.  The  only  important  difference  between  the  cases  of  Figs.  197  and 
198  will  lie  in  the  effects  of  initial  charges  in  a  particular  condenser  or 
condensers. 

Let  one  of  the  condensers,  say  sh  Fig.  197,  be  initially  charged  with  a 
quantity  Qi  coulombs,  and  to  an  initial  potential  of  QiSi  volts,  the  rest 
of  the  system  being  without  charge.  Then,  after  release,  the  discharge 
of  the  condenser  $i  will  charge  the  other  condensers  oppositely,  in  such 
a  manner  as  to  check  the  oscillation.  The  oscillations  will  take  place 
about  a  condition  of  voltage  equilibrium,  such  that  the  emf.  of  the  dis- 
charging condenser  is  equal  and  opposite  to  the  sum  of  the  emfs.  in  the 
other  condensers.  If  the  quantity  necessary  to  flow  through  the  circuit 
in  order  to  attain  the  condition  of  emf.  equilibrium  is  qe  coulombs,  then 

(494)  (Q,  -  qe)Sl  =  qe(s2  +  s3)  volts, 
or 

(495)  qe  =  Qi  — : — — : —  =  Qi—  coulombs. 

•l   +  S2  +  S3  S 
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This  is  the  oscillatory  part  of  the  charge  in  s,.  The  remainder  would 
reside  permanently  in  the  condensers,  if  there  were  no  dielectric  leakage. 
Since  the  passage  of  qe  coulombs  attains  the  point  of  equilibrium  about 
which  oscillation  takes  place,  the  first  swing,  neglecting  damping,  carries 
2  qe  coulombs  through  the  circuit. 


$1 

ll        L 


Fig.  197.  Single  electric 
and  mechanical  £RS 
systems,  with  divided 
elements. 


Fig.  198.  Single  electric 
and  mechanical  £RS 
systems  with  equivalent 
single  elements. 


Of  the  initial  stock  of  energy  W  =  Q?sx/2  joules,  the  portion  subject 
to  oscillation,  neglecting  damping,  is 


(496) 


W 


11" 


joules. 


+  s2  +  s3 

This  portion  is  alternately  electric  and  magnetic  energy.     The  remainder 
persists  in  the  electric  form,  disregarding  leakage. 

If  the  impressed  voltage  E,  instead  of  being  applied  initially  to  the 
component  condenser  sh  were  applied  initially  to  the  equivalent  resultant 
condenser  s  of  Fig.  198,  whose  elastance  is  the  sum  of  the  component 
elastances,  the  charge  taken  by  s  would  be 


(497)  qe  =  Qij 

and  the  energy  of  the  charge  would  be 


(498) 


We  =  W- 


coulombs, 


joules. 


But  we  have  seen  that  these  are  precisely  the  amounts  of  oscillation- 
charge  and  oscillation-energy  available  in  the  case  of  the  charged  com- 
ponent condenser.     Hence  we  obtain  the  following  rule  for  the  treatment 
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of  composite  simple  series  circuits,  with  component  condenser  discharges: 
Form  the  equivalent  single-element  series  circuit  (Fig.  198).  Impress 
the  same  initial  emf.  on  the  single  condenser  s,  as  would  be  impressed  on 
the  component  condenser.  The  discharging  oscillations  of  the  single- 
element  will  then  be  identical  with  those  that  would  occur  in  the  com- 
posite system.  After  the  oscillations  have  subsided,  there  will  be,  how- 
ever, in  the  composite  system,  a  residual  electric  energy  to  take  into 
account,  which  does  not  appear  in  the  equivalent  single-element  system. 

Thus  in  the  case  of  Fig.  16,  let  s,  =  5  X  104,  s2  =  14  X  104,  s3  = 
6  X  104  darafs,  h  =  0.02,  /2  =  0.05,  /3  =  0.02,  /4  =  0.01  henry,  rx  =  150 
ohms,  r2  =  50  ohms,  and  let  an  initial  charge  of  0.02  coulomb  be  given 
to  Si  by  an  impressed  emf.  of  1000  volts,  the  other  elements  being  with- 
out charge.  The  initial  electric  energy  of  the  system  W  =  10  joules. 
To  find  the  oscillation  of  the  system,  we  form  the  equivalent  single- 
element  system  (Fig.  198)  with  s  =  25  X  104  darafs,  I  =  0.1  henry, 
r  =  200  ohms,  and  impress  1000  volts  initially  on  the  condenser  s.  This 
will  take  a  charge  of  0.004  coulomb,  and  an  electric  energy  of  2  joules. 
These  are  the  oscillation-charge  and  oscillation-energy  of  the  composite 
system  considered.  The  oscillations  of  the  system  are  the  same  as  those 
indicated  in  Figs.  175  to  179.  After  the  oscillations  have  subsided,  there 
will  be  a  residual  energy  of  8  joules  in  the  system,  neglecting  dielectric 
leakage,  0.016  coulomb  at  800  volts  in  *,,  -  0.004  coulomb  at  -  560 
volts  in  s2,  and  —  0.004  coulomb  at  —  240  volts  in  s3. 

Figures  197  and  198  indicate  at  their  lower  parts  corresponding 
mechanical  systems,  in  which  elastic  springs  s,  when  deformed,  set  up  the 
impressed  elastic  forces,  the  masses  m  correspond  to  the  inductances,  and 
the  vanes  r,  immersed  in  a  suitable  liquid,  mainly  provide  the  frictional 
resistance.  If  one  only  of  the  three  springs  in  Fig.  197  is  deformed,  say  s?, 
the  system,  after  performing  damped  vibrations,  will  come  to  rest  with 
deformation  in  all  three  at  an  equilibrium  position. 


APPENDIX  IX 

ON  THE  ANALOGIES  BETWEEN  SOUND-WAVE  TRANSMISSION 
ALONG  A  UNIFORM  ACOUSTIC  TUBE  CONDUCTOR  AND 
ELECTROMAGNETIC-WAVE  TRANSMISSION  ALONG  A  UNI- 
FORM  ELECTRIC   LINE   CONDUCTOR 

We  may  assume  that  when  a  telephone  receiver,  actuated  as  an  acoustic 
generator,  sings  a  pure  tone  steadily  into  a  long  smooth  straight  tube  of 
S  sq.  cm.  internal  cross-section,  arranged  as  in  Fig.  90,  the  sound  waves 
traveling  along  the  tube  are  plane  waves,  and  that  the  effects  on  them  of 
friction  at  the  walls  of  the  tube  may  be  neglected.  Even  if  the  actual 
conditions  do  not  conform  closely  with  these  postulates,  the  results  thus 
arrived  at  may  safely  be  regarded  as  first  approximations. 

The  distance  of  any  cross-section  of  the  tube  from  the  generator 
diaphragm,  measured  along  the  axis,  may  be  expressed  as  I  cm.  The 
clamping-circle  diameter  of  the  receiver  diaphragm  may  first  be  sup- 
posed to  be  equal  to  the  internal  diameter  of  the  tube.  The  very  small 
vibratory  displacement  of  the  air,  in  a  sound  wave,  from  its  normal 
quiescent  position,  measured  parallel  to  the  axis,  in  the  direction  of 
increasing  I,  may  be  denoted  by  x  cm.  Since  x,  in  the  assumed  case  of 
a  pure  tone  and  simple  harmonic  vibration,  may  be  taken  as  the  pro- 
jection, at  time  t  seconds,  on  the  tube  axis,  of  the  rotating  plane  vector 

(499)  x  =  xme>°"  instantaneous  cm.  Z , 
where  co  is  the  impressed  angular  velocity  of  rotation,  and  xm  is  the 
maximum  cyclic  vibratory  displacement,   the  vibratory  velocity  of  a 
transverse  layer  of  air  in  the  tube,  also  measured  along  the  axis,  and  in 
the  direction  of  increasing  I,  is 

(500)  -57  =  X  —  jcxcmd0*  =  jux  =  xme^1  inst.  kines  or  cm./sec.  Z . 
at 

The  velocity  x  is  also  a  plane-vector  quantity,  capable  of  being  dealt 
with  by  the  rules  of  complex  arithmetic.     Likewise,  the  vibratory  ac- 
celeration will  be 
d2x 

(501)  ^    =  X   =  juXm(J"1   =  jltiX  =    -  (j?Xmt^1   =    -  U)2X 

inst.  kines/sec.  or  cm./sec.2  Z . 
These  equations  indicate   that  in  the  steady  state  the  acceleration 
is  in  leading  quadrature  to  the  velocity,  which,  in  turn,  is  in  leading 
quadrature  to  the  displacement. 
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The  linear  mass,  or  mass  of  air  normally  occupying  1  cm.  length  of 
tube,  will  be 

(502)  m  =  SP  r-^^— , 

linear  cm. 

where  p  is  the  density  (gm./c.c.)  of  the  quiescent  air  in  the  tube  at  its 
actual  temperature  and  its  normal  pressure  intensity  p0  dynes  per  sq.  cm. 
The  fundamental  dynamic  equation  expressing  the  instantaneous  ac- 
celeration of  a  thin  layer  of  air  dl  cm.  long,  having  a  mass  mdl  grams,  is 

(503)  mx  dl  =  -dF  dynes  Z , 

where  +  dF  is  the  excess  of  total  pressure  on  the  far  side  of  the  layer 
above  that  on  the  near  side;  or 

/-^.v  o  dF  dynes 

(504)  mx   =  Spx  =  -  -^  .-T-+ Z , 

dl  linear  cm. 

and  * 

dl  linear  cm. 

where  p  is  the  excess  of  the  pressure  intensity  po  dynes  per  sq.  cm.  on  the 
far  side  of  the  layer  above  that  on  the  near  side. 

It  is  also  a  well  known  acoustic  condition f  that 
,  „„.  9d2x  kines  Z 

where  v  is  the  velocity  of  transmission  of  sound  in  the  tube,  along  its 
axis,  in  kines. 
From  (501)  and  (503) 

(507)  dF  =  —  x  (jm<a)  dl  rms.  dynes  Z . 

This  expresses  the  relation  between  a  small  difference  of  alternating 
pressure  dF  across  an  elementary  length  dl  of  the  tube  conductor,  and 
the  simultaneous  vibratory  velocity  x  of  the  element.  It  corresponds 
to  the  well  known  relation  between  the  difference  of  alternating  electric 
pressure  of  emf.  dE,  across  an  elementary  length  dl  of  a  line  conductor, 
and  the  simultaneous  alternating  current  /  in  the  element 

(508)  dE  =  -  I  (jXu)  dl  rms.  volts  Z , 

where  X  is  the  linear  inductance  of  the  conductor  in  henries  per  km., 
and  the  linear  resistance  r  of  the  conductor  is  ignored.     Here  co  is  the 
angular  velocity  of  the  impressed  electric  pressure,  and  I  is  the  length 
of  line  in  km.,  measured  outwards  from  the  generating  end. 
Again,  from  (504)  and  (506),  we  have 

,mnM  dF  „  d2x  dynes       , 

(509)  -  -«j  =mv2^  7^ Z . 

K       '  dl  dP  linear  cm. 

*  Lamb's  Hydrodynamics,  p.  458,  Eq.  (3). 
t  Ibid.,  Eq.  (6). 
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Integrating,  we  find 

(510)  F  =  -  mv2  £  +  constant  dynes  Z . 

The  constant  of  integration  vanishes,  and  may  be  dropped,  because  F, 
the  pressure  deviation  from  the  normal  pressure  F0  over  a  cross-section 
of  the  tube  vanishes  when  dx/dl  =  0.     Hence, 

(511)  F  dl  =  —  mv2dx  cm.-dynes  Z. 
Differentiating  with  respect  to  time,  we  find 

(512)  %dl  =  Fdl=-mv>dx  ^-d3mes  z 
at  sec.  ' 

or 

(513)  jco  F  dl  =  -  m*  dx  Cm-dynes  Z , 

sec.  ' 

and 

(514)  dx  =  -  ^Fdl  rms.  kines  Z . 

The  quantity  mi*  may  be  replaced  by  s,  the  total  elastic  force  resisting 
compression,  expressed  in  ergs  per  cm.  of  displacement  over  the  sec- 
tion, so  that  the  instantaneous  differential  increase  in  vibrational  velocity 
over  an  element  of  length  dl  is 


(515)  dx=-F(jf) 


dl  rms.  kines  Z . 


The  quantity  s  is  the  normal  adiabatic  elastic  force  Sp'o  =  Syp9,  of  the 
medium  over  the  section,  7  being  the  ratio  of  specific  heats,  and  p0  the 
quiescent  pressure  intensity  in  the  medium.  The  last  equation  cor- 
responds to  the  well  known  equation  of  differential  increase  in  alternating 
current  dl,  over  an  element  of  conductor  length  dl;  namely 

(516)  dl  =  -  E(jcw)  dl  =  -  E  (j-\  dl  rms.  amperes  Z, 

where  c  is  the  linear  capacitance  of  the  conductor  in  farads  per  km., 
and  s  is  its  reciprocal.  In  this  case,  the  linear  leakance  g  of  the  con- 
ductor is  ignored. 

Since  the  complete  electric-conductor  equations  for  (508)  and  (516), 
including  r  and  g,  are 

(517)  dE  =  -  I  (r  +  jLu)  dl  =  -Iz  dl  rms.  volts  Z , 
and 

(518)  dl  =  -  E  (g  +  j~)  dl  =  -  Ey  dl  rms.  amperes  Z, 

we  may  reasonably  assume  that  the  corresponding  equations  for  the 
acoustic  conductor,  including  frictional  resistance  along  the  tube  and 
losses  due  to  imperfect  elasticity,  are,  from  (507)  and  (515), 

(519)  dF  =  -  x(r  +  jmo>)  dl  =  -  xzdl  rms.  dynes  Z, 
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»nd 

(520)    dx  =  -  F  (g  +  j  ^)  dl  =  -  Fy  dl  rms.  kines  Z . 

In  electric  conductors,  the  linear  dissipation  constants  r  and  g  are  ac- 
cepted as  constant  at  any  single  impressed  frequency,  whatever  values 
may  pertain  to  E  and  7;  but  they  are  known  to  change  when  the  im- 
pressed frequency  is  varied  over  a  wide  range.  Similarly,  in  acoustic 
tubes,  the  linear  dissipation  constants  r  and  g  are  perhaps  constant  at 
any  single  frequency,  although  they  may  vary  when  the  frequency  is 
varied.  Numerous  measurements  will  have  to  be  collected  before  the 
acoustic  dissipation  constants  of  a  tube  can  be  determined  with  precision. 

The  known  equations  of  electric  propagation  along  uniform  lines  are 
applicable,  following  the  above  theory,  to  acoustic  propagation  along 
uniform  tubes,  when  hydrostatic  difference  of  pressure  F  is  substituted 
for  electric  difference  of  pressure  E,  vibratory  displacement  x  for  alter- 
nating quantity  q,  vibratory  velocity  x  for  alternating  current  7,  linear 
mass  m  for  linear  inductance  jC,  linear  frictional  resistance  r  for  linear 
electric  resistance  r,  linear  acoustic  elasticity  loss  g  for  linear  electric 
leakance  g,  and  elastic  force  s  for  s,  the  reciprocal  of  the  linear  capacitance. 

Table  XXIII  gives  a  comparison  between  electric  and  acoustic  quantities 
for  the  case  of  negligible  losses  in  transmission. 

Table  XXIV  gives  some  comparative  data  for  electric  and  acoustic  con- 
ductors, still  assumed  as  having  no  losses,  but  freed  at  the  distant  end. 

Table  XXV  gives  similar  comparative  data  for  the  general  case  of 
conductors  having  linear  losses  of  known  values. 

Surge-impedance  Density.  —  In  regard  to  Table  XXIII,  it  may  be  noted 
that  the  acoustic  surge  impedance  density  has  no  counterpart  in  the 
ordinary  theory  of  electric  lines. 

The  value  of  the  surge- impedance  density,  by  (529),  is  Vpp'o,  where  p  is 
the  density  of  quiescent  air  at  0°C,  and  the  standard  pressure  of  108  bars 
or  dynes  per  sq.  cm.  The  value  of  p'0  =  ypo  may  be  taken  as  1.41  X  106 
bars,  and  p  =  1.276  X  10~3.  Consequently  }  =  Vl7.99  X  102  =  42.4 
mechanical  abohms  per  sq.  cm.  of  tube  cross-section,  under  the  stand- 
ard condition  of  1  megabar  pressure  (106  dynes  per  sq.  cm.)  and  0°  C. 
If  the  actual  pressure  of  the  quiescent  air  in  the  tube  is  p0  bars,  and 
the  actual  temperature  is  t°  C,  the  surge-impedance  density  becomes 

,_...,.                           42.4  Vpo  X  10-6            mechanical  abohms     . 
(,5zl)  l  =      .  Z, 

V  1  +  0.00366*  sq-cm- 

or  for  values  not  exceeding  25°  C, 

.  _„  _  42.4  X  Vp0  X  10-3  mechanical  abohms 

*      '  3_         1  +  0.00183  *  sq.  cm. 
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A  rigid  disk  diaphragm  of  S  sq.  cm.  on  each  face,  vibrating  with  uni- 
form amplitude  over  its  surface,  so  as  to  generate  plane  waves  in  the 
tube  indefinitely  long,  would  develop  on  each  face  a  surge  resistance 
of  _ 

,„~  s  42.4  SVpo  X  10-3  ,      .    ,    .    , 

(550a)  Zo  =  — 1  +  0  00183 1  mechanical  abohms  Z . 


APPENDIX  X 

RELATIONS  BETWEEN  TWO   PLANE  VECTORS  WITH  DISPLACED 
REFERENCE   AXES 

Proposition  Concerning  the  Plane  Vector  \p\  X  a°.    The  plane  vector 
\p\  X  of  satisfies  the  equation 

\p\  \a°  =  \p\  \  (2/3°  +a°)  -  2  sin  j8  I  p  |  \  (90°  +  <*°  + /3°) . 
In  Fig.  199,  OA  is  a  plane  vector,  or  geometric  complex  quantity  of  any 
convenient  size  p,  taken  at  standard  phase,  or  zero  slope.  It  may  be 
denoted  by  pA.  OB  is  a  similar  plane  vector  of  the  same  size,  distinguished 
by  the  symbol  pB.  Its  slope  is  —  2/3°.  Oc  is  a  vector  denoted  by  pc,  of  size 
p,  and  drawn  perpendicular  to  Od,  the  bisector  of  the  angle  AOB. 


Fig.  199.  System  of  three  coordi- 
nated vectors  pA,  pB,  and  pc,  all 
referred  to  OA  as  phase  axis. 


Fig.  200.  Same  system  of  three 
vectors  rotated  negatively 
through  angle  a. 


Then,  because  BA  expressed  vectorially  is  2  |  p  |  sin/3  Z  (90°  -  /3°), 
and  is  equal  to  the  vector  Oc,  we  have  the  vector  relation 
(551)  pB  =  Pa  -  2  sin  j3-pc  length  units  Z  . 
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If  now,  as  in  Fig.  200, 


,h 


Fig.  201.  Single  vector  p,  specifiable  in 
slope  with  respect  to  three  coordinate 
reference  axes  Oe,  Om,  and  Oh. 


we  rotate  the  whole  vector  system  in  the  plane 
of  reference  through  the  angle 
—  a°  with  respect  to  OE,  a, 
fixed  line  of  reference,  the 
effect  will  be  the  same  as 
though  the  vector  system  re- 
mained fixed  in  the  plane, 
but  the  line  of  reference,  OE, 
were  rotated  through  an 
angle  of  +a°.  This  rota- 
tion of  a  reference  line  can- 
not affect,  however,  the  vector 
relation  expressed  in  (551), 
when  those  vectors  are  taken 
to  the  new  reference  line. 

But  the  three  vectors  of 
(551)  may  be  regarded  as  one 
and  the  same  vector  p,  Fig. 
201,  expressed  with  respect 
to  each  of  three  initial  lines 
0"m,  0"e,  and  0"h,  and  then 
denoted    by    pm,  pe,   and    ph, 


+  «°)  -  U  |2sin/3  \  (90°  +a°+/3°). 


respectively.  Thus  in  Fig.  202, 
(552)  \Pm\  \a°  =  \pe\\  (2/3° 
Since  this  relation  holds  for 
the  vectors  themselves,  it  must 
also  hold  for  their  real  com- 
ponents, and  for  their  imagi- 
nary components  as  well. 

The  power  circle  of  Fig.  54 
corresponds  to  Fig.  201,  while 
the  interpretations  of  120  are 
referable  to  the  construction  of 
Fig.  202. 

For  a  more  detailed  demon- 
stration the  reader  may  refer  to  the  original  paper.* 

*  Bibliography  79. 


Fig.   202.     System   of  three   coordinated 
vectors,  pe,  pm,  and  pn  •  2  sin  0,  similar  to 
of  Fig.   200,   referred  to   OR  as 
axis. 


APPENDIX  XI 
GRAPHS  OF   SCALAR  VELOCITIES  AND    DISPLACEMENTS 

Velocity-Resonance  Curves  of  Simple  MRS.  Systems  under  Varied  Im- 
pressed Frequency.  —  Resonance  curves  play  so  prominent  a  part  in  the 
phenomena  of  forced  vibrations,  in  either  mechanical  or  electric  systems, 
that  they  deserve  special  consideration. 

Referring  to  (69),  the  vector  rms.  velocity  x  established  by  a  steady 
vmf .  of  rms.  value  F,  taken  as  at  standard  phase,  is 

F  F 

(553)  x  =  -  =      ■    —. j-t  rms.  kines  Z . 

z      r  +  j  (ma  —  s/u) 

When  the  impressed  angular  velocity  takes  the  maximum  value  x0,  we  have 

F 

(554)  Xo  =  -  rms.  kines  Z . 

The  ratio  of  the  vector  velocity  at  impressed  co,  to  the  maximum  vector 
velocity  at  resonant  w0j  may  be  called  the  vector  velocity  ratio,  and  is 

x  1 


(555) 


Xo      ,    .    ./mco-s/aA 

1+J\—r-) 


Denoting  the  frequency  ratio  w/w0  by  u,  as  in  preceding  chapters, 

r556)  *  = \ =  l =  I , 

Xo      1    ,    .ymua>o-s/(uuo)  (  .Ao/    _  1\       l+;AoSinh?/ 

i+J)  r  )       i"+"J2VM      u) 

where  A0  is  the  sharpness  of  resonance  co0/A,  and  y  =  logh  u.  This 
expression  becomes  unity  when  u  =  1,  and  falls  to  an  indefinitely  small 
value  with  either  u  =  0,  or  u  =  <x> .  If  we  are  interested  only  in  the  scalar 
value,  or  size,  of  this  velocity  ratio,  we  may  denote  it  by  v,  and 

(557) 


±Q I       J,    ,  Ao2/        1  \ 2       Vl  +  Ao2  sinn2?/ 


Vi+¥(-5) 


Specific  Velocity  Resonance  Curves.  —  If  we  plot  the  scalar  velocity 
ratio  v  as  ordinates,  for  any  simple  £&S  or  mrs  system,  at  varying  values 
of  u  as  abscissas,  we  obtain  the  ordinary  well  known  specific  resonance 
curve,  with  its  maximum  ordinate  as  1,  which  is  presented  at  u  =  1. 
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Curve  I,  Fig.  203,  is  such  a  curve  for  the  particular  case  of  Ao  =  10,  or 
Bo  =  0.1.  It  will  be  observed  that  the  curve  is  necessarily  asymmetric, 
about  its  maximum  ordinate.  It  is  always  steeper  on  the  low-frequency 
side  (u  <C  1).  If,  however,  we  plot  values  of  v  as  ordinates  against  values 
of  y,  or  logh  u,  as  abscissas,  it  is  evident  from  the  form  of  (557)  in  respect 
to  y,  that  the  graph  of  v  will  be  symmetric  with  respect  to  the  maximum 
or  unity  ordinate.  The  same  condition  will  apply,  whether  we  use  napierian 
or  common  logarithms  of  u,  in  marking  off  abscissas.  In  other  words,  if 
we  plot  the  scalar  velocity  ratio,  or  current  ratio,  v,  against  the  common 
logarithm  of  the  frequency  ratio  (logw),  the  graph  will  be  symmetric 
about  the  maximum  ordinate.  This  is  indicated  in  the  broken  curve  //, 
Fig.  203,  for  the  case  of  A0  =  10,  already  considered.  It  is  sometimes 
advantageous  to  plot  an  observed  series  of  resonant  values  of  velocity  or 
current  in  this  manner,  so  as  to  secure  a  graph  that  is  theoretically  sym- 
metric about  the  middle  ordinate.  Errors  in  the  observations  are  then 
likely  to  reveal  themselves  as  departures  from  symmetry  in  the  curve. 
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Fig.  203.  Specific  resonance  curves  under  constant  impressed  vmf.  and 
varied  frequency.  B0  =  0.1,  A0  =  10,  showing  symmetry  and  asymmetry 
with   respect  to  the  maximum  resonant  ordinate  uQM.     Ordinates  scalar 

per  unitage  of  ]  •;  [  at  resonance.    Abscissas  frequency  ratio  f/fo  =  u 

for  Curve  /.     Log  frequency  ratio  or  log  u  for  Curve  77. 


Symmetrical  Specific  Current  Resonance  Curves  of  v  versus  u  on  Semi- 
logarithmic  Paper.  —  Instead  of  plotting  v  against  log  u,  or  logh  u,  we  may 
plot  v  against  u  on  semi-logarithmic  paper,  as  is  shown  in  Fig.  204  for  the  same 
case.    This  curve  will  be  symmetric.    It  is  advantageous  for  many  purposes 
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to  plot,  in  this  manner,  resonant  velocity  or  resonant  current  curves  under 
constant  vmf.  and  varied  frequency.  The  graphs  so  obtained  are  not 
only  symmetric,  but  they  are  also  readily  comparable.  It  is  not  neces- 
sary, however,  to  use  specific  resonance  curves  of  v  and  u.  If  we  plot  |  x  | 
or  /,  as  ordinates,  against  impressed  frequency  /  as  abscissas,  the  curve 
of  simple  resonance  on  semi-logarithmic  paper  will  be  symmetric,  and 
only  altered  in  position  and  in  scale  with  respect  to  the  v  versus  u  curve. 
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Fig.  204.  Specific  resonance  curve  for  a  case  of  Bo  =  0.1  drawn  on  semi- 
logarithmic  paper  and  symmetric  with  respect  to  the  ordinate  uaM  of 
resonance.     Ordinates  v.     Abscissas  u. 

Quadrantal  Range  and  Resonant  Bluntness  read  from  Specific  Velocity 
or  Current  Resonance  Curves.  —  The  quadrantal  values  of  velocity  or 
current,  xh  ±2,  or  Iu  h,  always  lie  on  the  graphs  of  Figs.  203  or  204,  at  the 
points  whose  ordinates  are  0.707  or  2~K  The  abscissas  of  these  points 
mark  off  either  1*1  and  m2,  or  log  U\  and  log  th,  as  the  case  may  be.  Thus, 
for  the  case  considered,  u,  -  0.905,  and  u2  =  1.105.  We  know  from  (208), 
that  Bo  =  (u2  -  mx)/2.     In  this  case  B0  =  (1.105  -  0.905)/2  =  0.1. 

All  simple  resonances  obeying  (553),  when  plotted  as  in  Fig.  204,  differ 
only  in  respect  to  their  A0,  as  is  manifest  from  an  inspection  of  (557). 
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Any  two  such  systems  having  the  same  resonant  sharpness,  will  possess 
the  same  v  versus  u  curve  of  specific  resonance.  Conversely,  fro  m  an  inspec- 
tion of  any  such  curve,  A0  and  B0  can  be  determined,  because  the  quad- 
rantal  velocity  ratios  U\  and  u2  may  be  ascertained  directly  and  the 
range  of  u  comprised  between  them  will  always  be  2  B0  =  Bs. 

When  the  system  has  very  sharp  resonance,  as  in  the  ordinary  case  of 
a  vibration  galvanometer,  the  two  quadrantal  frequency  ratios  ux  and  ik 
approach  each  other  closely,  as  we  have  seen  in  connection  with  Fig.  139, 
and  u2  =  1  +  B0. 

Specific  Current-Squared  Resonance  Curves  of  v2  versus  logh  u,  or  v2 
versus  log  u,  in  Radio  Engineering.  —  In  radio  engineering,  the  resonance 
curves  are  commonly  read  on  instruments  having  scales  graduated  not  to 
I  the  current,  but  to  P,  the  square  of  the  current,  in  the  circuit  under  test. 
In  such  cases  the  scalar  current  square  at  resonance  in  a  simple  £RS 
loosely  coupled  secondary  circuit  is 

(558)  7o2=  (^Y  (amperes)2 

and  the  scalar  current  squared  at  any  other  impressed  frequency  is 

(559)  I P I  =  I  -  I  (amperes)2, 

I      I      I  z  I 

The  scalar  current  ratio  is  then,  by  (556) -(557), 

I  7  I2  1  1 

(560)  |-|=v2=         At  =_____. 


'+¥(-9' 


Here  again  the  graph  of  v2  versus  u  is  asymmetric  with  respect  to  the 
maximum  ordinate,  but  the  graph  v2  versus  logh  u  is  symmetric  thereto. 

Figure  205  presents  the  specific  resonance  graph  of  v2  versus  u,  drawn 
on  semi-logarithmic  paper,  to  produce  the  same  effect  as  the  graph  of  v2 
versus  logh  u.  The  curve  is  drawn  for  the  same  sharpness  of  resonance 
as  Fig.  204,  i.e.,  A0  =  10.  It  is  a  symmetric  curve,  steeper  than  that  of 
Fig.  204.  The  quadrantal  frequency  ratios  ut  and  u2  are  now  found  at 
the  points  qx  and  q2  on  the  curve,  where  the  scalar  p2  is  0.5,  or  has  half 
the  height  of  the  maximum  ordinate  of  resonance  UoM.  This  property  of 
the  v2  versus  u  or  v2  versus  log  u  curve  is  very  easy  to  remember. 

Radio  resonance  curves  are  commonly  drawn  with  abscissas  in  wave 
lengths  X.  If  we  denote  the  resonant  wave  length  by  X0;  then  X/X0=  l/n. 
Consequently  a  curve  of  v2  versus  log  (X/X0)  will  be  symmetric  and  will 
be  a  reversed  curve  of  v2  versus  log  u,  thus  permitting  B0  to  be  read  from 
it  in  the  manner  indicated  by  Fig.  205. 
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Fundamental  Geometry  of  Current  Resonance  Curves.  —  Referring  to 
formula  (557),  it  will  be  seen  that  in  the  particular  case  of  A0  =  1,  or  the 
aperiodic  case,  we  obtain 

(561)  v  =  — r—  =  — — r. — -. — r  =  sech  y  =  sech  (logh  u). 

cosh  y       cosh  (logh  u)  y  &      ' 

This  means  that  in  the  aperiodic  case,  the  specific  resonance  graph, 
drawn  either  to  log  u  abscissas  on  plain  rectangular  paper,  or  to  u  abscissas 


O  0.4 

5 


•/l 

Q 

1 

/ 

\ 

/ 

III 

*2 

Bo 

Ui 

O*  O  O  G>  O*         O        O       O      iH    -H    -l         —<         r-4      ^-i    IM 

Frequency  Ratio     u  =  f/f0 

Fig.  205.     Graph  of  scalar  current-square  ratio  versus  u,  on  semi-logarithmic 
paper,  for  B0  =  0.1. 

on  semilogarithmic  paper,  is  a  simple  curve  of  hyp.  secants.  This  is  shown 
in  Fig.  206,  which  presents  the  specific  resonance  curve  v  versus  log  u,  for 
any  aperiodic  £RS,  or  mrs  system  (B0  =  1).  The  curve  is  drawn  on 
semilogarithmic  paper,  and  the  abscissas  are  values  of  u  on  the  logarithm 
scale.  The  corresponding  values  of  logh  u  are  marked  off  on  the  top  scale 
of  abscissas.  The  graph  is  a  curve  of  hyp.  secants  of  these  upper-scale 
abscissas. 

If  in  (557)  or  (560),  we  make 
(562)  A0  sinh  (logh  u)  =  A0  sinh  y  =  sinh  y', 
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then  v  in  those  formulas  becomes 
(563) 


sech  y'. 


Vl  +  sinh2  y'       cosh  y' 
In  the  general  case,  therefore,  v  is  still  indirectly  related  to  the  curve  of 
secants  of  Fig.  206,  and  might  thus  be  constructed  from  a  knowledge  of  A0. 
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Fig.  206.     Graph  of  v  for  the  case  B0  =  1,  also  graph  of  sech  (logh  u). 

Quadrantal  Values  of  u  in  Velocity  or  Current  Resonance  Curves.  — 
Since  v  =  1/V2,  at  either  of  the  two  quadrantal  values  Ui  or  u%,  of  the 
frequency  ratio,  we  obtain  from  (557) 

(564)  A0  sinh  y  =  1, 
at  either  quadrantal  value,  and  also 

(565)  sinh  (logh  u)  =  sinh  y  =  B0. 

Thus,  in  Fig.  206,  the  upper  quadrantal  value  u2  occurs  at  logh  u  =  0.8814, 
the  hyp.  sine  of  which  is  unity.     Moreover,  from  (565),  for  any  value  of  Bo, 

(566)  ux  =  Vl  +  Bo2  -  Bo, 

(567)  u2  =  V\  +  Bo~2  +  Bo 

which  agree  with  (233),  (242)  and  (247).  These  formulas  enable  us  to 
predetermine  directly  the  quadrantal  points  on  a  resonance  curve  for 
variable  u  when  the  resonant  sharpness  or  bluntness  are  forthcoming. 
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When  Bo  <  0.01,  these  formulas  become 
(567a)  Mi  =  1  -  Bo, 

(567b)  m2  =  1  +  Bo, 

to  a  precision  higher  than  1  in  20,000.  When  B0  <  0.025,  we  may  still  use 
the  approximations 

(567c)  ui  =  1  -  Bo  +  Bo2/2, 

(567d)  u2  =  1  +  Bo  +  Bo2/2, 

ordinarily  to  a  precision  higher  than  1  in  1000. 

Summary  of  Deductions  concerning  Specific  Velocity  or  Current  Reso- 
nance Curves  under  Varied  Impressed  Frequency.  —  Summing  up  the 
deductions  reached  in  this  Appendix,  as  well  as  in  preceding  Chapters, 

xx      II 
concerning  specific  resonance  curves  *— ,  V^-,  y,  j^,  in  a  simple  £RS  or  mrs 

.To  Xmo   ±o   lmo 

system,  under  varied  impressed  frequencies  steadily  maintained,  we 
have  found  that  the  plane-vector  locus  of  such  a  curve  is  a  circle,  as  in 
Fig.  29.  The  scalar  locus  of  v  versus  u  is  a  symmetric  curve  on  semi- 
logarithmic  paper,  like  that  of  v  versus  log  u  on  plain  paper,  and  is  a 
hyp.  secant  curve,  either  directly  as  in  (561)  or  indirectly,  as  in  (563). 
The  resonant  bluntness  of  the  system  can  be  ascertained  from  the  curves. 

Graph  of  Scalar  Displacements.  —  In  determining  the  motional  im- 
pedance of  a  telephone  receiver,  or  vibration  galvanometer,  we  measure 
specific  velocity  ratios.  Similarly,  in  determining  the  admittance  of 
a  simple  £RS  system,  under  constant  impressed  voltage  but  varied  fre- 
quency, we  measure  its  specific  current  ratio.  When,  however,  we 
measure  the  amplitude  of  vibration,  as  on  a  telephone  diaphragm  with 
an  amplitude  measurer  (Fig.  62),  or  on  a  vibration  galvanometer  (Fig. 
139),  or  again  on  an  oscillograph  galvanometer  (Figs.  124-127),  we  deal  with 
mechanical  displacements  x  or  6.  In  electric  cases,  we  deal  with  electric 
displacements  or  electric  quantities  q.  Figures  115-117  are  vector  specific- 
displacement  diagrams,  in  that  they  enable  the  vector  displacement  at 
frequency  ratio  u  to  be  determined  with  respect  to  the  maximum  vector 
displacement,  for  any  given  value  of  resonant  bluntness  B0.  We  propose 
to  give  further  consideration  here  to  scalar  graphs  of  displacement,  or  of 
specific  displacement,  such  as  Figs.  81  and  124. 

The  displacement  x  from  (221)  and  (224)  is 

F =  F_ 

(s  —  rnco2)  +  jroi      m\  (W — co2)  +  j  2  Aa>  } 

The  size  or  scalar  value  of  this  is 

(569)      |x| 


(568)      *  =  r,      ^    ■    ,-„..  =  „.  ,.„*_.*  _l  i  o  a.,i  cmZ' 


■  w2)2  +  (2  Aoj)2      mco02\/(l  -  w2)2  +  (2  B0m)2 
F 


s  V(l  -  u2)2  +  (2  Bow)2 
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Here  \x\  is  readily  shown  to  reach  a  maximum  when  u  =  Vl  —  2  B<?  = 
Denoting  this  maximum  value  of  displacement  at  ud  by  \xd\,  we  have 

F  F 


u*. 


(570) 


Xa\ 


Vl  -  uU      2B0suf 


The  ratio  of  any  displacement  |  x  |  at  impressed  angular  velocity  oo,  to 
the  maximum  value  |  xd  |  at  the  maximum  displacement  value  ud,  is 


(571) 


J  1  ~  V 

'(1  -m2)2+(2  50w)2 

2  fi0M/ 


50  V 


1  -Bo2 


(l--u2)2  +  (2£0w)2 


V  (1  -  v?Y  +  (2  50w)2 

If  we  plot  values  of  v  as  ordinates  against  values  of  u  as  abscissas,  we 
obtain  a  specific  resonant  displacement  curve,  such  as  that  in  Fig.  207, 
which  is  drawn  for  the  case  B0  =  0.1.  It  is  a  resonance  curve,  in  the  sense 
that  it  rises  to  a  sharp  maximum  near  u0  =  1,  when  B0  is  small.  It  is 
also  a  specific-displacement  curve,  because  it  is  drawn  to  a  maximum 
ordinate  of  1.0,  when  u  =  ud. 
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Fig.  207.    Specific  resonant  displacement  curve 


—    or    —   or    —  with  varied 
Xd\        \qd\        \6d\ 
frequency  and  constant  impressed  vmf.  for  the  case  of  B0  =  0.1  or  A0  =  10. 


The  curve  is  asymmetric  about  its  maximum  ordinate,  and  droops 
towards  the  high-frequency  side.  In  the  case  presented  in  Fig.  207,  the 
maximum  displacement  being  1.0  at  u  =  ud  =  0.99,  that  at  resonance, 
or  Mo,  is  0.995.  At  the  lower  quadrantal  frequency  ratio  uh  the  ratio  Vi 
is  0.777,  and  at  the  upper  quadrantal  frequency  ratio  u2,  v2  =  0.6375. 
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The  same  type  of  specific  resonant  displacement  curve  applies  to 
(1)  the  mechanical  maximum  cyclic  rectilinear  displacement  in  a  simple 
mrs  rectilinear  system,  such  as  a  vibrating  telephone  diaphragm.    Here 

v'  =  x/xd. 

(2)  The  mechanical  maximum  cyclic  angular  displacement  in  a  rotary 
vibration  system,  such  as  that  of  an  oscillograph  or  vibration  galva- 
nometer.    In  this  case  v'  =  d/dd. 

(3)  The  electric  maximum  cyclic  quantity  displacement  in  a  simple 
£RS  system  of  bluntness  B0.     Here  v'  =  q/qd. 

Relations  between  Velocity  and  Displacement  Resonance  Curves.  — 
If  we  operate  on  the  curve  of  Fig.  207,  by  multiplying  each  ordinate  by 
its  abscissa  u,  we  repeat  the  resonant  velocity  curve  I  of  Fig.  203,  except 
that  the  maximum  ordinate  will  not  be  1.0,  but  0.995,  the  value  of  the 
ordinate  u0  in  207.  If  we  then  reduce  all  the  ordinates  in  Curve  I,  Fig. 
203,  by  0.995,  the  two  will  completely  coincide.  Thus,  at  u  =  0.5,  in 
Fig.  207,  we  have  v'o.,  =  0.2630.  Consequently  v0.6  =  0.2630  X  0.5  = 
0.1315,  on  the  basis  of  v0  =  1.0;  but  v'0  =  0.995  at  u0  =  1.0  ia  Fig. 
207,  so  that  on  this  basis  v0.f,  =  0.1315/0.995  =  0.1322.  This  is  the 
value  of  v  designated  in  Fig.  203  on  curve  7  at  u  =  0.5. 

In  any  simple  displacement  resonance  curve,  x  versus  co,  or  x  versus  /, 
such  as  ABCD,  Fig.  81,  we  obtain  the  corresponding  velocity  resonance 
curve  of  the  system,  by  multiplying  each  ordinate  by  the  angular  velocity  u> 
pertaining  to  it.     This  follows  from  the  last  two  expressions  in  (224). 

Maxima  of  Displacement  Resonance  Curves.  —  We  have  already  seen 
that  current  or  velocity  resonance  curves,  I  versus  u,  have  their  maximum 
at  resonance  (co  =  co0,  or  u  =  u0  =  1).  Displacement  resonance  curves, 
however,  have  their  maxima  at  a  lower  frequency  ud  =  w0Vl  —  2  B02; 
or  ud  =  Vl  —  2  Bo2.  When  B0  exceeds  0.2,  the  difference  becomes  very 
noticeable  (see  Fig.  125).  When,  on  the  other  hand,  B0  is  less  than  0.05, 
as  in  vibration  galvanometers,  the  difference  between  ud  and  u0  becomes 
trivial,  and  the  maximum  deflection  occurs  virtually  at  resonance,  or  o>0. 
In  Fig.  207,  with  B0  =  0.1,  the  difference  is  still  readily  perceptible, 
since  ud  =  0.99.  The  frequency  of  maximum  displacement  is  approxi- 
mately 1  per  cent  less  than  the  frequency  of  resonance.  The  maximum 
specific  cyclic  displacement  at  resonance  x0  is  0.995,  or  five  per  mil  less 
than  the  maximum. 

Displacements  corresponding  to  Equal  Velocities  on  Each  Side  of 
Resonance.  —  If  we  take  any  pair  of  equal  scalar  maximum  cyclic  veloci- 
ties, \x'  |  and  \±"  |,  from  opposite  sides  of  the  resonant  maximum,  such 
as  those  shown  in  Fig.  204,  at  frequency  ratios  v?  =  0.62,  and  u"  =  1.61, 
respectively,  then,  from  (224) 

(572)  <a'\x'\=  w"  |  x"  \  kines, 
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where  (x')  and  (x")  are  the  corresponding  maximum  cyclic  displacements. 

Dividing  both  sides  by  «,  we  obtain 

(573)  v!  |  x'  |  =  u"  |  x"  |  cm., 


(574) 


a/M  _  vf_  _  a/  _  f_ 
x'  I  ~  u"  ~  u"  ~  f" 


i.e.,  the  ratio  of  the  two  displacements  will  be  the  reciprocal  of  the  ratio 
of  the  frequencies  at  which  the  equal  velocities  occur.  In  the  case  con- 
sidered, see  Fig.  207, 

I  a/  I      0,325  =  =  L61  =  y^ 

\x"\       0.125  0.62       u'  ' 

Quadrantal  Displacements.  —  It  is  sometimes  useful  to  deduce  the 
quadrantal  frequency  ratios,  and  hence  the  resonant  bluntness  B0  of 
the  system,  from  a  curve  of  specific-displacement  resonance,  such  as 
Fig.  207.  In  that  case,  we  may  utilize  the  relations  obtained  in  the 
last  paragraph.  We  have  seen  that  the  velocity  or  current  conditions 
require  that 

\Xt  \  1  !  Xo  I 

and  by  (224) 

/,-„,      COilxJ  \Xi  I  1 

(576)  —  —    =  Mi   -    =  —7=. 

COo  I  x0 1  I  Xo  I        v  2 

Consequently 

(577)  ui  |  si  | 


CO, 

1  Kj  1 

1 -1 

u2 

Wc 

1  Xo  \ 

Uol 

and 

(578)  «2 1  x2 1 


Xo  1 
/2 

UoJ 


Here  |x0 1  is  the  displacement  at  resonance,  or  u0.  as' obtained Jrom  the 
displacement  curve.  Having  ascertained  the  value  of  |  x0  \/ \fl,  we  find 
by  successive  trials,  a  value  of  uh  such  that  when  multiplied  by  its  ordi- 
nate, the  product  is  |  x0  \  /  V2.  The  same  process  is  applied  to  find  u2 
and  \xz\.  These  are  the  two  quadrantal  values,  and  the  distance  between 
them  is  the  quadrantal  range.  Thus,  in  Fig.  207,  |  x0  \  =  0.995,  so  that 
|  Xo  |/V2  =  0.704.  We  find  that  at  «,  =  0.905,  where  |  .r,  |  is  0.777, 
their  product  is  0.704,  so  that  these  are  respectively  the  lower  quadrantal 
frequency  ratio  and  the  displacement.  Similarly,  at  u2  =  1.105,  and 
I  x2 1  =  0.637,  u2  I  X2 1  =  0.704,  so  that  these  are  the  upper  quadrantal 
frequency  ratio,  and  displacement  ratio,  respectively.  These  agree  with 
Fig.  204,  and  2  B0  =  1.105  -  0.905  =  0.2. 
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Symmetric  Displacement  Resonance  Curves.  —  The  curve  of  specific 
displacement,  as  indicated  in  the  case  of  Fig.  207,  is  asymmetric.  An 
examination  of  formula  (571)  reveals,  however,  a  symmetry  in  the  relation 
of  v'  on  each  side  of  the  maximum,  if  the  abscissas  are  taken  to  u2,  or  to 
the  squares  of  the  frequency  ratios.  Recasting  Fig.  207  on  this  basis, 
we  obtain  the  symmetric  curve  of  Fig.  208.  It  is  sometimes  useful  to 
plot  displacement  curves  in  this  way,  from  laboratory  observations, 
because  any  accidental  errors  in  the  series  are  likely  to  reveal  themselves 
by  their  departure  from  symmetry  in  the  resulting  curve. 
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Fig.   208.     Symmetric    curve  of    specific  resonant  displacement  drawn  to 
squares  of  frequency  ratios  as  abscissas.     The  curve  is  symmetric  about 

the  maximum  ordinate    —    =  1.0,  at  u2a  =  0.98.     B0  =  0.1. 
I  %d  I 

It  is  hardly  necessary  to  point  out  that  since  the  displacement  curve 
does  not  commence  at  zero,  when  the  impressed  frequency  is  very  low, 
and,  on  the  other  hand,  approaches  zero  at  a  very  great  impressed  fre- 
quency, the  symmetry  of  the  curve  can  only  extend  as  far  as  the  dupli- 
cate initial  ordinate. 

In  a  similar  way,  if  scalar  displacements  |  x  \  are  plotted  against  the 
squares  of  the  frequencies  which  produce  them,  the  resulting  curve  should 
be  symmetric. 

The  quadrantal  frequencies  or  frequency  ratios  may  be  ascertained 
from  the  curve  by  a  procedure  analogous  to  that  described  in  connection 
with  Fig.  207.  That  is,  we  may  use  (577)  and  (578),  if  we  take  the 
square  roots  of  the  abscissas  for  ux  and  u2,  instead  of  the  abscissas  them- 
selves. Thus  in  Fig.  208,  VU819  X  0.777  =  0.995/1.414  =  0.704, 
establishing  u?  and  |  x,  |,  and  V  1.221  X  0.637  =  0.995/1.414  =  0.704, 
establishing  u22  and  |  .r2  |. 
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Equality  of  Displacements.  —  It  follows  from  a  consideration  of 
Fig.  208,  that  if  two  different  impressed  frequencies  /',  /",  or  angular 
velocities  co',  «",  produce  equal  maximum  cyclic  displacements  in  a 
simple  mrs  system, 

(579)  K^2_„        & 

or 
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DATA    ON    PROPORTIONALITY    BETWEEN    FRICTIONAL    TORQUE 
AND   ANGULAR  VELOCITY  IN  VIBRATION  INSTRUMENTS 

As  has  been  pointed  out  in  preceding  Chapters,  one  of  the  principal 
postulates  in  the  theory  of  forced  vibrations  is  the  constancy  of  the 
mechanical  resistance  r  to  the  motion  of  the  vibrator,  throughout  the 
range  of  velocity  employed.  If  r  is  constant,  the  retarding  force  or 
torque,  as  the  case  may  require,  will  be  xr,  or  6r,  and  will  be  in  direct 
proportion  to  the  linear  velocity  x,  or  the  angular  velocity  6.  If,  on 
the  contrary,  the  mechanical  resistance  r  is  not  constant,  within  the  re- 
quired limits  of  accuracy  and  range  of  development,  the  retarding  force 
of  torque  will  involve  higher  powers  of  the  velocity  than  the  simple  first 
power.  This  postulate  is  as  fundamental  to  the  mechanical  system,  as 
is  the  constancy  of  resistance  in  a  metallic  conductor  (at  constant  tem- 
perature), to  the  application  of  Ohm's  law.  As  there  seems  to  be  very 
little  literature  upon  the  constancy  of  r,  some  measurements  were  made 
on  an  oscillographic  vibrator. 

Formula  (227)  shows  that  if  an  oscillograph  vibrator  is  operated 
steadily  at  its  resonant  frequency  /0,  the  displacement  impedance  has  the 
size  rwo.  Consequently,  if  r  is  constant,  this  impedance  will  be  con- 
stant, and  independent  of  the  amount  of  displacement  produced.  If 
therefore  the  impressed  vmt.,  at  resonant  frequency,  is  varied  over  a 
wide  range,  the  maximum  cyclic  displacement  produced  should  be  directly 
proportional  to  this  vmt.  In  other  words,  if  the  specific  deflection,  or 
radians  deflection  per  ampere,  of  an  oscillograph  remains  constant,  at 
resonant  frequency,  over  a  considerable  range  in  the  actuating  current  /, 
it  shows  that  r  remains  constant  over  that  range. 

Figure  209  indicates  graphically  the  specific  deflection  obtained  with 
an  air-damped  vibrator  having  the  following  dimensions.  Strip  length 
23  mm.,  width  0.25  mm.,  thickness  0.018  mm.  Size  of  mirror  fastened 
at  the  midlength  of  the  strips,  approximately  1  mm.  square. 

The  frequency  of  resonance  of  this  vibrator  was  found  to  be  4130  ~, 
by  the  Lissajous-figure  method  described  in  Chapter  XIX.  Measured 
alternating  currents,  between  18  and  62  milliamperes  in  rms.  strength, 
were  passed  through  the  instrument  at  this  resonant  frequency,  and  the 
maximum  deflections  produced  by  the  reflected  optical  beam  from  the 
mirror  were  successively   measured.     The  ratio  of  deflection   to  rms. 
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current,  or  specific  deflection,  over  this  range,  is  seen  to  produce  a  hori- 
zontal straight  line  in  the  diagram,  within  the  limits  of  observational 

error.  It  therefore 
appears  that  the  value 
of  r  was  constant  for 
the  instrument,  within 
that  degree  of  precision. 
The  current  could  not 
be  conveniently  re- 
duced below  18  milli- 
amperes,  without  loss 
of  precision  in  measure- 
ment, nor  could  it  be 
increased  beyond  62 
milliamperes  (0.0062 
abampere),  without 
danger  of  stretching 
the  strips  by  the  heat 
produced. 

More  extensive  and 
more  precise  measure- 
ments, conducted  in 
this  manner,  on  oscillo- 
graph vibrators  im- 
mersed in  different 
damping  fluids,  might 
indicate  the  complete 
limits  within  which  r  can  be  taken  as  constant  for  engineering  purposes. 
Judging  from  measurements  of  frictional  resistance  at  higher  velocities, 
it  would  appear  that  above  some  definite  limit,  the  resistance  r  begins  to 
depart  sensibly  from  a  constant  value. 
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Fig.  209.  Tests  to  detect  variations  in  resistance 
torque  to  the  motion  of  an  oscillographic 
vibrator  over  a  considerable  range  of  displace- 
ment.    (Prior.) 
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HARMONIC  ANALYSIS  SCHEDULES 

We  have  already  considered,  in  Chapter  XXI,  the  corrections  which 
are  applicable  to  the  various  harmonic  components  of  a  complex  wave, 
owing  to  the  inertia  of  the  oscillographic  vibrator  which  recorded  it. 
We  may  here  consider  briefly  a  suitable  process  for  analyzing  such  a  wave 
into  its  components. 

The  subject  of  harmonic  analysis  into  Fourier  components  is  very 
large,  and  its  literature  is  extensive.*  We  may  confine  ourselves  here 
only  to  a  consideration  of  a  single  well  known  method  —  the  schedule 
method  —  and  a  particular  schedule  for  evaluating  odd  harmonics  up  to 
the  17th,  inclusive.  It  will  be  understood  that  when  numerous  oscillo- 
grams have  to  be  analyzed,  as  a  matter  of  daily  routine,  it  becomes  desir- 
able to  use  some  mechanical  device  for  effecting  the  analyses  automati- 
cally, whereas,  when  only  an  occasional  oscillogram  has  to  be  dealt  with, 
it  is  often  inconvenient  to  install  and  maintain  such  mechanism.  The 
schedule  method  is  then  convenient  to  follow. 

Odd  Harmonics  and  Even  Harmonics.  —  Electric  waves  supplied  by 
alternators  are  usually  symmetric  with  respect  to  the  zero  line.  That 
is,  the  negative  half-waves  are  the  images,  as  in  a  mirror,  of  the  positive 
half-waves.  This  means,  according  to  a  well  known  theorem,  that  such 
waves  contain  only  odd  harmonic  frequencies  (1st,  3d,  5th,  etc.),  or  at 
least  that  the  even  harmonic  frequencies,  or  harmonics,  are  ordinarily 
negligibly  small.  Schedules  for  the  harmonic  analysis  of  waves  from 
alternators  deal,  therefore,  only  with  odd  harmonics.  On  the  other  hand, 
electric  waves  supplied  by  oscillators,  and  also  the  records  of  acoustic 
waves,  contain  both  even  and  odd  harmonics,  so  that  we  may  consider 
one  17-harmonic  schedule  for  odd-component  alternator  waves,  and  one 
11-harmonic  schedule  for  even  and  odd  components  of  a  general  wave. 
We  may  describe  the  fundamental  frequency,  in  every  case,  as  the  first 
harmonic  frequency  or  first  harmonic. 

Schedule  for  Odd  Terms  only  up  to  and  including  the  Seventeenth 
Harmonic.  —  Table  XXVI  gives  the  17-harmonic  schedule  for  odd  terms. 
This  schedule  was  originally  drawn  up  at  the  City  and  Guilds  of  London 
Technical  College.    The  schedule  carries  its  own  directions,  but  by  way 

*  See  Dellenbaugh,  Bibliography  88,  in  a  paper  that  contains  a  good  biblio- 
graphic index  of  Harmonic  Analysis  up  to  1920. 
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of  illustration,  we  may  apply  it  to  the  evaluation  of  the  harmonics  in  a 


simple  semicircular  wave  fo 
have  here  been  computed  to 


m,  as  shown  in  Fig.  210. 
four  digits. 


The  17  ordinates 


Fig.  210.  Semicircular  half-wave  prepared  for  17-term  schedule  analysis 
by  ordinates  measured  at  18  ten-degree  points,  along  base  taken  as  of  unit 
length. 

The  steps  in  the  computation  of  this  case  are  indicated  in  Table  XXVII. 
It  will  be  observed  that  because  the  initial  and  final  ordinates,  y0  and 
2/i8,  are  taken  as  zero  at  the  points  where  the  wave  cuts  the  zero  line, 
and  also  because  the  half-wave  is  symmetric  about  the  central  ordinate 
?/9  there  are  no  cosine  terms.     The  analysis  is  as  follows : 

(581)  0.5666  sin  9  +  0.0932  sin  3  9  +  0.0411  sin  5  9  +  0.0235  sin  70 

+  0.0149  sin  9  9  +  0.0097  sin   11  9  +  0.0062   sin    13  9 
+  0.0035  sin  15  6  +  0.0011  sin  179. 
The  theoretical  analysis  is  * 

(582)  /,  (0  •  sin  9  -  i  /i (^)  •  sin  3  * 

+  i/1(^)-sin5  0-Hi(7f)sm7  0  + 

where  Ji(x)  means  the  first  order  Bessel  function  of  x,  or 

(583)  Ux)  -  *  jl  -  ^.(ly  +  sTS!  (l)4-3l4-!(l)6+  •••• 
The  expression  (582)  ,  when  1.570795  replaces  x/2,  takes  the  form 

(584)  0.56682  sin  9  +  0.0939  sin  3  9  +  0.0423  sin  5  9  +  0.0252  sin  7  9 

4-  0.0171  sin  9  9  +  0.0123  sin  11  9  ■  •  ■  ■ 

*  Bibliography  22. 


APPENDIX    XIII 


419 


as  far  as  the  11th  harmonic  term,  inclusive.  This  means  that  the  ampli- 
tude of  the  nth  harmonic  of  a  semicircle  is  the  nth  part  of  the  first-order 
Bessel  function  of  n  quadrants  expressed  in  radian  measure.  This 
Bessel  function  harmonic  analysis  applies  not  only  to  the  semicircle,  but 
also  to  any  semiellipse  which 
can  be  derived  from  a  semi- 
circle by  simple  projection. 
If  the  projection  ratio  is 
say  b,  then  each  harmonic 
of  the  semiellipse  has  b 
times  the  amplitude  of  the 
corresponding  semicircular 
harmonic. 

Figure  211  shows  the  semi- 
circular half  wave  as  a  heavy 
curve  and  the  successive 
harmonics,  up  to  the  7th, 
inclusive,  both  separately 
and  in  superposition. 

If  we  take  the  calculated  value  of  0.56682  the  fundamental  frequency 
as  unity,  the  two  series,  as  far  as  the  11th  harmonic,  compare  as  follows: 


Fig.  211.  Harmonic  analysis  and  synthesis 
of  a  semicircular  half  wave,  up  to  the 
seventh  harmonic  inclusive. 


Harmonic 

1st 

3rd 

5th 

7th 

9th 

11th 

By  Theory 

By  Schedule 

1.0 
0.9994 

0.1656 
0.1644 

0.0745 
0.0725 

0.0444 
0.0415 

0.0302 
0.0263 

0.022 
0.017 

Difference 

0.0006 

0.0012 

0.0020 

0.0029 

0.0039 

0.005 

It  will  be  seen  that  none  of  these  differences  exceed  5  per  mil  of  the 
fundamental.  The  reason  for  their  existence  is  that  the  harmonic  schedule 
is  based  on  the  assumption  that  there  are  no  harmonics  above  the  sev- 
enteenth. The  presence  of  the  actual  higher  harmonics  vitiates  the 
computation. 

In  practice,  the  technique  of  oscillography  rarely  permits  of  a  measure- 
ment of  the  measured  ordinates  to  three  significant  digits  without  con- 
siderable uncertainty  in  the  last  figure.  The  curve  is  not  defined  with 
sufficient  sharpness,  as  a  rule,  to  enable  very  accurate  measurements  of 
ordinates  to  be  made,  so  that  the  precision  indicated  in  the  above  example 
is  seldom  attained  in  the  laboratory. 

For  many  purposes,  shorter  schedules  covering  a  smaller  number  of 
harmonic  terms  may  suffice.     Roughly  speaking,  the  time  required  to 
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work  out  a  schedule  increases  as  the  square  of  the  number  of  terms  which 
it  includes. 


aj 

M 

:  u 

/so  2°  °  f^0  sr  °  °  °  » \ 

/lr>Oo^9^ao^9-AOQ??\ 

/oobp«^     —     °      oooo\ 

f  i    i    1    i    \    I    •    :    i    :    :  V  yn  ¥»  fe  &  *,  *.  «.  k.  &  &  &  i 

t  y»  s 

«  l 

. 

4    V    I 

.     ' 

r   ! 

«■    5 

V?      ?      =>      b      o      o      «i      o      ?  / 
TO. 

F%° 


Fig.  212.    Curve  of  1  sin  00T  +  0.25  sin  e*2ir,  arranged  for  schedule  analysis. 

Schedule  for  Both  Even  and  Odd  Terms,  up  to  and  including  the  Elev- 
enth Harmonic.  —Table  XXVIII  gives  a  schedule,  worked  out  by  Dr.  H.  0. 
Taylor,*  for  dealing  with  both  odd  and  even  harmonics  up  to  and  including 
the  eleventh.  A  particular  wave  is  presented  in  Fig.  212  for  analysis  by 
way  of  example.  It  consists  of  two  sinusoidal  half-waves  in  succession, 
with  amplitudes  of  1.0  and  0.25  respectively.  The  theoretical  analysis 
of  this  asymmetric  wave  is 

<585)     »-^j|+^-»»-n~«-B""-CT"""e< 


cos  10  0 
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(586)  y  =  0.23873  +  0.625  sin  0  -  0.15915  cos  2  0  -  0.03183  cos  4  0 

-  0.01363  cos  6  0  -  0.00985  cos  8  0  -  0.00482  cos  10  0 . . . 

The  results  of  the  schedule  analysis  as  shown  in  Tables  XXVIII  and 
XXIX  are 

(587)  y  =  0.23735  +  0.625  sin  0  -  0.1619  cos  2  0  -  0.0347  cos  4  0 

-  0.0168  cos  6  0  -  0.0110  cos  8  0  -  0.0088  cos  10  0  -  .  .  .  numeric. 

In  Fig.  212,  the  dotted  line  zabz',  parallel  to  the  base,  marks  the  ordinate 
0.23873,  and  also  divides  the  curve  into  two  equal  areas. 

The  numerical  checks  supplied  at  the  end  of  the  schedule  are  neces- 
sarily only  approximate.  They  are  rigidly  correct  only  in  cases  where 
there  are  no  harmonics  higher  than  the  tenth. 

Schedule  for  Harmonic  Analysis:  Odd  and  even  terms,  according  to  the 
Fourier  Series: 

y  =  B0  +  Ai  sin  wt  +  A2  sin  2w!  +  A3  sin  3  cot  +  ...  +  Au  sin  11  ut 
+  Bx  cos  cot  +  B2  cos  2  u>t  +  B3  cos  3  o>t  +  ...  +  Bu  cos  llarf. 

(1)  Divide  a  full  period  into  twenty-four  equal  parts  of  15°  each,  and  measure 

the  twenty-four  successive  ordinates  yu  y-2,  y3,  .  .  .  yu.  y2i  should  cor- 
respond to  y0)  the  initial  ordinate,  which  is  not  scheduled. 

(2)  Arrange   these  twenty-four  ordinates  in   two  rows,   as  below.     Write 

down  their  sums  and  differences. 

2/i  1/2  2/3  2/4  2/5  2/6  2/7  2/8  2/9  2/io  2/n  2/12 

2/24  2/23  2/22  2/21  j/20  j/l9  2/l8  2/l7  2/l6  2/l5  2/l4  2/l3 

Sums  So  Si  S2  S3  S4  Ss  S6  S7  Ss  S9  SioSnSu    for  cosine  terms   (B) 

Differences        dt  d2  d3  dt  d*,  d6  dj  d«  dg  dl0  dn         for  sine  terms       (A) 

(3)  Enter  the  above  sums  and  differences,  with  their  proper  signs,  in  the 

following  schedules,  multiplying  each  by  the  sine  of  the  angle  set  down 
in  the  left  hand  of  each  row.  Find  the  totals  of  the  first  and  second 
columns  and  take  their  sums  and  differences,  preserving  the  signs  of 
the  latter.     Divide  throughout  by  12. 

Determine  the  coefficients  .1,  from  schedule  (A)  by  the  relations 
Ai  =  D./12,  where  D{  =  Ai  -  A';  in  schedule  (A). 

Determine  B0  from  B0  =  2S  /24,  i.e.,  the  sum  of  the  13  values  S0,  .  .  .,  S12, 
divided  by  24. 

Determine  the  remaining  coefficients  B(  from  the  relations  Bt  =  A/12, 
where  D»  =  Aj  —  A',  in  schedule  (B). 

Checks: 
yu  =  So  =  2B  or  the  sum  of  all  the  B  coefficients  from  B0  to  Bu  inclusive. 
2/12  =  Sn  =  SB"  —  2B'  where  2B"  represents  the  sum  of  the  even  coefficients 

from  Bo  .  .  .  to  Bjo  inclusive,  and  ZB'  represents  the  sum  of  the  odd 

coefficients  from  Bi  .  .  .  to  Bn  inclusive. 
y6    =  Ax  -  A3  +  A,  -  A7  +  A9  -  An  +  B0  -  B2  +  B4  -  B6  +  B8  -  B10. 
yl3  =  -  At  +  As  -  A6  +  A7  -  A,  +  An  +  Bo  -  B2  +  B4  -  B6  +  B8  -  B10. 

The  assumption  involved  in  these  computations  is  that  there  are  no  harmonics 
higher  than  the  eleventh. 
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FURTHER  EXPERIMENTAL   TESTS   OF   MODES   OF    DIAPHRAGM 
VIBRATION 

The  following  data  concerning  the  observed  modes  and  frequencies 
of  vibration  of  Klaxon-horn  diaphragms  have  been  kindly  contributed  by 
Prof.  V.  Karapetoff  from  tests  made  at  Cornell  University.  The  tests 
were  made  on  diaphragms  for  "industrial  horns,"  which  are  similar  to 
"automobile  horns,"  but  larger. 

A  Klaxon  horn,  as  commonly  employed  on  automobiles,  has  a  standard 
form  of  circular  diaphragm  of  japanned  sheet  steel,  champed  around  its 
edge  by  a  pair  of  flat  steel  clamping  rings.  The  rings  are  compressed  by 
six  equidistant  screws,  which  pass  through  corresponding  holes  in  the 
edge  of  the  diaphragm.  At  its  center  is  riveted  a  steel  boss  for  ratchet 
agitation.     The  dimensions  of  a  sample  industrial-horn  diaphragm  were: 

Diameter  of  diaphragm 13.8  cm. 

Diameter  of  clamping  circle 11.4  cm. 

Thickness  of  diaphragm  (over  japan) 0.59  mm. 

Approximate  mass  of  central  boss  load      7.5  gm. 

Figure  213  shows  such  a  diaphragm,  clamped  in  a  horizontal  frame  over 

a  motor-driven  ratchet 
wheel.  The  speed  of 
the  motor,  and  thus  the 
frequency  of  the  im- 
pressed vmf.,  was  meas- 
ured by  means  of  the 
associated  magneto  gen- 
erator. 

The  motor  was  driven 
electrically  at  adjustable 
speeds.  The  diaphragm 
was  thus  maintained  in 
corresponding  forced  vi- 
Fig.  213.  Vibration  tests  of  Klaxon  horn  bration.  At  certain 
diaphragm.  particular    speeds,     the 

plate  responded  defi- 
nitely. These  definite  responses  were  recognized,  partly  by  the  emitted 
acoustic  tone,  and  partly  by  the  pattern  formed  by  grains  of  sand  strewn 
on  the  diaphragm  surface. 
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A  number  of  diaphragms  were  tested  in  the  manner.  A  set  of  results 
obtained  with  one  diaphragm  selected  at  random,  are  given  in  Fig.  214. 
Abscissas  indicate  im- 
pressed vmf .  frequency, 
and  ordinates  the  esti- 
mated intensity  of 
response.  The  circle, 
at  the  top  of  each 
ordinate,  shows  the 
mode  of  vibration,  as 
read  from  the  same 
pattern.  In  this  in- 
stance, the  diaphragm 
gave  a  maximum  re- 
sponse, on  its  first 
mode,  at  390  ~,  with  a 
very  loud  tone.  It 
also  gave  feebler  re- 
sponse, in  its  first 
mode,  at  130,  195,  and 
1110~.  At  420  ~  it 
responded  loudly  in  its 
second  mode  with  one  nodal  diameter.  Other  and  feebler  responses,  in  this 
mode,  were  obtained  at  230,  300,  330,  520,  700,  753,  790,  and  900  ~.  Tn 
some  of  these  cases,  the  nodal  diameter  assumed  one  direction,  and  in  others 
another.  Occasionally,  a  nodal  diameter  would  be  seen  to  swing  periodi- 
cally. The  second  mode,  with  two  nodal  diameters,  was  noticed  at  830  ~, 
and  with  three  diameters  at  1040  ~.  The  third  mode,  with  a  single 
nodal  circle,  was  observed  at  1240  ~  and  1330  ~.  A  combination  of 
2d  and  3d  modes  is  shown  at  1040  ~.  One  or  two  other  mixed  forms  of 
vibration  wTere  also  found. 

Similar  tests,  with  other  diaphragms,  gave  results  of  the  same  type, 
but  the  frequencies  of  response  were  by  no  means  identical.  They  often 
differed  very  considerably.  It  is  clear  that  no  great  reliance  in  quanti- 
tative detail  can  be  placed  upon  the  frequencies  or  frequency  ratios  of 
these  different  modes,  probably  because  of  asymmetries  in  loading, 
thickness,  quality,  and  clamping  of  the  diaphragms.  The  results  clearly 
indicate,  however,  that  with  relatively  powerful  vmfs.  impressed  upon  a 
circularly  clamped  diaphragm,  various  modes  of  vibration  may  be  set 
up  at  sharply  selective  frequencies,  and  that  such  a  diaphragm  is  very 
sensitive  to  small  departures  from  geometric  and  dynamic  symmetry. 


0  200  400  600  800         1000        1200        1400 

Impressed  Frequency  Cycles  per  Second 

Fig.  214.  Modes  of  vibration  of  diaphragm  of 
Klaxon  horn  at  different  impressed  frequen- 
cies.    (Karapetoff.) 


LIST  OF  SYMBOLS  EMPLOYED 

A  force  factor  of  a  telephone  receiver  (dynes/rms.  abam- 

pere  Z ) ;  also  force  factor  of  an  oscillograph  or  vibra- 

dynes-p.-cm. 

tion  galvanometer ; Z 

rms.  abampere 

ill,  A%,  Ait  A'i,  A' 2,  A'z,  Fourier  harmonic  amplitudes  (amperes  or  volts). 

a  clamping  radius  of  a  diaphragm  (cm. ) ;   also  radius  of  a 

disk  (cm.);  also  a  force  factor  in  reinforced  vibrations. 

a,  b,  c  empirical  constants  in  expression  for  damped  resistance 

of  a  receiver  (ohms). 
a  an  angle  or  slope  (radians  or  degrees). 

olu  «2,  «3  slopes  of  oscillograph  correction  factors  (degrees). 

ax,  a2  quadrantal  values  of  slope  (radians). 

a  =  (ai  +  ja2)   in  acoustic  impedance  of  an  air  tube,  the  linear  hyper- 
bolic angle  of  the  tube  (hyps,  per  cm.  Z ). 
ah  a2  real   and   imaginary   components  of  linear  hyp    angle 

(hyp.  and  cir.  radians). 
an  phase   angle   of   vibration   around   a   plate   diaphragm 

(radians). 
Bu  B2,  B3  Fourier  harmonic  amplitudes  (amperes  or  volts). 

Bs  =  1/A,=  2  B0  sustained  resonant  bluntness  of  a  system   based  on  ts 

(numeric). 
Bo  =  1/Ao  oscillatory  resonant  bluntness  of  a  system  based  on  to 

(numeric). 
&  flux  density  in  a  magnetic  circuit  (gausses). 

£?o  permanent  magnetic  flux  density  in  mag.  cct.  (gausses). 

£?im  maximum  cyclic  flux  density  in  mag.  cct.  due  to  an  alt. 

current  (max.  eye.  gausses). 
^  effective  flux  density  in  a  mag.  cct.  due  to  an  alt.  current 

(rms.  gausses). 
b  thickness  of  a  plate  diaphragm  (cm.). 

b,  b  mechanical   susceptance    (mechanical   abmhos)    or   sus- 

ceptance  to  torque. 
/3°  slope  of  a  complex  quantity   (degrees) :  in  particular, 

slope  of  flux  lag  in  receiver  magnetic  cct.  (degrees); 

also  a  time- phase  lag  angle  (radians  or  degrees). 
C  =  l/D  correction  factor  of  an  oscillographic  vibrator  (numeric  Z ). 

Ci,  C2,  Cs  sizes  of  correction  factors  for  oscillographic  harmonic 

terms  (numeric). 
c  capacitance  of  a  condenser   (farads  or  abfarads);  also 

linear  capacitance  of  a  line  conductor  (farads/km.) ; 

also  a  constant  of  diaphragm  material  (cm./Vsec). 
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C  =  1/s  inelastance  of  a  mechanical  -rib.  system  (cm./dyne)  or 

radian/dyne-p.-cm.). 
7  a  circular  angle  (radians  or  degrees);  also  in  acoustic- 

conductor  theory,  the  ratio  1.41  of  specific  heats  in  air, 
constant  pressure  to  constant  volume  (numeric). 
D  =  1/C  deviation  factor  of  an  oscillograph  (numeric  Z). 

d  a  differential;  also  in  amplitude  exploration,  the  length 

of  the  luminous  reflected  band  (cm.). 
A  =  r/2  m  damping  factor  of  a  vib.  system  (hyp./sec). 

A0  aperiodic   value   of   A   when    numerically   equal  to  co0 

(hyps. /sec). 
5,  8T  logh  decrement  of  a  damped  vibration  (numeric) ;   also 

the  deviation  (u  —  1)  for  a  sharp  vibrator  (numeric). 
8t,  8i  logh  decrement  of  a  damped  vibration  at  time  t,  and 

after  one  radian  revolution  (numerics). 
52,r  logh  decrement  of  a  damped  vibration  in  one  cycle  or 

after  2  -k  radians  (numeric). 
8A,  8P  position  angles  of  the  sending  end,  and  of  a  point  P  on 

an  acoustic  or  electric  conductor  (hyps.  Z). 
E  electromotive  force  in  a  system  (rms.  volts  or  abvolts). 

Ea  absorption  emf.  in  pr.  -cct.,  due  to  action  of  sec.  cct. 

(rms.  volts  Z). 
EA,   EP,  EB       emf.  at  sending  end,  at  an  intermediate  point,  and  at  the 

receiving  end,  of  line  conductor  (volts  Z). 
e  emf.  (abvolts);  also  instantaneous  motive  inertia  force 

in  a  damped  system  (dynes  or  volts) ;  also  a  time-phase 
in  plate-diaphragm  vibration  (sees.). 
eT  emf.  produced  by  resistance  (rms.  volts  Z). 

Napierian  base  (numeric). 
mech.  efficiency  of  diaphragm  (numeric), 
gross  efficiency  of  receiver  (numeric), 
net  efficiency  of  receiver  (numeric). 
values  of  v',  v",  and  -q  at  apparent  resonance  (numeric), 
total   magnetic  tractive  force  on  a  diaphragm  (dynes), 
permanent  magnetic  tractive  force  on  diaphragm  (dynes), 
maximum  cyclic  magnetic  tractive  force,  or  vmf.,  on 

diaphragm  due  to  current  (max.  eye.  dynes), 
effective  tractive  force  or  vmf.  on  diaphragm,  due  to 

current  (rms.  dynes), 
vibromotive   force   or   torque   impressed   on   a   system 

(rms.  dynes  Z  or  rms.  dyne-p.-cm.  Z). 
maximum  cyclic  value  of  FT  (dynes  Z ,  or  dyne-p.-cm.  Z  ). 
absorption    vmf.    due   to   action   of   secondary   system 
(rms.  dynes  Z ). 
Ea,  Fp,  Fb         vibromotive  force  over  section  of  acoustic  conductor,  at 
sending  end,  at  intermediate  point  P,  and  at  receiving 
end  (rms.  dynes  Z). 
F2  vmf.  in  secondary  system  (rms.  dynes  Z). 


e  = 

2.718  . 

v'  = 

=  r/f 

v" 

=  R'/R' 

V  = 

v'v" 

V'o, 

v"o,  Vo 

F 

F0 

Fim 

Ft 

Ft 

Fm 

Fa 
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Ft  size  of  initial  vector  force  in  a  damped  system  (dynes  or 

volts). 
FT  size  of  initial  actual  force  in  a  damped  system  (dynes  or 

volts). 
J*S  permanent  mmf.  in  mag.  cct.  (gilberts). 

^lm  mmf.  in  mag.  cct.  due  to  alt.  current  (max.  eye.  gilberts). 

J^  mmf.  of  demagnetization  (gilberts). 

J*i  eff.  mmf.  of  displacement  (rms.  gilberts  Z). 

J*"  eff.  resultant  mmf.  in  mag.  cct.  (rms.  gilberts  Z). 

/  specific  mag.  tractive  force  on  diaphragm  (dynes/cm.2). 

/,  f  instantaneous  vmf .  or  vmt.  on  a  system  (dynes,  or  dyne- 

p.-cm.). 
/  frequency  (cycles/sec), 

/o,  /i,  /2  frequency    of   resonance,   lower   and   upper   quadrantal 

values  (cy.  per  sec), 
/'o,  /"o  resonant  frequency  of  a  diaphragm  after  being  loaded 

(cycles/sec). 
fs>  fa,  f/>  /12  initial,    maximum   admittant,   free   and   midquadrantal 

impressed  frequency  (cycles/sec). 
jrm  mech.  force  due  to  resistance  (max.  eye.  dynes  Z). 

fr  mech.  force  due  to  resistance  (rms.  dynes  Z ). 

g  linear  conductance  of  an  electric  conductor  (mhos/km.). 

g  g  mech.  conductance,  or  conductance  torque;  also  linear 

acoustic    conductance    (mech.    abmho/cm.)     conduc- 
tance (mech.  abmhos.). 
7  =  1.41  ratio  of  specific  heats  in  air  (numeric);  also  an  angle  in 

a  vector  triangle  (radians) . 

Y'  =  -  —  7       the  complement  of  the  angle  y  (cir.  radians). 

Jifc  demagnetizing  force  (gilberts/cm.). 

J^c  total  demagnetizing  force  (gilberts/cm.). 

6  displacement  of  a  rot.  vib.  system  (rms.  radians  Z). 

6m  displacement  of  a  rot.  vib.  system  (max.  eye.  radians  Z ). 

dt  initial  displacement  of  rot.  vib.  system  (radians) 

6 1  displacement  at  time  t  (radians) . 

0  angular  velocity  of  rot.  vib.  system  (rms.  radians/sec.). 

dm  angular  vel.  of  rot.  vib.  system  (max.  eye.  radians/sec). 

6  =  di  +  jd2       line  angle  of  a  conductor  el.  or  acous.  (hyps.  Z). 

d  in  theory  of  angular  velocity,  cosh-1  B0  (hyps.). 

6'  in  oscillography,  specific  deflection  of  mirror  (max.  eye. 

radians/rms.  abampere). 
B'm  in  oscillography,  specific  deflection  of  mirror  (max.  eye. 

radians/max.  eye.  abampere). 
J  =  4>  current  in  magnetic  circuit  (maxwells  per  sec.  Z). 

/  alt.  current  (rms.  amp.  or  abamperes  Z). 

Im  alt.  current  (max.  eye.  abamperes  Z). 

i  instantaneous  alt.  current  (abamperes);    also  V—  1  in 

plate  vibration  theory. 
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1 1,  h  pr.  and  sec.  currents  (rms.  amp.  or  abamperes  Z). 

I  a  virtual  current  of  absorption  in  pr.  cct.  due  to  action  of 

sec.  cct.  (rms.  amp.  or  abamperes  Z). 
ha  current  in  pr.  cct.  as  effected  by  action  of  sec.  cct.  (rms. 

amp.  or  abamp.  Z). 
I  a  current  at  sending  end  of  conducting  a.-c.  line  (amperes  Z ). 

Im  current  in  receiver  winding  (max.  eye.  abamperes). 

/  eff.  alt.  current  strength  in  receiver  (rms.  abamperes). 

Jn  Bessel's  function  of  the  nth  order  (numeric). 

k  =  Vco7c  a  constant  of  diaphragm  material  (cm.-1). 

ks  elasticity  constant  of  diaphragm  material  (dynes/cm.2). 

km  density  constant  of  diaphragm  material  (gm./c.c). 

ksm  a  constant  of  diaphragm  material  (ergs/gm.)*. 

k  =  v/v'  acoustic  compression,  or  ratio  of  rms.  diminution  in  vol- 

ume to  quiescent  volume  (numeric). 

L  length  of  mean  flux  path  in  mag.  cct.  (cm.) ;  also  length  of 

an  electric  conductor  (km.)  or  acoustic  conductor  (cm.) ; 
also  distance  between  mirror  and  screen  of  oscillograph 
(cm.). 

hi  distance  from  point  P  to  far  end  of  el:  or  acoustic  con- 

ductor (km.  or  cm.). 

£  inductance  of  receiver  coil  (henries  or  abhenries). 

£v  vector  inductance  of  receiver  coil  at  apparent  resonance 

(henries  or  abhenries  Z). 

£"  apparent  inductance  of  a  receiver  free  (henries  or  ab- 

henries) . 

I  inductance  of  a  branch  circuit  (henries  or  abhenries) ;  also 

length  of  mirror  radius  arm  (cm.). 

X  wave  length  in  el.  or  acous.  conductor  (km.  or  cm.) ;  also 

a  boundary-condition  constant  for  plate  diaphragms 
(numeric) . 

M  total  mass  of  diaphragm  within  clamping  circle  (gm.); 

also  magnification  factor  of  optical  explorer  (numeric). 

m  equivalent  mass  of  simple  linear  vibrator  (gm.);  also 

number  of  complete  energy  cycles  of  a  damped  vibrator 
(numeric). 

m  linear  mass  of  air  in  an  acoustic  tube  conductor  (gm. 

per  linear  cm.). 

m  moment  of  inertia  of  simple  rotational  vibrator  (gm.-cm.2) . 

m'  central  load  attached  to  a  diaphragm  (gm.). 

nil  equivalent  polar  mass  of  a  diaphragm  (gm.). 

m0  equivalent  central  mass  of  a  diaphragm  (gm.) ;  also  mass 

of  a  rotational  vibrator  (gm.). 

fi  magnetic  permeability  (gausses/gilberts  per  cm.);  also 

mutual  inductance  or  mutual  mass  between  a  pair  of 
primary  and  secondary  systems  (henries,  abhenries  or 
grams) ;  also  symbol  for  a  micron  or  10-6  meter. 
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N  total  number  of  turns  in  a  receiver  winding  (numeric). 

N'  fictitious  number  of  displacement  turns  (abamp./cm.  or 

gilberts/cm.). 

n  number  of  nodal  diameters  in  a  vibrating  plate  diaphragm 

(numeric) ;  also  number  of  rings  into  which  a  vibrating 
plate  may  by  assumption  be  divided,  in  order  to  find 
the  central  equivalent  mass  (numeric) ;  also  a  complex 
angular  velocity  (hyp.  per.  sec.  Z );  also  the  root  index 
of  a  force  factor  in  sustained  vibration  (numeric). 

v  scalar  ratio  of  current  or  velocity  at  any  impressed  fre- 

quency, to  the  maximum  or  resonant  value  (numeric). 

v'  scalar  ratio  of  quantity  or  displacement  at  any  impressed 

frequency,  to  the  maximum  value  at  fd  (numeric) . 

P  =  EI  vector  power  in  simple  a.-c.  circuit  (abwatts  Z ) ;  also  a 

constant  of  amplitude-magnitude  for  a  plate  diaphragm 
(cm.). 

Pe  —  Pea~\~JPer    electric  power  of  motional-power  circle  (abwatts  Z). 

Ph  =  Pha+JPhr  hysteretic  power  of  motional-impedance  circle  (ab- 
watts/2  sin  (3  Z). 

Pt  =  Pa  —  jPT  initial  vector  power  of  a  damped  vib.  system  (abwatts  Z ). 
p"     =  pn       , 

m         .p™°    [•  gross  motional  power  of  motional-power  circle  (abwatts  Z  ) . 

P"mo  gross  motional  power  at  apparent  resonance  (abwatts  Z ). 

P'ma  —  #V  motional  active  power  expended  in  displacement  (ab- 
watts). 

Pma  =  x2r  net  active  power  output  (abwatts). 

pn  _  p't         i 

I    -pn        I  vector    power  expended  in   mag.  cct.,  diaphragm   free 


^/4ttJ      (abwatts<0- 

Pf  =  J*0/4  7r  vector  power  expended  in  electromagnetic  cct.  (ab- 
watts Z). 

Pt"  =  J*^/4  t  vector  power  in  same  cct.,  diaphragm  free  (abwatts  Z). 

p  =  N'/N  turns  ratio  of  a  receiver  (abamp/cm.);  also  ratio  n/ti,  of 

resistance  in  coupled  systems  (numeric);  also  Y2/X 
the  parameter  of  a  parabola. 

p  =  F/S  pressure  intensity  deviation  from  normal  on  surface  of  a 

diaphragm  (dynes/sq.  cm.). 

pc  power  in  a  spring  or  condenser  of  a  damped  system  (ab- 

watts or  watts). 

p  power  in  a  mass  or  inductance  of  a  damped  system  (ab- 

watts or  watts). 

Po  hydrostatic  pressure  in  quiescent  air  of  acoustic  con- 

ductor (dynes/sq.  cm.). 

p'o  =  fPo  adiabatic  hydrostatic  pressure  in  quiescent  air  of  tube 

(dynes/sq.  cm.). 

ir  =  3.1415  .  .  .  (numeric). 

0  angle  between  mirror  and  diaphragm  (degrees) ;  also  flux 

in  magnetic  circuit  (maxwells). 
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<£o  permanent  mag.  flux  in  receiver  mag.  cct.  (maxwells). 

4>im  mag.  flux  in  mag.  cct.  due  to  alt.  current  (max.  eye. 

maxwells). 

i\  effective  mag.  flux  in  mag.  cct.  due  to  alt.  current  (rms. 

maxwells) . 

<t>z  effective  mag.  flux  in  mag.   cct.   due  to  displacement 

(rms.  maxwells). 

Q  initial  electric  charge  of  a  condenser  (coulombs). 

q  electric    quantity    or    displacement    (coulombs    or    ab- 

coulombs) ;  also  Young's  modulus  for  plate  diaphragm 
material  (dyne/cm.2). 

q  =  i  current  in  el.  cct.  (amp.  or  abamp.). 

qe  equilibrium  charge  in  a  series  of  condensers  (coulombs). 

Ri  resistance  of  a  receiver  winding  or  of  a  vibration  galva- 

nometer, to  direct  current  (ohms). 

R  resistance   of   a   receiver   winding,   diaphragm   damped 

(ohms  or  abohms). 

R"  resistance  of  a  receiver  winding,  diaphragm  free  (ohms  or 

abohms). 

R'  =  R"  —  R  motional  resistance  of  a  receiver  winding  (ohms  or  ab- 
ohms) . 

R'o  =  |  Z'o  |  size  of  a  diametral  motional  impedance  at  app.  resonance 
(abohms). 

r  electric  resistance  of  branch  a.-c.   cct.  (abohms);    also 

radius  of  a  point  on  a  diaphragm  from  its  center  (cm.). 

r,  P  mech.  resistance  of  a  simple  linear  or  rot.  vibrator  (mech. 

abohms). 

r'  virtual  mech.  res.  of  displacement   (mech.   abohms  or 

dynes/kine). 

r"  =  r  -+-  r'        gross  mech.  res.  of  a  receiver  diaphragm  (mech.  abohms). 

ra  =  (juco)2/r2  virtual  res.  of  sec.  system  as  apparent  in  pr.  system  at 
sec.  resonance  (el.  or  mech.  abohms). 

^?o  reluctance  of  air-gaps  to  permanent  mag.  flux  (oersteds). 

p  size  of  a  polar  complex  number  (numeric)  and  radius 

vector  length  in  polar  coordinates  (cm.);  also  density 
of  quiescent  air  or  other  gas  in  an  acoustic  conductor 
(gm./c.c);  also  density  of  plate  diaphragm  material 
(gm./cm.3);  also  in  oscillation  theory,  half  the  re- 
sistance r  of  a  system  (ohms  or  abohms). 

S  active  surface  of  either  pole  of  receiver  magnet  (sq.  cm.) ; 

also  cross-sectional  area  of  a  tube  (sq.  cm.). 

s  =  1/c  electric  elastance  of  a  condenser  (abdarafs). 

s  S  mechanical  elastance  of  a  simple  linear  or  rot.   vibrator 

(dynes  cm.  or  dyne-p.-cm./radian). 

s'  virtual    mech.    elastance    of    diaphragm    displacement 

(dynes/cm.). 

s"  =  s  —  s'        gross  mech.  elastance  of  a  diaphragm  (dynes/cm.). 

a  elect,  impedance  of  a  terminal  load  (abohms   Z);  also 
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acoustic  impedance  of  an  open  tube  end  (mech.  ab- 

sohms   Z);  also  Poisson's  ratio  for  plate  diaphragm 

material  (numeric) . 
T  periodic  time  of  a  complete  free  vibration  (seconds). 

t  time  elapsed  (seconds). 

tt  time  to  fall  to  1/eth  (seconds). 

t°  temperature  of  gas  in  acoustic  conductor  (deg.  C). 

t'  torque  (dyne-p.-cm.). 

to  =  2  £/r  =  2  m/r  =  1/A      oscillatory  time  constant  of  system  (sees.). 
t,  =  £/r  =  m/r  =  1/2  A         non-oscillatory  or  sustained  time  constant 

(seconds). 
7>  time  required  for  non-periodic  reversal  in  free  vibration 

(seconds). 
u  —  f/fo  ratio  of  impressed  to  resonant  frequency  (numeric). 

ud,  Ui,  u2,  u0,  uf  values  of  u  at  max.  displacement,  quadrants,  resonance 

and  free  vibration  (numeric). 
u',  u"  two  frequency  ratios  producing  equal  velocities  (numeric). 

v  =  a)/a2  group  velocity  of  transmitting  waves  in  el.  or  acoustic 

conductor  (km. /sec.  or  cm. /sec). 
A0  =  l/50  =  co0/ A  oscillatory  sharpness  of  resonance  (numeric). 

s  ^~  /9  r[  sustained  sharpness  of  resonance  (numeric). 

W  kinetic  energy  of  a  vib.  system  (max.  eye.  ergs). 

We  elastic  potential  energy  of  a  vib.  system  (max.  eye.  ergs). 

Wt  initial  energy  in  a  damped  system  (ergs  or  joules). 

Wt  kinetic  energy  of  a  vib.  diaphragm  (max.  eye.  ergs). 

w  work  done  by  a  torque  (ergs). 

Wi  displacement  of  diaphragm  over  pole  (max.  eye.  cm.); 

also  energy  left  in  a  damped  system  after  one  cycle 
(ergs  or  joules). 

wT  instantaneous  local  displacement  of  diaphragm   (cm.); 

also  max.  cyclic  local  displacement  (cm.). 

wm  local  displacement  of  diaphragm  (max.  eye.  cm.). 

wa  rms.  displacement  of  diaphragm  (rms.  cm.). 

Wo  displacement  of  diaphragm  over  center  (max.  eye.  cm.). 

wnr  instantaneous  displacement  at  point  on  a  plate  diaphragm 

(cm.). 

w  local  vib.  velocity  of  diaphragm  (max.  eye.  kines). 

Wo  central  vib.  velocity  of  diaphragm  (max.  eye.  kines). 

W\  polar  vib.  velocity  of  diaphragm  (max.  eye.  kines). 

ibo  central  acceleration  of  diaphragm  (max.  eye.  kines/sec.). 

we,  wf,  wd  energy  in  elastic  member,  inertia  member,  and  dissipa- 

tion of  a  damped  system  (ergs  or  joules). 

X  length  of  polar  air  gap  entrefer  (cm.);  also  coordinate  of 

a  curve. 

X  damped  reactance  of  a  winding  (ohms  or  abohms  Z). 

X"  free  reactance  of  a  receiver  winding  (ohms  or  abohms  Z  ). 

X'  =  X"  —  X  motional  reactance  of  a  receiver  (ohms  or  abohms). 
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JX  vector  reactance  of  a  receiver  winding  (ohms  or  ab- 

ohms  Z). 
x  displacement  of  a  simple  linear  vibrator  (rms.  cm.   Z). 

xc  displacement  of  the  center  of  an  exploring  mirror  (cm.). 

■rm  displacement  of  the  center  of  an  exploring  mirror  (max. 

eye.  cm.). 
xt  displacement  of  the  center  of  an  exploring  mirror  after 

lapse  of  t  sees.  (cm.). 
xmo,  Xmo  displ.  and  velocity  at  the  center  of  an  exploring  mirror, 

at  resonance  (max.  eye.  cm.)  (max.  eye.  kines). 
Xo,  Xo  displacement    and    velocity    at    center    of    diaphragm 

(cm.  Z,  kines  Z). 
x,  x  rms.  displacement  and  velocity  over  entire  surface  of 

diaphragm  (cm.  Z,  kines  Z). 
x}  x  velocity  and  acceleration  of  diaphragm  or  thin  layer  of 

air  (rms.  kines  Z,  rms  kines/sec.  Z). 
i'm,  xn  sizes  of  velocity  and  ace.   of  diaphragm  or  air  layer 

(max.  eye.  kines  Z)  (max.  eye.  kines/sec.  Z). 
xr  velocity  of  simple  vibrator  (rms.  kines). 

xt  an  initial  velocity  of  a  disturbed  vibratory  system  (kines). 

Xi,  X2  velocities  of  pr.   and  sec.  vibrators  in  coupling  (rms. 

kines  Z). 
xla  velocity  of  pr.  vibrator  in  presence  of  secondary  action 

(rms.  kines  Z). 
xa  =  Xi  —  Xia    virtual  absorption  vel.  of  pr.  vibrator  due  to  sec.  action 

(rms.  kines  Z ) . 
active  component  of  initial  velocity  (kines). 
reactive  component  of  initial  velocity  (kines). 
net  mech.  reactance  of  diaphragm  (mech.  abohms  Z). 
virtual   mech.    reactance   of   displacement    (mech.    ab- 
ohms Z). 
acoustic  reactance  on  sides  of  diaphragm   (mech.   ab- 
ohms Z). 
ordinate  of  a  curve. 

motional  admittance  of  a  receiver  (mhos  Z  or  abmhes  Z ) . 
admittance  to  velocity  of  a  system  (mech.  abmhos  Z  or 

kines  per  dyne  Z). 
y'  =  \/z'  displacement    admittance    of    a    vibrator    (rms.    mech. 

abmhos  Z  or  radians/dyne-p.-cm.  Z). 
y's,  y'i>  y'o,  y't    initial,  lower-quadrantal,  resonant,  and  upper-quadrantal 

disp.  admittance  (rms.  radians/dyne-p.-cm.  Z). 
y'd>  y'/>  y'12  maximum  admittant,  free  and  mid-quadrantal  disp.  adm. 

(rms.  radians/dyne-p.-cm.  Z). 
y  linear  admittance  of  electric  conductor  (ohms/vv.  km.); 

also  logh  u  in  the  theory  of  resonance  (numeric) . 
y  linear  admittance  in  the  theory  of  acoustic  conductors 

(mech.  abmhos/ cm.  Z). 
y'  =  A0  logh  u  in  the  theory  of  resonance  (numeric). 
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y"  =  \/z"  gross  mech.  admittance  to  velocity,  of  diaphragm  (mech. 

abmhos  Z). 
^  (x)  a  force  function  of  the  displacement  amplitude  x. 

xf/  =  gdd  gudermannian  of  a  hyperbolic  angle  6  (cir.  radians  or 

degrees) . 
ip'  =  7r/2  —  \J/    gudermannian  complement  of  a  hyp.  angle  (cir.  radians 

or  degrees). 
Z  a.-c.  damped  impedance  of  receiver  winding  (ohms  or 

abohms  Z). 
Z"  a.-c.  free  impedance  of  same  winding  (ohms  or  abohms  Z ) . 

Z'  —  Z"  —  Z     motional  impedance  (ohms  or  abohms  Z). 
Z'o  diametral  or  resonant  impedance  (ohms  or  abohms  Z). 

z  mech.  impedance  to  velocity  (dynes/kine  Z);  also  net 

mech.  imp.  of  diaphragm  (dynes/kine  Z);  also  linear 

mech.    impedance   of    acoustic    conductor    (abohms/ 

cm.  Z). 
z  linear  impedance  of  electric  conductor  (ohms/w.km.  Z). 

2„  virtual  mech.  impedance  of  diaphragm  due  to  its  vibra- 

tion in  mag.  field  (mech.  abohms  Z). 
Zi,  z2  primary  and  secondary  coupled  cct.  impedance  (ohms 

or  abohms  Z ) . 
2i,  z2  primary  and  secondary  coupled  cct.  impedance  (mech. 

abohms  Z ) . 
Zi,  Z2,  z  acoustic  impedance  on  sides  1  and  2  of  diaphragm  and 

their  vector  sum  (mech.  abohms  Z). 
za,  za  apparent  elec.  and  mechanic  imp.  in  pr.  system  due  to 

effect  of  secondary  system  (el.  or  mech.  abohms  Z). 
Zia  =  2i  +  za      primary   cct.    impedance   including    sec.    reaction    (ab- 
ohms Z). 
Zia  =  Zi  -\-  za      primary  system  impedance  including  sec.  reaction  (mech. 

abohms  Z). 
z'  total  mech.  impedance  on  a  diaphragm  (mech.  abohms). 

z0  or  Zo  surge  impedance  of  el.  or  acoustic  conductor  (ohms  Z  or 

abohms  Z). 
z"  =  r"  +  jx"  total  or  gross  mech.  impedance  of  a   diaphragm  (mech. 

abohms  Z). 
Ji,  $2,  3  acoustic  impedance  densities  on  side  1  and  2  of  a  dia- 

phragm, and  their  vector  sum  (acoustic  abohms/sq. 

cm.  Z). 
co  =  2  7r/  impressed  angular  velocity  on  system  (cir.  rad./sec). 

cos,  coi,  coo,  co2        initial,  lower-quadrantal,  resonant,  and  upper-quadrantal 

impressed  angular  velocities  (rad./sec). 
md,  o)f,  a>i2  max.    admittant,    free   and   mid-quadrantal    ang.    vel. 

(rad./sec). 
coo"  gross  resonant  angular  velocity,  taken   as  equivalent  to 

o)0  (rad./sec). 
wi,  con  ang.  velocities  oppositely  situated    in  mot.  imp.  circle 

(rad./sec). 
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ojoi  ang.  vel.  of  resonance  with  loaded  diaphragm  (rad./sec). 

05'  =  03f  ang.  vel.  of  free  vibration  (rad./sec). 

I  Q  I  size  or  length  of  a  plane  vector  quantity  Q. 

oc  infinity. 

^  approximately  equals, 

log  x  common  logarithm  of  x,  to  base  10. 

logh  x  hyperbolic  logarithm  of  x,  to  napierian  base  e. 

~  sign  for  cycles  per  second. 

Z  sign  denoting  a  plane  vector  or  complex  quantity, 

a.-c,  d.-c.  abbreviations    for    "alternating-current"    and     "direct- 
current." 

ab  prefix  signifying  a  C.  G.  S.  magnetic  unit, 

cmf .  counter-magnetomotive  force, 

emf .  electromotive  force, 

hyp.  contracted  form  of  "hyperbolic  radian." 

rms.  root  of  mean  square, 

vmf.  vibromotive  force. 

vmt.  vibromotive  torque. 

w.  km.  wire  km. 
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Angular    velocities,    real    or    hyper- 
bolic, 327 
complex,  328 
generalized  complex,  334 
of  a  simple  mechanical  or  electric 

system,  325 
quadrantal,  99 


Angular  velocity 

circular  locus  of,  214 

impedance  to,  212 

of  a  rotational  vibrating  system, 

206 
of  vibration  or  of  alternation,  43 
sub-resonant,  315 
super-resonant,  317 
Aperiodic  system,  219 
Aperiodic  vibration,  379 
Application   to   architectural   acous- 
tics, 189 
Architectural    acoustics,    application 

of  motional  impedance  to,  189 
Asymmetry    of    specific    deflection- 
frequency  curves,  253 

Baldwin  telephone  receivers,  2,  4 

Bell  bipolar  receivers,  2 

Bell  head  receivers  or  watch-case  re- 
ceivers, 2 

Bell  monopolar  receivers,  2 

Bell  telephone  receivers,  2 

Bessel-function  harmonic  analysis  of 
semicircle,  418 

Best  values  of  blunt ness  for  an  os- 
cillograph, 255 

Bibliography,  438 

Bifilar  oscillographs,  196 

Bifilar  vibration  galvanometers,  266 

Bluntness  of  resonance,  217 

Central  equivalent  mass  of  dia- 
phragm, 32,  34,  308 

Circular  locus  of  angular  velocitv, 
214 

Circular  orbit,  simple  velocity  in,  325 

Classification  of  diaphragms  —  mem- 
branes and  plates,  12 

Collected  numerical  data  on  analyzed 
receiver,  126 

Complex  angular  velocities,  328 
applied  to  transient  vibrations,  331 
complex  pairs  of,  330 

( lomplex  numbers 

in  electrical  engineering  literature, 

55 
sizes  and  slopes  of,  56 

Constants  of  an  oscillograph  vi- 
brator, 236 

Contour  lines  of  equal  vibration  am- 
plitude, 22 
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Correction   and    analysis    of   oscillo- 
grams, 262 

Correction   data   for   marking   upon 
oscillograms,  205 

Correction  factor  of  oscillogram,  263 

Counter   mmf.    in   permanent    mag- 
netic circuit,  7 

Coupled-system     primary-velocity 
graphs,  166 

Critically  damped  free  vibration,  379 

Current  sensitivity  of  vibration  gal- 
vanometer, 268 

Currents    or    velocities,    quadrantal, 
404 

Curve  of  motional  admittance,  176 

Damped  periodic  vibration,  336 
Damping-coefficient  diagram,  339 
Damping  constant,  331 

of  a  diaphragm,  101 
Damping  device  for  use  with  tele- 
phone receivers,  63 
Damping  factor,  340 
Damped  impedance 
locus  of,  67 

of  telephone  receiver,  61 
vector  diagram  of,  69 
Damped   vibration,    vector   diagram 

of,  332 
Data    determinable    from    the    mo- 
tional-impedance circle,  112 
Data  secured  on  particular  receivers, 

124 
Decrement,  logarithmic,  340 
Demagnetizing  force,  7 
Density  of  acoustic  impedance,  168 
Deviation  factor  of  oscillograph,  230 
Diagram  of  damping  coefficients  or 

damping  factors,  339 
Diaphragm   elasticity    measurement, 

static  apparatus  for,  38 
Diaphragm,    epsilonic   time  interval 

of,  102 
Diaphragm  vibration 

amplitude  distribution,  15 
experimental  tests  of,  426 
Displacement  admittance,  221,  226 
Displacement-admittance  curve,  96 
Displacement-admittance  graph,  227 
Displacement-admittance    locus,    84, 

98 
Displacement     contours     over     dia- 
phragms, 22 
Displacement 

elastic  coefficient  of  receiver  dia- 
phragm, 93 
flux  locus,  82 
impedance,  221 
mechanical   resistance   of   receiver 

diaphragm,  93 
of  diaphragm,  vector  locus  of,  97 


quadrantal,  407 

resonance  curves,  symmetrical,  409 
tractive    force    on    receiver    dia- 
phragm, 91 

Displacement-impedance  parabolas, 
222 

Displacement  magnetic  flux  in  tele- 
phone receiver,  82 

Disturbing  influences  tending  to  dis- 
tort motional-impedance  circle, 
94 

Dot  differential,  with  respect  to  time, 
45 

Dynamical  model  for  illustrating 
motional  velocity,  157 

Dyne-perpendicular-cm.,  207 

Ear  acoustic  load,  184 

Effects  of  changes  in  thickness  of 
diaphragm  on  its  characteris- 
tics, 193 

Effect  of  loading  a  diaphragm  with  a 
central  mass,  34 

Effect  of  size  of  wire  on  receiver  con- 
stants, 128 

Efficiency 

gross,  of  receiver  at  resonance,  106 
net,  of  receiver  at  resonance,   106 

Elastance  of  a  receiver  diaphragm, 
gross,  displacement,  and  net,  93 

Elastance  coefficient,  mechanical,  50 

Elastance,  electric,  44 

Elastic  constants  of  diaphragms  from 
static  deflections,  40 

Elastic  potential  energy  of  simple 
vibration,  47 

Elastic  reactance,  mechanical,  50 

Elastic  restoring  force  of  simple  vi- 
bration, 46 

Elastic  restoring  torque,  210 

Electric  power  in  receiver,  vector 
diagram  of,  86 

Electrical  theory  of  coupled  circuits, 
160 

Electromagnetic  vmfs.  on  diaphragm, 
22 

Electromotive  force  generated  in  a 
vibration  galvanometer,  278 

Energy  and  power,  vibratory,  317 

Epsilonic  time  interval  of  a  dia- 
phragm, 102 

Equivalent  mass  of  diaphragm,  32, 
33,  34 

Equivalent  mass  of  diaphragm,  cen- 
tral and  polar,  307,  308 

Equivalent  single  central  elastic  force 
of  a  diaphragm,  37 

Exploration  of  vibration  amplitude 
over  diaphragms,  22 

Exploration  of  vibration  over  thin 
glass  diaphragms,  29 
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Explorer  optical  system,  20 
Explorer  supports,  18 
Extinguishing  resistance  of  humming- 
telephone  circuits,  294 

Figures,  Lissajous,  238 

Force  diagrams  vector,  for  a  re- 
ceiver, 89 

Force  factor,  vector,  in  a  receiver,  88 

Force  of  mechanical  resistance,  48 

Forced  vibration,  steady-state  vector 
diagrams  of,  319 

Forced  vibrations  of  a  diaphragm 
under  simple  impressed  vmf.,  42 

Formulas  for  free  vibration  in  tabular 
form,  386 

Formulas  for  oscillographic  displace- 
ment admittance,  229 

Free  damped  vibrations,  336 

Free  impedance  of  telephone  re- 
ceiver, 61 

Free  impedance  series,  71 

Free  impedance  vector  diagram,  80 

Free  overdamped  or  ultraperiodic  os- 
cillations, 365 

Free  undamped  oscillations,  356 

Free  vibrations  in  charging  a  system, 
3S4 

Frequency  of  apparent  resonance  of 
a  receiver  diaphragm,  77 

Frequency,  quadrant  al  range  of,  56 

Frequencies,  quadrantal,  99 

Frequency  ratio,  213 

Fundamental  constants  in  receiver, 
methods  for  determining,  115 

Fundamental  geometry  of  current 
resonance  curves,  403 

Generalized  complex  angular  ve- 
locities, 334 

Graphs  of  scalar  velocity  and  dis- 
placement, 399 

Gravest  mode  of  circular  plate  vibra- 
tion, 13 

Gross  efficiency  of  receiver  at  reso- 
nance, 106 

Gross  elastic  coefficient  of  receiver 
diaphragm,  93 

Gross  mechanical  admittance,  96 

Gross  mechanical  displacement  of 
diaphragm,  97 

Gross  mechanical  resistance  of  re- 
ceiver diaphragm,  93 

Gudermannian  angle,  366,  367 

Gudermannian  complement,  367 

Harmonic  analysis  schedules,  413 
Humming  cycle,  293 
Humming  telephone,  287 

action,  outline  theory  of,  296 


circuit,  extinguishing  resistance  in, 

294 
effects  of  shortening  air-tube,  288 
Hyperbolic  or  real  angular  velocities, 

327 
Hysteretic  power  axes,  105 

Imaginary  axis  or  axis  of  imaginaries, 
51 

Impedance,  acoustic,  167 
motional,  74 

Impedance  diagrams,  mechanical,  182 

Impedance  ratio  and  efficiency  of  re- 
ceivers, 129 

Impedance  to  angular  velocity,  212 

Impedance  to  displacement,  221 
parabolic,  222 

Inertia  damping  device  for  telephone 
receivers,  64 

Inertia  reactance  torque,  212 

Influence  of  diaphragm  dimensions 
on  its  constants,  191 

Influences  that  affect  the  constants 
of  a  receiver,  134 

Inverse  parabola  of  displacement  ad- 
mittance, 228 

Kine  or  centimeter  per  second,  45 
Kinetic  energy  of  simple  vibration,  46 

Lily-pad  graphs  of  distorted  primary 
velocity  or  current,  164 

Linear  mass,  390 

Lissajous  figures,  238 

Loading  the  diaphragm  of  a  receiver, 
115 

Logarithmic  decrement,  340 

Magnetic  amplifying  power  of  re- 
ceiver permanent  magnet,  10,  11 

Magnetic  circuit  power,  108 

Magnetic  currents  and  fluxes  in  mag- 
netic circuit,  110 

Magnetomotive  force  diagram  in  re- 
ceiver, 82 

Magnetomotive  force,  structural,  of 
permanent  magnet,  7 

Magnification  factor  of  amplitude  ex- 
plorer, 21 

Mass  reactance,  mechanical,  49 

Maximum  admittanl  frequency  of  a 
vibrator,  232 

Maximum  of  displacements  resonance 
curve,  4(17 

Measurement  of  electric  impedance 
of  receivers,  61 

Measurement  of  mechanical  resist- 
ance in  fluids,  L88 

Measurement  of  vibration  amplitude 
at  resonance,  116 

Mechanical  abohm  defined,  49 
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Mechanical  abmho,  58 
Mechanical  conductance,  214 
Mechanical  displacement,  96 
Mechanical  efficiency  of  receiver  at 

resonance,  106 
Mechanical  elastic  reactance,  50 
Mechanical  impedance  of  diaphragm 
at  variable  frequency,  53 
diagrams,  182 
graph   for   a   motional-impedance, 

185 
in   polar   and   rectangular   coordi- 
nates, 54 
to  velocity,  51 
Mechanical  mass  reactance,  49 
Mechanical  resistance,  48 
coefficient,  dimensions  of,  49 
force,  48 
Mechanical  resonance,  47 
Mechanical  susceptance,  214 
Method  for  evaluating  acoustic  im- 
pedance, 171 
Methods     for     determining     funda- 
mental constants,  in  receiver,  115 
Mica-diaphragm  receiver,  4 
Mode   of   vibration    of   a   telephone 

diaphragm,  12,  13 
Moment  of  inertia,  209 
Motional-admittance  curve,  176 
Motional  impedance,  74 

and  acoustic  impedance,  170 
circle,  76 

circle,  analysis  of,  99 
circle,  data  determinable  from,  112 
circle,  quadrantal  points  of,  99 
circle,    influences    tending    to   dis- 
tort, 94 
circle  of  reference,  185 
data,  without  the  measurement  of 

damped  impedances,  79 
of  receiver  pressed  against  ear,  184 
vectors,  73 
Motional  power  diagram  of  receiver, 

102 
Mutual  mass  of  coupled  mechanical 
systems,  161 

Natural  frequency  of  diaphragm  as 
affected  by  thickness,  193 

Net  efficiency  of  receiver  at  reso- 
nance, 106 

Net  elastic  coefficient  of  receiver 
diaphragm,  93 

Net  mechanical  resistance  of  re- 
ceiver diaphragm,  93 

Odd  and  even  harmonics,  413 
Ohm's    law   extended   to    vibrations 

and  to  alternating  currents,  56 
Optical  system  used  with  explorer, 

19 


Organ  pipe  as  source  of  vmf.,  23 

standards,  application  of  theory  to, 
31 
Oscillations  reinforced,  297 
Oscillograms,  199 

analysis  and  correction  of,  262 

correction  data  for  marking  upon, 
205 

correction  factor  of,  263 

polar,  202 

rectangular,  202 

steady,  199 

transient,  199 
Oscillograph 

best  bluntness  for,  255 

correction  factor  of,  230 

damped,    free    and    motional    im- 
pedance of,  256 

deviation  factor  of,  230 

motional  power  in,  257 

specific  deflection  of,  245,  246 

tests,  243 

vibrator,  198 
Oscillographs,  bifilar,  196 

unifilar,  196 
Oscillographmeter,  237 
Oscillatory  displacement  of  a  damped 

oscillator  freely  vibrating,  355 
Oscillatory  energy  diagram,  344 
Oscillatory  impedance  diagram,  346 
Oscillatory  time  constant,  218 
Overtones,  Bessel,  13 

Parabolas  of  displacement  impedance, 
222 

Partials  of  modes  of  plate  vibration, 
14 

Periodic  vibration  of  a  damped  sys- 
tem, 336 

Permanent  magnet  of  receiver,  func- 
tions of,  6 

Plane  vectors  with  displaced  refer- 
ence axes,  397 

Polar  equivalent  mass  of  diaphragm, 
33,  308 

Polar  equivalent  mass  coefficient  of 
diaphragm,  34 

Polar  oscillograms,  202 

Potentially  and  kinetically  energized 
oscillations,  354 

Power  diagram,  motional,  of  receiver, 
102 

Power  and  energy,  vibratory,  317 

Power  in  a  magnetic  circuit,  108 

Principal  impressed  angular  veloci- 
ties of  vibratory  system,  231 

Properties  of  damped  impedance  lo- 
cus, 67 

Proportionality  between  frictional 
torque  and  angular  velocity, 
411 
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Quadrantal  angular  velocities,  99 

Quadrantal  currents  or  velocities, 
404 

Quadrantal  displacements,  407 

Quadrantal  frequency  ratios,  214 

Quadrantal  frequencies,  99 

Quadrantal  frequencies,  upper  and 
lower,  56 

Quadrantal  points  of  motional-im- 
pedance circle,  99 

Quadrantal  range  of  frequency, 
56 

Radius  of  gyration,  209 

Ratio,  frequency,  213 

Rayleigh    Bessel-curve    of    vibration 

amplitude,  27 
Rayleigh    Bessel-function    theory    of 

plate  free  vibration,  303 
Rayleigh-bridge  connections  for  tele- 
phone receiver  tests,  62 
Reactance,  acoustic,  168 
mechanical,  of  elastance,  50 
mechanical,  of  mass,  49 
Reactance   deviation   angle   of   tele- 
phone receiver,  69 
Real  or  hyperbolic  angular  velocities, 

327 
Reciprocating-engine  vibrations  and 

resonant  effects,  60 
Rectangular  oscillograms,  202 
Reed  vibration  galvanometers,  266 
Reinforce,  297 

Reinforced  oscillations,  297,  361 
Resistance 
acoustic,  168 
mechanical,  48 

of  a  receiver  diaphragm,  gross,  dis- 
placement and  net,  93 
torque,  211 
bluntness  of,  217 
mechanical,  47 
sharpness  of,  217 
Resonance  curve 
of  diaphragm,  25 
geometry  of,  403 
specific/399 
Resonant  angular  velocity,  313 
Resonant  range  of  diaphragm,  as  af- 
fected by  thickness,  193 
Reversal  time  of  a  damped  oscillator 

freely  vibrating,  355 
Reversal  times  in  vibrators  with  dif- 
ferent bluntness,  384 
Root-mean-square     and     maximum- 
cyclic  vibration  velocities,  45 
Rotational  velocity,  207 
Rotational  vibration  system,  angular 

velocity  of,  206 
Rotative  dam  perl  vector  power  dia- 
gram, 343 


Scalar    displacement    and     velocity 

graphs,  399 
Scalar  displacement  graphs,  405 
Scalar    velocity     and     displacement 

graphs,  399 
Schedules  of  harmonic  analysis,  413 
Secondary    distortions    of    motional- 
impedance  circles,  142 
Semicircle  harmonic  analysis,  418 
Semilogarithmic   paper  resonance 

curves,  400 
Semiquadrature,  216 
Shaft  out-of-balance  vibrations,  60 
Shaft,  unbalanced  rotating,  vibration 

of,  321 
Sharpness  of  resonance,  217 
Simple  harmonic  motion  and  associ- 
ated uniform  circular  motion,  43 
Simple  velocity  of  a  particle  in  a  cir- 
cular orbit,  325 
Simple    vibration,    elastic    restoring 

force  of,  46 
Simple  vibration,  Kinetic  energy  of, 

46 
Simple  vibrator  theory,  311 
Size  and  slope  of  complex  numbers,  56 
Sources  of  diaphragm  vmf.,  22 
Specific    deflection    of    oscillograph. 

245,  246 
Specific  resonance  curves,  399 
Spiral  vector  diagram  of  expanding 

or  contracting  vibrations,  329 
Steady  oscillograms,  199 
Steady-state     vector     diagrams     of 

forced  vibration,  319 
Stiffness,  44 

Stiffness  coefficient  of  a  diaphragm,  37 
Structural  mmf.  of  permanent  mag- 
net, 7 
Sub-resonant  angular  velocity,  315 
Super-resonant  angular  velocity,  317 
Surge  impedance,  acoustic,  178 
Surge   impedance   density,    acoustic, 

392 
Symbols,  list  of,  428 
Symmetrical  displacement  resonance 

curves,  409 
System,  aperiodic,  219 

Table  of  comparative  electrical  and 

mechanical  units,  208 
Technique   for   measuring    vibration 

amplitude  at  resonance,  120 
Telephone  receiver,  damping  devices 
for  use  with.  iY.) 
free  and  damped  impedance  of,  61 
vector  emf.  diagram,  81 
reactance  deviation  angle  of,  69 
vector  force,  diagrams  of,  so 
Temperature    effects    on    .liaphragm 
vibration  amplitudes,  29 
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Terminal  acoustic  impedance,  181 

Tests  of  oscillograph,  243 

Theory  of  equivalent  mass  of  a  dia- 
phragm, 307 

Time  constant,  oscillatory,  218 

Time  interval,  epsilonic,  of  a  dia- 
phragm, 102 

Torque,  elastic  restoring,  210 
of  inertia  reactance,  212 
resistance,  211 
vibromotive,  206 

Torsional-pendulum  model  for  illus- 
trating motional  velocity,  156 

Tractive  force  of  displacement  on  re- 
ceiver diaphragm,  91 

Transient  initial  velocity,  319 

Transient  oscillograms,  199 

Transient  vibrations,  application  of 
complex  angular  velocities  to, 
331 

Transient  with  given  initial  velocity 
or  current,  336 

Tuning  a  receiver  by  varying  acoustic 
air  column,  187 

Ultraperiodic  admittance,  369 
Ultraperiodic  angular  velocity,  368 
Ultraperiodic  impedance,  369 
Ultraperiodic  or  overdamped  oscilla- 
tions, 365 
Ultraperiodic  reactance,  369 
Ultraperiodic  vector  diagrams,  368 
Ultraperiodic  vibration,  200 
Unbalanced  rotating  shaft,  vibration 

of,  321 
Undamped  vibration,  332 
Unifilar  oscillographs,  196 
Unifilar  vibration  galvanometers,  266 
Uniform  circular  motion  and  associ- 
ated simple  harmonic  motion,  43 
Units,  table  of  comparative,  208 

Variations  in  air-chamber  of  re- 
ceiver, effect  on  motional-im- 
pedance circle,  139 

Variations  in  air  pressure,  effect  on 
receiver  motional-impedance  cir- 
cle, 140 

Variations  in  clamping  the  cap, 
effect  on  receiver  motional-im- 
pedance circle,  134 

Variations  in  temperature,  effect  on 
receiver  motional-impedance  cir- 
cle, 138 

Vector  angular-velocitv  circular  locus, 
214 

Vector  damped  emf.  diagram,  70 

Vector  diagram  of  damped  im- 
pedance, 69 


of  damped  vibration,  332 
of  electric  power  in  receiver,  86 
of  free  impedance,  80 
of  magnetic  flux  in  receiver,  85 
of  mmf.  in  receiver,  82 
Vector  emf.  diagram  of  receiver,  81 
Vector  force   diagrams   of   the   tele- 
phone receiver,  80,  89 
diagram  with  two  vmfs.,  90 
factor  in  a  receiver,  88 
Vector  motional  emf.,  98 
Vector  motional  impedance,  73 
Vector  power  diagram  of  receiver,  102 
Vector  reactance  of  a  receiver,  69 
Vector  reactance  angle,  102 
Velocities  or  currents,  quadrantal,  404 
Velocity  of  vibration,  initial  transient, 

319 
Velocity,  rotational,  207 
Vibrating  svstem,  rotational,  angular 

velocity  of,  206 
Vibration-amplitude  curves  along  a 

diaphragm  radius,  28 
Vibration  explorer,  16 
Vibration  galvanometers,  265 
deflection  graph  of,  275 
emf.  generated  in,  278 
fundamental  constants  of,  268 
measurement  of  damping  constant, 

280 
measurement    of    motional    impe- 
dance, 279 
methods  of  tuning,  269 
motional-impedance    and    velocity 

circles  of,  274 
power  absorbed  in,  278 
use     of     instrument     transformer 

with,  285 
working  constants  of,  267 
Vibration,  ultraperiodic,  200 
Vibration,  undamped,  332 
Vibrations  in  a  system  having  divided 

elements,  385 
Vibratory  displacement,  45 
Vibratory  power  and  energy,  317 
Vibratory  velocity,  45 
Vibromotive  force  (vmf.),  6,  10 
Vibromotive  torque,  206 
Virtual  absorption  impedance  of  sec- 
ondary in  primary,  160 
Virtual  vibratory  velocity  of  absorp- 
tion, 162 
Vmf.,  sources  of  for  actuating  dia- 
phragm, 22 
Vreeland    oscillator    connections    for 
telephone  receiver  tests,  62 

Wax  bridge  damping  device  for  tele- 
phone receivers,  65 
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